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Abstract. In this study, Taylor statistical diffusion theory and sonic anemometer measurements collected at 11 levels on a 140-

m high tower located at a coastal region in southeastern Brazil have been employed to obtain quasi-empirical convective eddy

diffusivity parameterizations in a planetary boundary layer (PBL). The derived algebraic formulations expressing the eddy dif-5

fusivities were introduced into an Eulerian dispersion model and validated with Copenhagen tracer experiments. The employed

Eulerian model is based on the numerical solution of the diffusion-advection equation by the Fractional Step/Locally One-

Dimensional (LOD) methods. Moreover, the semi-Lagrangian cubic-spline technique and Crank-Nicholson implicit scheme

are considered to solve the advection and diffusive terms. The numerical simulation results indicate that the new approach,

based on these quasi-experimental eddy diffusivities, is able to reproduce the Copenhagen concentration data. Therefore, the10

new turbulent dispersion parameterization can be applied in air pollution models.

1 Introduction

Eulerian models are powerful tools to study and investigate the air pollution dispersion in the planetary boundary layer (PBL)

(Hanna, 1982; Tirabassi, 2009; Zannetti, 2013). These models are based in the solution of the classical advection-diffusion

equation, containing the turbulent eddy diffusivities, which provide the simulated contaminant concentration data (Batchelor,15

1949; Pasquill and Smith, 1983).
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These Eulerian models describe the concentration turbulent fluxes as the gradient of the mean concentration employing the

eddy diffusivities (K-theory):
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where Kx, Ky , Kz are the eddy diffusivities in the x, y, z directions and u, v, w represent the longitudinal, lateral and vertical

mean wind components, respectively. Thus, Eq. 1 can be written in the form:
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From the numerical point of view, to solve the Eq. 3 it is required to provide the wind and turbulence physical description.

For the turbulent diffusion it is needed to specifyKx,Ky andKz . These turbulent parameters describe the eddy dimension and25

velocity (Panofsky, 1984). In the literature, different experimental K parameterizations have been proposed to be employed

in the simulation of passive scalars in the PBL. Such parameterizations, frequently, are obtained from micrometeorological

measurements in the PBL. Therefore, a better description of the turbulent properties, associated with eddy diffusivities, is

based in turbulent wind data with high vertical resolution.

In the present study we use eddy diffusivities that were derived from the observations of the turbulent wind components30

(u, v, w), in a convective PBL, at a coastal site. These turbulent wind data were obtained from high frequency measurements

(10Hz) accomplished by tridimensional sonic anemometers at heights of 1, 2, 5, 9, 20, 37, 56, 75, 94, 113 and 132 m (Martins

et al., 2018). The Kx,y,z turbulent parameters were calculated from these turbulent wind data utilizing the Taylor statistical

diffusion theory (Degrazia et al., 2000, 2001). From this analysis the vertical profiles of these quasi-empirical determined

eddy diffusivities were obtained by Martins et al. (2018). The aim of this study is to obtain algebraic formulations, from35

the fitting curves, that reproduce the observed vertical profile of these quasi-experimental eddy diffusivities. An additional

aim is to employ these algebraic formulations for the eddy diffusivities into Eq. 3 to simulate the contaminant concentration

released from a continuous point source. The simulated concentrations are compared with those measured in the Copenhagen

diffusion experiment. Therefore, the novelty in this work is to use coastal eddy diffusivities in a Eulerian numerical model,

called APUGRID (Rizza et al., 2003), to simulate the contaminant observed concentration.40

2 Eulerian grid-dispersion model

In this section to simulate the contaminant concentrations using Eq. 3, we present the Eulerian grid-dispersion model proposed

by Rizza et al. (2003), so-called APUGRID. The APUGRID numerical method is based on the solution of the diffusion-

advection equation by the Fractional Step/Locally One-Dimensional (LOD) methods (Yanenko, 1971; McRae et al.; Mařcuk,

1984). In the LOD numerical method, Eq. 3 is separated into time-dependent equations, each one locally one-dimensional45

(LOD)(Yanenko, 1971; Rizza et al., 2003; Yordanov et al., 2006). As a consequence:
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Employing Crank-Nicholson time integration (McRae et al.; Rizza et al., 2010; Yordanov et al., 2006) we obtain that:50
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with I being the unity matrix. The second order accuracy can be obtained following Rizza et al. (2010) by:
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In Eq. 6 Ai = ui
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)
with i= x,y,z and F representing the filter operation.

The advection terms were solved employing a quasi-Lagrangian cubic-spline technique (Long Jr and Pepper; Rizza et al.,55

2010) and the numerical model stability is carried out by Courant-Friedrichs-Lewy condition (cfl):

cfl = u
∆t
∆x

(7)

with cfl ⩽ 1.

In order to calculate the concentration advective transport by the mean wind speed, the logarithmic wind profile is used:60

U(z) = (u∗/κ)log(z/z0)−ψm(z/L)+ψm(z0/L) (8)

Eq. 8 is valid for z < zb, where zb = 0.1zi, where zi is the convective boundary layer height, u∗ is the friction velocity, κ is the

von Kármán constant and z0 is the surface roughness. ψm is a stability function defined as:

ψm = 2ln
[
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]
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π

2
(9)

with A= (1− 16z/L)1/4 and L the Monin-Obukhov length65

For z > zb the wind profile is

U(z) = U(zb) (10)

2.0.1 QUASI-EMPIRICAL EDDY DIFFUSIVITIES MODELS: EVALUATION IN APUGRID

The eddy diffusivities can be found by the following relationship:

Ki = σ2
i TLi (11)70
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where σ2
i is the turbulent velocity variance quantifying the turbulence mixing degree and TLi is the decorrelation local time

scale that takes into account the characteristic time in which a fluid control volume maintains its motion in a particular direction

(Hinze, 1975).

To obtain the Lagrangian Ki from the Eulerian measurements the relation between the Lagrangian TLi and the Eulerian

decorrelation TEi time scales are employed:75
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Recently, (Martins et al., 2018) used Eqs. 11, 12 and 13 to derive experimental vertical profiles for Kx, Ky and Kz . From

these set of eddy diffusivities vertical profiles we use the best fit curves approach to obtain the following simple algebraic80

formulations:

Kx(z) = 7.83× 101− 6.42× 101z (14)

Ky(z) = 7.35× 101log(z)+ 4.25z− 3.73× 10−2z2 (15)

Kz(z) = 8.34× 10−1z (16)

In order to test these eddy diffusivities, we perform contaminant concentration simulations and compare the simulated data85

with the Copenhagen tracer dispersion experiments (Gryning and Lyck).

In these experiments the contaminant was released at 115 m above the ground and the ground level contaminant concentra-

tions were measured at 3 arcs located in the distance of 2000 to 6000 m from the elevated continuous point source. Furthermore,

Copenhagen data set provides wind and turbulence data at 10 and 115 m.

The choice of the Copenhagen experiment was motivated by the fact that the region in which the experiment occurred is90

located near the Øresund coast. Therefore, we expect that our eddy diffusivities obtained at a coastal site localized in south-

eastern Brazil are adequate to reproduce contaminate data in coastal regions.

4

The performance of the APUGRID model employing the quasi-experimental eddy diffusivities as given by Eqs. 14, 15 and

16 to simulate the Copenhagen observation data can be evaluated by analyzing the results shown in Table 1 and Figure 1.

95 Table 1 exhibits Hanna’s statistical indices, which are commonly used to calibrate air pollution dispersion models
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3 Conclusions100

The Eulerian operational air dispersion models that simulate contaminant observed concentration data need to incorporate

into their formulation the characteristics of the PBL turbulent diffusion process. To accomplish this parameterization they use

turbulent transport terms known as eddy diffusivities. These turbulent parameters represent approximate quantities which intend

to reproduce the complex natural dispersive effects. In this study, algebraic expressions for quasi-experimental convective eddy

diffusivities for a coastal site are derived. The derivation employed the Taylor statistical diffusion theory and sonic anemometer105

observations with high vertical resolution in a convective planetary boundary layer.

The complexity of the subject does not allow a direct confrontation between experiment and model. However utilizing the

APUGRID Eulerian dispersion model and a concentration data set of dispersion experiments performed in a convective PBL,

the newly derived eddy diffusivities have been tested and validated. The comparison results show that there is a fairly well

agreement between simulated and measured concentrations. As a consequence, the results provided in this investigation are110

encouraging. Thus, the new eddy diffusivities for a coastal site may be suitable for applications in regulatory air pollution

modeling.

NMSE COR FB FS

0.10 0.82 -0.07 -0.006
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The values of these indices and the observed and predicted scatter diagram of concentrations, in Fig. 1 demonstrate that the

simulated concentration reproduces fairly well the measured concentration data. The magnitudes of the concentration evaluated

statistical parameters (Table 1) are found within an acceptable interval with NMSE (normalized mean square error), FB

(fractional bias) and FS (fractional standard deviation) close to zero and R (correlation coefficient) near to one.

Table 1. Statistic evaluation of the APUGRID model employing the quasi-experimental eddy diffusivities
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