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Thank you very much for taking time for reading the manuscript and raising helpful
comments. Reply to Referee-2 comments are as follows. Please refer to the full version
of the manuscript revision with the reply comments uploaded as a supplementary pdf
file to the reply to the Referee-1 report.

1. Narita et al. propose a phenomenological model of turbulence for ion kinetic
scaleson the basis of Hall-MHD. The paper is clearly written and coherent and
appropriate for Annales Geophysicae. However, several relevant references are
missing, including some that arrive to similar results using the same formalism
(Hall-MHD). I would highly encourage the authors to write a more detailed
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discussion and introduction incorporating theoretical and observational results
relavant to their work and to describe limitations of their model.

1. Contrary to what the authors are saying on L5, there are now strong in-
dication of kinetic Alfven waves in the ion kinetic range, e.g. Roberts et al. GRL,
45, 2018. The authors should include this reference.

Reply:

• We agree that Roberts et al. (GRL, 2018) indicate the kinetic Alfvén mode
in the magnetosheath region from the wave analysis using the fluctuation
sense such as the Alfven ratio or the ratio of the ion density to the magnetic
field, not from the dispersion relation analysis. Narita et al. (2016) shows,
on the other hand, that there is a freuqency scattering in the observationally-
determined dispersion relation with an indication to kinetic-drift mirror mode.

• We added the following text. (page 2, line 16–19).
“The study by Roberts et al. (2018) indicates the existence of the kinetic
Alfvén mode in the magnetosheath region from the wave analysis for the
fluctuations in the MMS data such as the Alfven ratio. No dispersion analysis
is performed. On the other hand, the study by Narita et al. (2016) exhibits
a frequency scattering in the observationally-determined dispersion relation
with an indication of a kinetic-drift mirror mode.”

2. Regarding the limits of Hall-MHD to describe ion kinetic scale turbulence, there is
plenty in the literature available. Hall MHD is valid in the limit where the electron
temperature is much greater than the ions temperature and when the inverse
of the linear transit time for an ion is much smaller than the turbulent frequency
and the inverse ofthe linear transit time for an electron, respectively. Thus, in the
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instance where thetemperature of the ion is finite, phase-mixing and damping
of modes ought to be taken into account. Perhaps a good recent reference that
can be added and discussed is that of Howes et al., Nonlinear Processes of
Geophysics, 16, 2009.

Reply:

• Agreed. We added the following text on page 2, line 27–31.

“Limitations of Hall MHD have been discussed, for example, by Howes
(2009). The concept of Hall turbulence is valid in the limit where the
electron temperature is much greater than the ions temperature and when
the inverse of the linear transit time for an ion is much smaller than the
turbulent frequency and the inverse of the linear transit time for an electron,
respectively. Thus, in the instance where the temperature of the ions is
finite, phase-mixing and damping of modes ought to be taken into account.
This causes deviations from Hall MHD.”

3. Schekochihin et al., ApJ Supplement, (2007) provides a detailed description
of ion-scale turbulence for weakly collisional plasmas through the use of gyro
kinetic. Gyrokinetic is a reduced anisotropic limit of Hall-MHD with comparable
results to that of the authors. However, Gyrokinetic, unlike Hall-MHD, incorpo-
rates phase-mixing due to Landau damping (not cyclotron-resonance). Can the
authors incorporate in the discussion of a comparison of their results with that of
Schekochihin et al..

Reply:

• Agreed. Done. Schekochihin et al. (2007) should read Schekochihin et al.
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(2009). We added the following text (page 13, line 6–12).

“Schekochihin et al. (2009) provide a detailed description of ion-scale
turbulence for weakly collisional plasmas through in a gyro-kinetic treat-
ment. Gyro-kinetic theory is a reduced anisotropic limit of Hall-MHD with
comparable results to that of the authors. However, the gyrokinetic theory,
unlike Hall-MHD, incorporates phase-mixing due to Landau damping (not
cyclotron-resonance). In weak turbulence of energy-cascading kinetic
Alfvén waves gyro-kinetic theory predicts inertial-range energy spectra (in
the perpendicular wavenumber domain) with spectral slopes k−1/3

⊥ for the
electric and k

−7/3
⊥ the magnetic fields, and spectral density slopes k

−7/3
⊥ .

These are identical to the compressive magnetic field fluctuations obtained
here.”

4. Chen et al., ApJ, 122, 2017, among many others, report magnetic energy spec-
tra that are steeper for ion kinetic range. Can the authors incorporate a more
detailed discussion incorporating observational evidence that are quantitatively
different from their theory? Perhaps differences between Hall-MHD turbulent
estimates and observationscan be used to quantify the contributions of kinetic
physics at the ion scale?

Reply:

• The same question was raised by Referee-1. We added the following text
(page 11, line 17–22).

“ While the presented model is qualitatively similar to previous obser-
vations in that the magnetic energy spectra become steeper in the kinetic
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range, observed slopes are often steeper than −7/3, for example, as in
Stawarz et al. (2016), CHen and Boldyrev (2017), and Breuillard et al.
(2018). It should be noted that the theory predicts the energy spectra in
the wave vector domain and the observations have often access to the
spectra in the frequency domain. Possible reasons for the difference in
the spectral slope between the theory and the observations include the
presence of dispersive waves and the non-Gaussian frequency broadening
in the random sweeping effect.”

5. Alexandrova et al.[Small scale energy cascade of the solar wind turbulence]
arrive to a similar scaling as that of the authors using Hall-MHD. Can the authors
differentiate their work from that of Alexandrova et al.

Reply:

• We added the following text (page 11, line 32 – page 12, line 2).

“The data analysis motivated model of Alexandrova et al. (2008) in-
troduces an ad hoc measure α of the compression distinguishing between
the incompressible (α = 0) and isotropic compressible (|α| = 1) cases.
It maps the spectral slope of the magnetic field energy from k−7/3 in
the incompressible case to (−7 + 6α)/3 in the compressible case. Our
physically motivated Hall MHD model differs from that of Alexandrova et
al. (2018) in that the slope −7/3 is obtained for the compressible field
fluctuations.”
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Other changes

1. We added the following text (page 8, line 4–16).

“It is interesting to compare the density spectrum with k
5/3
⊥ for the Hall-scaling

(Eq. 27) with the Kolmogorov-Poisson density spectrum with the k1/3
⊥ -scaling ob-

tained earlier (Treumann et al., 2019, Eq. 24) for non-Hall turbulence. The ratio
of the two expressions is

EH
dens

EK
dens

∼
(
VA

c

)2 c2m
cK
k

4/3
⊥ . (28)

It still depends on the unknown constant of proportionality cm which must be de-
termined otherwise. However, the deformation of the spectral scaling caused
by the Hall turbulence is stronger than in the non-Hall case. Its contribution
might thus become important, even though numerically its contribution to the
density variation is smaller than that of the Kolmogorov-Poisson spectrum, be-
cause VA � c. The difference in the spectral slopes of k4/3

⊥ , indicates that the
Hall density spectrum becomes increasingly more effective at larger wave num-
bers.

The Hall magnetic energy spectrum is steeper than the Kolmogorov-type one
with wave number ratio

EH
mag

EK
mag

∼ k−2/3
⊥ (29)

Finally, the ratio of the kinetic power spectra yields a flatter Hall kinetic energy
spectrum than Kolmogorov:

EH
kin

EK
kin

∼ k4/3
⊥ . (30)
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”

2. The following literatures were added to the manuscript based on the referee com-
ments and our reply comments.

• Alexandrova, O., Carbone, V., Veltri, P., and Sorriso-Valvo, L.: Small-scale
energy cascade of the solar wind turbulence, Astrophys. J., 674, 1153–
1157, https://doi.org/10.1086/524056, 2008.

• Breuillard, H., Matteini, L., Argall, M. R., Sahraoui, F., Andriopoulou, M., Le
Contel, O., Retinò, A., Mirioni, L., Huang, S. Y., Gershman, D. J., Ergun, R.
E., Wilder, F. D., Goodrich, K. A., Ahmadi, N., Yordanova, E., Vaivads, A.,
Turner, D. L., Khotyaintsev, Yu. V., Graham, D. B., Lindqvist, P.-A., Chasapis,
A., Burch, J. L., Torbert,. R. B., Russell, C. T., Magnes, W., Strangeway,. R.
J., Plaschke, F., Moore, T. E., Giles, B. L., Paterson, W. R., Pollock, C. J.,
Lavraud, B., Fuselier, S. A., and Cohen, I. J.: New insights into the na-
ture of turbulence in the Earth’s magnetosheath using Magnetospheric Mul-
tiScale mission data, Astrophys. J., 859, 127, https://doi.org/10.3847/1538-
4357/aabae8, 2018.

• Chen, C. H. K., and Boldyrev, S.: Nature of kinetic scale tur-
bulence in the Earth’s magnetosheath, Astrophys. J., 842, 122,
https://doi.org/10.3847/1538-4357/aa74e0, 2017.

• Cohen, R. H., and Kulsrud, R. M.: Nonlinear evolution of parallel-
propagating hydromagnetic waves, Phys. Fluids, 17, 2215–2225,
https://doi.org/10.1063/1.1694695, 1974.

• Franci, L., Landi, S., Matteini, L., Verdini, A., and Hellinger, P: High-
resolution hybrid simulations of kinetic plasma turbulence at proton scales,
Astrophys. J., 812, 21, https://doi.org/10.1088/0004-637X/812/1/21, 2015.

• Howes, G. G.: Limitations of Hall MHD as a model for turbulence in
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weakly collisional plasmas, Nonlin. Processes Geophys., 16, 219–232,
https://doi.org/10.5194/npg-16-219-2009, 2009.

• Matteini, L., Alexandrova, O., Chen, C. H. K., and Lacombe, C.:
Electric and magnetic spectra from MHD to electron scalesin the
magnetosheath, Mon. Not. Royal Astron. Soc., 466, 945–951,
https://doi.org/10.1093/mnras/stw3163, 2017.

• Narita, Y., Plaschke, F., Nakamura, R., Baumjohann, W., Magnes, W., Fis-
cher, D., Vörös, Z., Torbert, R. B., Russell, C. T., Strangeway, R. J., Leinwe-
ber, H. K., Bromund, K. R., Anderson, B. J., Le, G., Chutter, M., Slavin, J.
A., Kepko, E. L., Burch, J. L., Motschmann, U., Richter, I., and Glassmeier,
K.-H.: Wave telescope technique for MMS magnetometer, Geophys. Res.
Lett., 43, 4774–4780, https://doi.org/10.1002/2016GL069035, 2016.

• Narita, Y., and Hada, T.: Density response to magnetic field fluc-
tuation in the foreshock plasma, Earth Planets Space, 70, 171,
https://doi.org/10.1186/s40623-018-0943-0, 2018.

• Roberts, O. W., Toledo-Redondo, S., Perrone, D., Zhao, J., Narita, Y., Ger-
shman, D., Nakamura, R., Lavraud, B., Escoubet, C. P., Giles, B., Dorelli, J.,
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• Schekochihin, A. A., Cowley, S. C., Dorland, W., Hammett, G. W., Howes,
G. G., Quataert, E., and Tatsuno, T.: Astrophysical gyrokinetics: Ki-
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