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Abstract. This work derives transport coefficients, i.e., elec-
trical conductivity, thermoelectric, diffusion, and mobility
coefficients, for a Lorentz plasma with a modified Kappa
distribution. The derivation begins by formulating transport
equations (continuity, momentum, and energy) within the
five-moment approximation, using the modified Kappa dis-
tribution as the zeroth-order function. Subsequently, the cor-
responding momentum and energy collision terms are evalu-
ated via the Boltzmann collision integral for different types
of collisions, including Coulomb collisions, hard-sphere in-
teractions, and Maxwell molecule collisions. Next, we use
the momentum equation from the five-moment approxima-
tion to obtain the generalized Ohm’s law and extended Fick’s
law, leading to the transport coefficients. Furthermore, the
influence of the kappa parameter on the collision terms
and transport coefficients is analyzed. The traditional results
based on the Maxwellian distribution are recovered in the
limit as kappa parameter approaches infinity.

1 Introduction

In space plasmas, the particles’ velocity distribution often
deviates from the Maxwellian form. These deviations arise
from processes such as wave-particle interactions, turbu-
lence, and particle acceleration at shocks, which generate
non-Maxwellian distributions. Some of these distributions
exhibit non-thermal suprathermal tails that follow a power-
law dependence on velocity. Such distributions are well fit-
ted by the Kappa velocity distribution (Marsch, 2006). The
Kappa distribution provides a more accurate representation
of the particles’ velocity distribution in non-equilibrium sys-
tems compared to the Maxwellian distribution that predicts
a Gaussian function behavior of the particle velocities and
fails to account for the suprathermal particles. In contrast,

the Kappa distribution introduces a power-law tail that de-
cays more slowly than the exponential tail of the Maxwellian,
enabling it to accurately describe systems with significant
populations of high-energy particles (Vasyliunas, 1968). This
flexibility is controlled by the kappa parameter, κ , which
controls the sharpness of the tail. As κ increases, the distri-
bution approaches the Maxwellian, while lower values of κ
emphasize the suprathermal component (Pierrard and Lazar,
2010). With κ values usually between 2 and 6, Kappa distri-
butions have been observed across a wide range of plasma
environments, with direct measurements from several satel-
lite missions. In the solar wind, the electron velocity distri-
bution functions typically exhibit a thermal core, a suprather-
mal halo population present in all directions, and a compo-
nent aligned with the interplanetary magnetic field (Pierrard
et al., 2001). Kappa-distributed electrons and ions have been
observed by missions such as Ulysses and Cluster. For in-
stance, Maksimovic et al. (1997) showed that Ulysses data,
fitted with Kappa functions, revealed an inverse relationship
between solar wind speed and the kappa parameter κ , sug-
gesting that suprathermal electrons influence solar wind ac-
celeration. Similarly, Qureshi et al. (2003) also used Clus-
ter observations to fit generalized Kappa functions to the
ions’ velocity distribution functions. In the Earth’s magne-
tosheath, proton energy spectra data collected using the Heos
I spacecraft confirmed that they are well fitted by Kappa dis-
tribution functions, with a kappa value around 2, particularly
during crossings where no upstream waves were detected
(Formisano et al., 1973). Beyond Earth, Kappa distributions
have been observed in different space environments, such as
Jupiter, where data from the Voyager 2 spacecraft showed
that particle velocities in the planet’s middle and outer mag-
netosphere are fitted by a Kappa distribution, with moderate
kappa values indicating a transition between Maxwellian and
power-law tails (Collier and Hamilton, 1995).
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Given the wide range of the Kappa velocity distribu-
tion function observed in situ across planetary magneto-
spheres and the heliosphere and its ability to account for non-
equilibrium conditions and suprathermal particles (see Pier-
rard and Lazar, 2010; Livadiotis, 2018; Davis et al., 2023;
and Shizgal, 2007 for more details), recent studies have in-
vestigated transport coefficients in nonequilibrium plasmas
with the Kappa distribution function. In particular, Wang and
Du (2017) and Ebne Abbasi et al. (2017) derived the diffu-
sion coefficient – defined as the flux of particles due to a
density gradient in the plasma – using Kappa statistics to ac-
count for suprathermal tails. Similarly, Wang and Du (2017)
evaluated the mobility coefficient, which describes the par-
ticle flux under an applied electric field, within the Kappa
framework. Furthermore, Du (2013) and Ebne Abbasi et al.
(2017) analyzed the connection between mobility, electri-
cal conductivity, and current density to provide a consistent
description of charged-particle transport in nonequilibrium
systems. In addition, Du (2013); Guo and Du (2019) cal-
culated the thermoelectric coefficient, which links electric
fields to temperature gradients and leads to the generation
of electric voltages and currents, based on Kappa distribu-
tions. Finally, Du (2013); Guo and Du (2019) and Ebne Ab-
basi and Esfandyari-Kalejahi (2019) derived the thermal con-
ductivity, which determines heat flux under a temperature
gradient, using Kappa statistics to capture deviations from
equilibrium behaviour. It is important to note that these
studies primarily employed the modified Kappa distribution,
which assumes a κ-independent temperature, that is, both
the modified Kappa and Maxwellian distributions share the
same thermal energy. This formulation makes the modified
Kappa produces a stronger low-energy core and suprther-
mal tails compared to the Maxwellian distribution. In con-
trast, the standard Kappa distribution, originally introduced
by Olbert (1968) and Vasyliunas (1968), is defined by κ-
independent thermal speeds but κ-dependent temperatures,
leading to higher-energy tails than the modified Kappa and
reduced core populations lower than the Maxwellian. Distin-
guishing between these two forms is crucial, as the choice of
distribution affects the derived transport coefficients and the
physical interpretation of nonequilibrium plasma behavior,
as shown by Husidic et al. (2021) which derived the elec-
trical conductivity, thermoelectric coefficient, thermal con-
ductivity, and diffusion and mobility coefficients for electron
populations described by the standard Kappa distribution and
then compared these results with those obtained for the mod-
ified Kappa distribution.

All the reviewed studies used simplified collision models
rather than the full Boltzmann collision integral. The sim-
plest models appear in Wang and Du (2017) and Ebne Ab-
basi and Esfandyari-Kalejahi (2019), which used Krook-type
or BGK operators, offering computational simplicity but lim-
ited accuracy. More physically based models – such as those
proposed by Du (2013) and Guo and Du (2019) – used
macroscopic transport equations derived from idealized re-

laxation assumptions. The most advanced work, presented
by Ebne Abbasi et al. (2017), used the Fokker-Planck equa-
tion to model Coulomb collisions. While this captures cu-
mulative small-angle scattering and better represents long-
range Coulomb forces, it remains an approximation of the
Boltzmann collision integral. Thus, all reviewed works share
the same limitation: reliance on simplified collision models.
Motivated by this issue, in this paper we propose a compre-
hensive re-evaluation of the transport coefficients based on
the modified Kappa distribution, employing the Boltzmann
collision integral as our collision model and adopting a more
general and consistent approach through the five-moment ap-
proximation of the transport equations.

The transport equations describe the spatial and tempo-
ral evolution of the physically significant velocity moments
(density, drift velocity, temperature, pressure tensor, stress
tensor, and heat flow vector) derived as a practical reduction
of the Boltzmann equation from a seven-dimensional partial
differential equation (time plus phase space) to a set of four-
dimensional equations (time and space). However, this pro-
cess leads to an infinite chain of equations. To make the sys-
tem solvable, a closure condition is applied by approximating
the distribution function with a zeroth-order function and as-
suming that deviations from it are small. Different choices of
the zeroth-order function have been used for closure, with
the Maxwellian velocity distribution being the most com-
mon. The transport equations based on this assumption were
first derived by Tanenbaum (1967) and Burgers (1969), fol-
lowed by a subsequent review by Schunk (1977). These stud-
ies also obtained the collision terms – also known as transfer
integrals – using the Boltzmann collision integral approach
and expressed them in terms of the Chapman–Cowling col-
lision integrals, as given in Chapman and Cowling (1990).
To better capture anisotropies and departures from equilib-
rium, several studies have adopted more general zeroth-order
forms. In particular, the bi-Maxwellian velocity distribution
function – characterized by different temperatures parallel
and perpendicular to the magnetic field – has been employed
in several works (Demars and Schunk, 1979; Barakat and
Schunk, 1981, 1982; Hellinger and Trávníček, 2009; Jubeh
and Barghouthi, 2017). Beyond the pure bi-Maxwellian
form, more advanced models incorporate anisotropy along-
side nonthermal tails, skewness, or partial isotropization. For
example, LeBlanc and Hubert (1997); Leblanc and Hubert
(1998); Leblanc et al. (2000) introduced a hybrid distribu-
tion function that blends the bi-Maxwellian structure with
additional functional forms to better match measured parti-
cle velocity spectra in space plasmas.

The approach used in this study involves developing a
new transport theory that takes the modified Kappa distri-
bution as the zeroth-order function, in which we derive the
five-moment approximation of the transport equations and
the collision terms via the Boltzmann collision integral for
different types of collisions. We then relate the five-moment
momentum equation to the generalized Ohm’s law and the
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extended Fick’s law, from which the transport coefficients
are obtained. The proposed methodology is implemented as
follows: In Sect. 2, we begin with the theoretical formula-
tion of the transport equations. Starting from Boltzmann’s
equation and the Boltzmann collision integral, we derive
the five-moment approximation and the corresponding colli-
sion terms for the modified Kappa velocity distribution func-
tion, considering arbitrary drift velocity differences as well
as temperature differences between the interacting plasma
species. Next, we express the resulting collision terms in a
hypergeometric representation and investigate the limiting
cases where the kappa parameter approaches infinity. All
these calculations cover three types of collisions: Coulomb
collisions, hard-sphere interactions, and Maxwell molecules
collisions. We then explore how the modified Kappa distribu-
tion influences the effective collision frequency and the ther-
malisation rate, providing a physical interpretation of these
effects. Subsequently, we analyse the behaviour of the col-
lision terms in the case of Coulomb collisions, focusing on
how collisions affect both the momentum and the energy
of the colliding particles, and how these effects differ for
Maxwellian and the modified Kappa distributions. Finally,
in Sect. 3, we derive the transport coefficients using the five-
moment approximation and the obtained collision terms, fol-
lowed by a discussion of how these coefficients are affected
by the kappa parameter. We also provide a comparison be-
tween the derived formulas and other studies, focusing on
the dependence on the kappa parameter.

2 Transport equations

In dealing with plasma, we describe each species in
the plasma by a separate velocity distribution function
fs (r,vs, t), defined such that fs (r,vs, t) dvsdr represents the
number of particles of species s, which at time t have ve-
locity between vs and vs + dvs and positions between r and
r+ dr. The evolution in time of the species’ velocity distri-
bution function is determined by the net effect of collisions
and the flow in phase space of species under the effect of ex-
ternal forces. The mathematical description of this evolution
is given by the Boltzmann equation (Schunk, 1977),

∂fs

∂t
+ vs · ∇fs+ as · ∇vsfs =

δfs

δt
. (1)

Here, ∇ represents the gradient in coordinate space, ∇vs is
the gradient in velocity space, and as denotes the particle
acceleration due to external forces. In most plasma applica-
tions, the main external forces acting on the charged parti-
cles are gravitational and Lorentz forces. With allowance for
these forces, the acceleration becomes

as =G+
es

ms

(
E+

vs ×B
c

)
, (2)

where G is the acceleration due to gravity, es and ms are
the charge and mass of species s, respectively, E is the elec-

tric field, B is the magnetic field, and c is the speed of light.
The term on the right-hand side of the Boltzmann equation,
(δfs/δt), represents the rate of change of the velocity distri-
bution function fs in a given region of phase space as a result
of collisions, and its form depends on the type of collision
process considered. The appropriate expression in the case
of binary elastic collisions between particles (collisions gov-
erned by inverse power laws, and resonant charge exchange
collisions) is the Boltzmann collision integral (Schunk, 1977;
Schunk and Nagy, 2009), given by

δfs

δt
=

∑
t

∫
R3×�

[
f ′s f

′
t − fs ft

]
gst σst

(
gst ,θ

)
d�dvt , (3)

where dvt is the velocity space volume element for the target
species t , gst is the magnitude of the relative velocity of the
colliding particles s and t , with gst defined as

gst = vs − vt , (4)

d� is the element of solid angle in the s particle reference
frame, θ is the scattering angle, σst

(
gst ,θ

)
is the differen-

tial scattering cross-section, defined as the number of par-
ticles scattered per solid angle d�, per unit time, divided
by the incident intensity, and the primes denote quantities
evaluated after the collision. The microscopic properties of
a given species s can be defined and fully described by its
velocity distribution function, from which, for example, the
number density of particles, the zeroth-order moment, can
be obtained by integrating the distribution function over the
velocity space, as

ns(r, t)=
∫
R3

fs (r,vs, t)dvs, (5)

and the drift velocity of species s, the first-order moment, is
given by the following relation

us(r, t)= 〈vs〉, (6)

where 〈vs〉 is the average value of vs , with the average value
of ξs(vs) at any position r and time t , defined as

〈ξs〉 =
1
ns

∫
R3

ξs(vs)fs (r,vs, t)dvs . (7)

For higher-order moments, it is more convenient to evaluate
them with respect to the drift velocity us . Accordingly, Grad
(1949) introduced the random velocity, defined as

cs(r,vs, t)= vs −us, (8)

so that the physically significant velocity moments of the
species distribution function – temperature Ts , pressure ten-
sor Ps , stress tensor τ s , and heat flow vector qs – can be
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written as

Ts(r, t)=
ms

3kB

〈
c2
s

〉
, (9)

Ps(r, t)= nsms 〈cscs〉 , (10)
τ s(r, t)= Ps −ps I, (11)

qs(r, t)=
nsms

2

〈
c2
s cs

〉
, (12)

where kB is the Boltzmann constant, I is a unit dyadic, ps is
the partial pressure and defined as

ps = nskB Ts . (13)

The starting point for deriving the transport equations is the
Boltzmann equation. These equations can be obtained by
multiplying the Boltzmann equation by an appropriate func-
tion of velocity and then integrating over the velocity space.
In particular, multiplying Eq. (1) by the factors 1, mscs ,
1
2msc

2
s , mscscs , and 1

2msc
2
s cs , followed by integration over

the velocity space, gives the continuity, momentum, energy,
pressure tensor, and heat flow equations, respectively. To-
gether, these form the general transport equations for species
s, as presented in Schunk (1977), Schunk and Nagy (2009),
and Bittencourt (2004). The general transport equations do
not constitute a closed system because the equation govern-
ing the moment of order l contains the moment of order l+1.
That is, the continuity equation describes the evolution of the
density, but it also contains the drift velocity, and similar de-
pendencies occur in the higher order moment equations. To
close the system, it is necessary to adopt an approximate ex-
pression for the velocity distribution function fs . A common
mathematical technique can be used to do that, is expanding
fs in a complete orthogonal series of the form (Grad, 1949;
Mintzer, 1965),

fs (r,cs, t)= f (0)s (r,cs, t)
∑
i

ai(r, t)Mi (r,cs, t) , (14)

where f (0)s is an appropriate zeroth-order velocity distribu-
tion function, Mi represents a complete set of orthogonal
polynomials, and ai are the unknown expansion coefficients.
The zeroth-order distribution function and the orthogonal set
of polynomials are generally chosen so that the series con-
verges rapidly, meaning that only a few terms in the series
expansion are needed to describe the distribution function.
Different levels of approximation are possible, depending on
the number of terms retained in the series expansion.

2.1 The five – moment approximation

The first term in the series expansion of Eq. (14) is 1, re-
gardless of which zeroth-order distribution function f (0)s is
chosen (Mintzer, 1965). Therefore, assuming the species dis-
tribution function fs is represented by the first term of the
expansion, we have

fs (r,cs, t)= f (0)s (r,cs, t) . (15)

The approximation in Eq. (15) reduces the general system
of transport equations to just the continuity, momentum, and
energy equations for each species s,

δns

δt
=
∂ns

∂t
+∇ · (nsus) , (16)

δMs

δt
= nsms

Dsus
D t
+∇ ·Ps

− nsmsG− nses
(

E+
us ×B
c

)
, (17)

δEs

δt
=

3
2
Ds ps

D t
+

3
2
ps (∇ ·us)+∇ · qs +Ps : ∇us, (18)

where the operation Ps : ∇us corresponds to the double prod-
uct of the two tensors Ps and ∇us , and the operator Ds/D t
is defined as

Ds

D t
=
∂

∂t
+us · ∇. (19)

The set of Eqs. (16)–(18) was initially derived with no as-
sumption about the zeroth-order function f (0)s (Tanenbaum,
1967). In the present study, we adopt the drifting modified
Kappa distribution (MK) as the zeroth-order function. The
drifting modified Kappa distribution is commonly written in
the following form (Livadiotis, 2018; Davis et al., 2023),

f (0)s = f
MK
s (r,cs, t)=

nsη(κs)

π3/2 w3
s

(
1+

c2
s

κ0s w
2
s

)−κs−1

, (20)

where the thermal velocity of species s, denoted by ws , is
given by

ws =

√
2kBTs

ms
, (21)

with ms and Ts denoting the mass and the absolute tempera-
ture of species s respectively, and kB is the Boltzmann con-
stant. The function η(κs), which depends on the kappa pa-
rameter κs , is defined as

η(κs)= κ
−3/2
0s

0(κs + 1)
0 (κs − 1/2)

,κ0s = κs −
3
2
. (22)

Here, κ0s is the invariant kappa index, and κs is a shape pa-
rameter that controls the power-law tails, sometimes referred
to as the spectral index, with the condition κs > 3/2. This
condition prevents the modified Kappa distribution function
in Eq. (20) from collapsing (Pierrard and Lazar, 2010). If the
chosen zeroth-order distribution function f (0)s satisfies

qs = τ s = 0, (23)

as in the drifting Maxwellian distribution and the drifting
modified Kappa distribution (Scherer et al., 2019), we can
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write Eqs. (16)–(18) as (Schunk, 1977),

δns

δt
=
∂ns

∂t
+∇ · (nsus) , (24)

δMs

δt
= nsms

Dsus
D t
+∇ps

− nsmsG− nses
(

E+
us ×B
c

)
, (25)

δEs

δt
=

3
2
Ds ps

D t
+

5
2
ps (∇ ·us) . (26)

These equations are known as the five-moment approxima-
tion of the transport equations because each species is char-
acterized by five parameters: density, three components of
drift velocity, and temperature. At this level of approxima-
tion, stress, heat flow, and all higher-order velocity moments
are neglected, and the species’ properties are expressed in
terms of density, drift velocity, and temperature.

2.2 Collision terms

The terms appearing on the left-hand side of the five-moment
approximation, Eqs. (24)–(26), are called the collision terms,
also known as the transfer collision integral. These terms rep-
resent the moments of the Boltzmann collision integral and
describe the rate of change of density, momentum, and en-
ergy due to collisions, and they are defined as follows

δns

δt
=

∫
R3

δfs

δt
dcs, (27)

δMs

δt
=ms

∫
R3

cs
δfs

δt
dcs, (28)

δEs

δt
=
ms

2

∫
R3

c2
s

δfs

δt
dcs, (29)

where the Boltzmann’s collision integral, expressed in terms
of the random velocities cs and ct , takes the form:

δfs

δt
=

∑
t

∫
R3×�

[
f ′sf
′
t − fsft

]
gst σst

(
gst ,θ

)
d�dct , (30)

with the functions f ′s , f
′
t , fs, and ft depend on (r, t,cs or

ct ). Calculating the collision terms involves solving the in-
tegrals appearing in Eqs. (27)–(29). The process begins by
substituting the Boltzmann collision integral from Eq. (30)
and rewriting the resulting integrals in an equivalent form
that does not require the distribution functions after the colli-
sion, f ′sf

′
t . We then use the momentum transfer cross-section

integral, defined as

Q(1)st
(
gst
)
=

∫
�

(1− cosθ) σst
(
gst ,θ

)
d�, (31)

to write the collision terms as (Schunk and Nagy, 2009),

δns

δt
= 0, (32)

δMs

δt
=−

∑
t

mst

∫
R3×R3

fsft gst Q(1)st gst dctdcs, (33)

δEs

δt
=−

∑
t

mst

∫
R3×R3

fsft gst Q(1)st
(

V̂c · gst
)

dct dcs, (34)

where the dot product is written as

V̂c · gst =
mscs · gst +mtct · gst +mt 1u · gst

ms +mt
, (35)

and the reduced mass mst is expressed as

mst =
msmt

ms +mt
. (36)

Equations (33) and (34) are expressed in terms of the mo-
mentum transfer cross-section integral Q(1)st , which depends
explicitly on the nature of the particles’ interaction; dif-
ferent collision models yield different functional forms for
the cross-section. In the present work, we examine three
distinct cases: Coulomb collisions, hard-sphere interactions,
and Maxwell molecule collisions. The momentum transfer
cross-section for Coulomb collisions is given by

Q(1)st
(
gst
)
=

QCo

g4
st

,QCo = 4π
(

eset

4πε0mst

)2

ln3, (37)

where es and et are the charges of species s and t , respec-
tively, ε0 is the permittivity of free space, and ln3 is the
Coulomb logarithm. For hard-sphere interactions, the mo-
mentum transfer cross-section,

Q(1)st = QHS = π σ
2, (38)

is a constant (σ is the sum of the radii of the colliding par-
ticles). In the case of Maxwell molecule collisions, the mo-
mentum transfer cross-section is

Q(1)st =
QMC

gst
,QMC = 0.844π

(
Kst

mst

)1/2

, (39)

where Kst denotes a proportionality constant that measures
the force magnitude between particles. Now, we proceed to
calculate the momentum and energy collision terms, given in
Eqs. (33) and (34), for the five-moment approximation, under
the assumption that the velocity distribution function of both
interacting species s and t is a drifting modified Kappa dis-
tribution. The general expressions for the collision terms are
summarized below, while detailed derivations for the three
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types of collisions are provided in Appendix A.

δns

δt
= 0, (40)

δMs

δt
=

∑
t

nsms ν
MK
st (κs,κt )8(εst )1ust , (41)

δEs

δt
=

∑
t

ns

[
3
2
kB ν

MK
st,T (κs,κt )9(εst )1T MK

st

+mst ν
MK
st (κs,κt )8(εst ) |1ust |2

]
, (42)

where the relative drift velocity 1ust and relative tempera-
ture difference 1T MK

st are defined by

1ust = ut −us, (43)

1TMK
st =H(κt )Tt −H(κs)Ts, (44)

and the drift-to-thermal speed ratio εst is given by

εst =
|1ust |
wst

,wst =

√
2kBTst

mst
, (45)

with the reduced mass mst given in Eq. (36) and the reduced
temperature Tst defined by

Tst =
msTt +mtTs

ms +mt
. (46)

The kappa-dependent terms νMK
st and νMK

st,T represent, respec-
tively, the effective collision frequency and the thermal equi-
libration rate (or simply the thermalisation rate) for systems
described by the modified Kappa distribution, and they are
defined as

νMK
st (κs,κt )= νst D(κs,κt ), (47)

νMK
st,T (κs,κt )= 2

mst

mt
νMK
st , (48)

where νst denote the effective collision frequency rate for
systems governed by the Maxwellian distribution. The fac-
tors νst ,8, 9, D, and H forms change depending on the
type of collision, such as Coulomb, hard-sphere, or Maxwell
molecule collisions, and can be summarized as follows:

Coulomb collisions:
The effective collision frequency for Coulomb collisions

in the Maxwellian case is

νst = ν
Co
st =

4
3
nt

π1/2
mt

ms +mt

(
1

2kB

mst

Tst

)3/2

QCo, (49)

where QCo is defined in Eq. (37). The functions8 and 9 are
given by

8=8Co(εst )=
3
√
π

4
erf(εst )
ε3
st

−
3e−ε

2
st

2ε2
st

, (50)

9 =9Co(εst )= e
−ε2

st . (51)

The kappa-dependent factors D and H are defined as

D(κs,κt )=
(κs − 1/2)
(κs − 3/2)

(κt − 1/2)
(κt − 3/2)

, (52)

H(κα)=
0(κα)

0(κα + 1/2)
(κα − 3/2)1/2,α = s, t. (53)

Hard-sphere interactions:
The effective collision frequency for Hard-sphere in the

Maxwellian case is

νst = ν
HS
st =

8
3
nt

π1/2
mt

ms +mt

(
2kB

Tst

mst

)1/2

QHS, (54)

where QHS is defined in Eq. (38). The functions8 and9 are
given by

8=8HS(εst )=
3
8

(
1+

1
2ε2
st

)
e−ε

2
st

+
3
√
π

8

(
εst +

1
εst
−

1
4ε3
st

)
erf(εst ), (55)

9 =9HS(εst )=

√
π

2

(
εst +

1
2εst

)
erf(εst )+

e−ε
2
st

2
. (56)

The kappa-dependent factors D and H are defined the same
as in Eqs. (52) and (53).

Maxwell molecule collisions:
The effective collision frequency for Maxwell molecule

collisions in the Maxwellian case is

νst = ν
MC
st =

nt mt

ms +mt
QMC, (57)

where QMC is defined in Eq. (39). The functions 8 and 9
are given by

8=8MC(εst )= 1,9 =9MC(εst )= 1, (58)

The factors D and H are defined as

D(κs,κt )= 1,H(κα)= 1,α = s, t. (59)

The collision terms can be derived for non-drifting modified
Kappa distributions by setting the drift velocities of both in-
teracting particles s and t to zero, us = ut = 0, which gives
1ust = 0 and8(0)=9(0)= 1, in Eqs. (40)–(42). The same
expressions are obtained when the drift velocities of species
s and t are equal, i.e., us = ut .
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Figure 1. A schematic comparison between modified Kappa velocity distributions for κs values 2, 5, and 10, and the Maxwellian velocity
distribution.

2.2.1 Hypergeometric representation

The resulting collision terms in case of Coulomb collision
and hard sphere interaction can be written in terms of the hy-
pergeometric functions. This is done by expressing the 8’s
and 9’s, Eqs. (50), (51), (55), and (56), in the hypergeomet-
ric representation, such that
Coulomb collisions:

8Co(εst )= 1F1

(
3
2
;

5
2
;−ε2

st

)
, (60)

9Co(εst )= 1F1

(
1
2
;

1
2
;−ε2

st

)
. (61)

Hard-sphere interactions:

8HS(εst )= 1F1

(
−

1
2
;

5
2
;−ε2

st

)
, (62)

9HS(εst )= 1F1

(
−

1
2
;

3
2
;−ε2

st

)
. (63)

2.2.2 Limiting case: kappa parameter approaches
infinity

One of the special properties of the modified Kappa distri-
bution is that, as κs approaches infinity, the modified Kappa
distribution reduces to a Maxwellian distribution (Pierrard
and Lazar, 2010). Specifically, we have

lim
κs→∞

η(κs)= 1 (64)

and

lim
κs→∞

[
1+

a

(κs − 3/2)

]−κs−1

= e−a , (65)

Therefore, the modified Kappa distribution becomes iden-
tically Maxwellian distribution

lim
κs→∞

fMK
s =

ns

π3/2 w3
s

exp
(
−

c2
s

w2
s

)
, (66)

as shown in Fig. 1, where as κs gets larger, the distribu-
tion becomes closer and closer to the Maxwellian distribu-
tion. This provides further confirmation that the derived for-
mulas are correct by taking the limit of the collision terms
as κ→∞, κ = κs = κt , and comparing the resulting lim-
its with existing formulas for the Maxwellian. The collision
terms given in Eqs. (40)–(42) depend on the kappa parameter
through the effective collision frequency, the thermalisation
rate, and the relative temperature difference, νMK

st , νMK
st,T , and

1TMK
st , respectively. These quantities are expressed using the

two functions D(κs,κt ) and H(κα), α = s, t . Consequently,
the limits of the collision terms reduce to the following limits

lim
κ→∞

νMK
st (κ,κ)= νst , (67)

lim
κ→∞

νMK
st,T (κ,κ)= νst,T , (68)

lim
κ→∞

1T MK
st = Tt − Ts =1Tst . (69)

Hence,

lim
κ→∞

D(κ,κ)= lim
κ→∞

H(κ)= 1. (70)

With νst,T denoting the thermalisation rate for systems gov-
erned by the Maxwellian distribution, defined as

νst,T = 2
mst

mt
νst . (71)
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Therefore, in the limit κ approaches ∞, the collision terms
(40)–(42) recover the form

lim
κ→∞

[
δns

δt

]
= 0, (72)

lim
κ→∞

[
δMs

δt

]
=

∑
t

nsmsνst 8(εst )1ust , (73)

lim
κ→∞

[
δEs

δt

]
=

∑
t

nsmsνst

ms +mt
[3kB 9(εst )1Tst

+mt 8(εst ) |1ust |2
]
. (74)

The resulting limits gives exactly the same results as the
Maxwellian distribution (Schunk and Nagy, 2009), with the
same definitions of 8,9, and νst .

2.3 Effective collision frequency and thermalisation
rate in systems with modified Kappa distributions

Within the framework of the five-moment approximation of
the transport equations, the effective collision frequency and
the thermalisation rate can be obtained directly from the mo-
mentum and energy collision terms. As derived in the previ-
ous section for the modified Kappa distribution, Eqs. (47)
and (48) present the effective collision frequency and the
thermalisation rate, which are essential for understanding the
exchange of momentum and energy between particles due
to collisions. The effective collision frequency reflects the
average rate of how frequently collisions occur, determining
the efficiency of momentum transfer within the system, while
the thermalisation rate measures how rapidly the system ap-
proaches thermal equilibrium through collisions. Equations
(47) and (48) show that the modified Kappa distribution af-
fects the effective collision frequency and the thermalisation
rate through the kappa dependent term D(κs,κt ). This factor
depends explicitly on the kappa parameters κs and κt of the
interacting species s and t , and its form changes depending
on the type of collisions under consideration. To compare the
effective collision frequency and thermalisation rate of the
modified Kappa and Maxwellian distributions, we must first
understand how their particle velocity distributions differ.
While the Maxwellian distribution has most particles con-
centrated around the distribution core, with low and interme-
diate velocity magnitudes, the modified Kappa distribution
shifts this balance by increasing the number of particles both
in the low-energy core and in the high-energy tails, (i.e., at
low and high velocity magnitudes), as shown in Fig. 1. This
redistribution in the particle velocities is directly related to
the effective collision frequency and the thermalisation rate.
In collision processes, such as Maxwell molecule collisions,
where the collision frequency does not depend on particle
velocity, the redistribution has no effect. The effective colli-
sion frequency and thermalisation rate remain the same even
when modified Kappa distribution is used. This is confirmed
by the result D = 1, which shows that the kappa parameter

does not change either the effective collision frequency or the
thermalisation rate compared with the Maxwellian case,

νMK
st = νst , and νMK

st,T = νst,T . (75)

In contrast, when collisions strongly depend on particle ve-
locity, the modified Kappa distribution significantly affects
both the effective collision frequency and the thermalisation
rate. This effect becomes particularly evident in processes
such as Coulomb collisions and hard-sphere interactions,
where the velocity distribution strongly shapes the interac-
tion dynamics. In these cases, the functions D vary accord-
ing to the kappa parameters κs and κt , as given in Eq. (52).
To compare the effective collision frequency and thermalisa-
tion rate with the Maxwellian case, and to better understand
their behaviour, we consider the special case κ = κs = κt , so
that the expressions, νMK

st and νMK
st,T , reduce to

νMK
st = νst

(
κ − 1/2
κ − 3/2

)2

, (76)

νMK
st,T = 2

mst

mt
νMK
st , (77)

The effective collision frequency for the modified Kappa dis-
tribution in Eq. (76) agrees exactly with Livadiotis (2019)
in the κ dependency, where both share the same functional
form. Equations (76) and (77) show that for small values of
κ , both the effective collision frequency and the thermalisa-
tion rate are large and decreasing as κ increases. As κ goes
to infinity, the kappa term in Eq. (76) approaches 1, and the
results converge to those of the Maxwellian distribution, as
illustrated in Fig. 2. In this figure, we have plotted the κ de-
pendency for both the effective collision frequency and the
thermalisation rate; in other words, the ratios νMK

st /νst and
νMK
st,T /νst,T as functions of the kappa parameter. This be-

haviour arises from the redistribution of the particle veloc-
ities in the modified Kappa distribution, where at low values
of κ , the number of particles near the core with a small ve-
locity magnitudes is very high compared to the Maxwellian
distribution. These particles increase the collision frequency
in case of Coulomb collisions and Maxwell molecules in-
teractions, since these interactions are inversely proportional
to velocity, making the effective collision frequency and the
thermalisation rate are enhanced at low kappa values.

2.4 Variations of collision terms as a result of Coulomb
collisions

The collision terms for the five-moment approximation, pre-
sented in Eqs. (40)–(42), describe how density, momentum,
and energy, for particles s change under the effect of colli-
sions. These terms depend on three variables, number den-
sity ns , drift velocity us , and temperature Ts for particles s,
as well as on the parameters of particles t , number density
nt , drift velocity ut , and temperature Tt . Additionally, two
functions of κs and κt , D(κs,κt ) and H(κα), α = s, t , con-
tribute to the effective collision frequency, the thermalisation
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Figure 2. The kappa dependency for both the effective collision frequency and the thermalisation rate.

rate and the relative temperature difference. The masses of
both interacting particles s and t , (ms , mt ), are constant and
remain unchanged throughout the collision process for all
types of collisions, this makes the density coefficient to be
zero according to Eq. (40). In this section, we examine how
the collision terms, in the case of Coulomb collisions, vary
with respect to the variables (ns , us , Ts), and the parame-
ters (nt , ut , Tt ), and we compare the results for the modified
Kappa and Maxwellian distributions.

2.4.1 Maxwellian distribution

In the Maxwellian case, both functions D(κs,κt ) and
H(κα), α = s, t are set to one, see Sect. 2.2.2. Consequently,
the effective collision frequency, the thermalisation rate, and
the relative temperature difference in the collision terms sim-
plify to

νMK
st = νst ,ν

MK
st,T = νst,T , and 1TMK

st =1Tst . (78)

For clarity, we will discuss the behaviour of the collision
terms in three cases, each involving a particular choice of
variables or parameters.

First case, the number density of the interacting particles,
ns and nt . From Eqs. (40)–(42), ns and nt appears as a prod-
uct, indicating that an increase in the number density of ei-
ther particle s or t will increase the influence of collisions
on both the momentum and energy of the s particles. Such
a result is reasonable because the number density measures
particles per unit volume – more particles in the same vol-
ume lead to more collisions between s and t , causing greater
changes in momentum and energy due to collisions.

Second case, the drift velocities of the interacting particles
us , ut , and the temperature of the s particles Ts . Equations

(40−42) show that the collision terms depend on the differ-
ence in drift velocity, 1ust = ut −us , and on Ts .

Figure 3a and c display the isolines of the momentum and
energy collision terms as functions of 1ust and Ts , with all
other constants set to 1.0 for simplicity. Assuming identi-
cal parameters for all t particles, the summation over t , in
Eqs. (40)–(42), reduces to multiplication by their number,
Nt , which is set to 1000 for easier comparison with other
cases. Figure 3a shows the magnitude of the momentum col-
lision term, assuming that the direction of 1ust is along the
z-axis. The Fig. 3a indicates that the momentum of the par-
ticles s remains unchanged when the difference in drift ve-
locities, 1ust , is zero, regardless of the temperature Ts . This
means that the drift velocities of the two particles are equal or
both zero, so they are not moving relative to each other, or the
system has no net current flow (e.g., no applied electric field).
Under these conditions, Coulomb collisions can be treated
as elastic collisions, so that the total kinetic energy and mo-
mentum of the system are conserved, resulting in no change
in momentum caused by the collisions. To see how the mo-
mentum collision term changes relative to 1ust , we plot its
cross-section at Ts = 0, as shown in Fig. 3b. When one par-
ticle’s drift velocity is slightly larger than the other’s, the
momentum change of particle s due to collisions increases
until reaching its maximum. Beyond this maximum point,
as the absolute value of the difference between the drift ve-
locities becomes very large (i.e., us � ut or ut � us), colli-
sions have less effect on the momentum. In the limit of very
large 1ust , the momentum collision term approaches zero
because particles moving at significantly different speeds are
more likely to pass each other without interacting, i.e. reduc-
ing the number of collisions. Referring back to Fig. 3a, as the
temperature of the s particles increases, the impact of colli-
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Figure 3. The momentum (a) and energy (b) collision terms, respectively, for the Maxwellian velocity distribution function in the case of
Coulomb collisions. (c) and (d) corresponding cross-sections to (a) and (b) at Ts = 0.

sions on their momentum decreases until it eventually van-
ishes. This occurs because the effective collision frequency,
νst , for Coulomb collisions in the Maxwellian case, defined
in Eq. (49), between the particles decreases with increasing
temperature as

νst = ν
Co
st ∝ 1/T 3/2

st , (79)

showing that collisions become less probable at higher tem-
peratures, leading to a reduction in their influence on mo-
mentum. Figure 3c represents the energy collision term. The
graph shows that maximum energy exchange occurs when
the difference in the drift velocities is zero. As mentioned
earlier, in this case, both momentum and kinetic energy are
conserved, meaning there is no change in these quantities.

The change in the energy comes from the potential energy,
specifically the difference between the temperatures of the
interacting particles. Figure 3d shows the cross-section of the
energy collision term for the case 1ust = 0. At Ts = 0, the
energy exchange between particles is most significant, as par-
ticles s gain temperature from particles t . As Ts increases and
approaches Tt , the energy transfer decreases and vanishes

when the temperatures of the two species are equal. This oc-
curs at Ts = Tt = 1 in Fig. 3d, where1Tst = 0, leading to no
energy transfer and the energy collision term becomes zero.
As the temperature of particles s increases above the temper-
ature of particles t , Ts > Tt , particles s lose temperature to
particles t , and the energy collision term becomes negative
and decreases until it reaches a minimum value, which in our
case occurs at Ts = 5. Beyond this point, the increase in the
temperature of particles s reduces the effective collision fre-
quency, see Eq. (79). As a result, particles s keep their tem-
perature without losing any of it to particles t . This explains
the subsequent increase in the change of energy. Eventually,
as the effective collision frequency tends to zero, no further
collisions occur, and the temperature change vanishes, mak-
ing the energy collision term approach zero as Ts goes to
infinity. Back to Fig. 3c, as the absolute value of the differ-
ence in drift velocity increases, the distance between parti-
cles also increases. This greater distance between particles
makes collisions less likely, which in turn reduces energy ex-
change for species s. Consequently, the energy collision term
approaches zero as the drift velocity difference, 1ust , tends
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Figure 4. The momentum and energy collision terms for the Maxwellian velocity distribution function in the case of Coulomb collisions, at
different values of Tt : 2, 5, and 10.

to ±∞, similar to the behaviour of the momentum collision
term when either us � ut or ut � us .

Third case, the temperature of the t particles Tt . In Fig. 4,
we plot the isolines of the collision terms under the same
conditions as in Fig. 3, but for different values of Tt . As
Tt increases, the collision terms exhibit the same overall be-

haviour, but their magnitude decreases. For example, δMs/δt

drops from 35 at Tt = 1 (Fig. 3a) to 18 at Tt = 2 (Fig. 4a), 7 at
Tt = 5 (Fig. 4c), and 3.5 at Tt = 10 (Fig. 4e). A similar trend
is observed for δEs/δt , which drops from 60 to 48, then to
30, and finally to 21 (Figs. 3c, 4b, d, and f). This reduction
occurs because, as the temperature increases, the number of
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Figure 5. The momentum and energy collision terms for the modified Kappa velocity distribution function in the case of Coulomb collisions
at different values of κ: 2, 3, and 4.

collisions decreases as mentioned before. Additionally, Fig. 4
shows that the range of 1ust contributing to the collision
terms (red area along the horizontal axis) expands with Tt ,
since fewer collisions allow particles to accelerate more un-
der external forces, increasing their drift velocities.

2.4.2 Modified Kappa distribution

The modified Kappa distribution affects the collision terms
through two functions D(κs,κt ) and H(κα), α = s, t , which
appear in the effective collision frequency, the thermalisation
rate and the relative temperature difference. Assuming equal
kappa values for both species, s and t , κs = κt = κ , allows
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Figure 6. The cross-section of the momentum and energy collision terms for the modified Kappa and Maxwellian velocity distribution
functions in the case of Coulomb collisions at Ts = 0.

for a direct comparison with the Maxwellian case. To un-
derstand how modified Kappa distribution changes the col-
lision terms, we plot the isolines of the momentum and en-
ergy collision terms as functions of 1ust and Ts , as shown
in Fig. 5, with the same conditions as in Fig. 3a, for various
κ values. Cross-sections at Ts = 0 are shown in Fig. 6. For
the momentum collision term, the behavior is similar to the
Maxwellian case, withD(κ,κ) scaling the effective collision
frequency, as shown in Figs. 5 and 6a. At low κ , the effective
collision frequency increases, as discussed in Sect. 2.3, lead-
ing to greater momentum transfer due to collisions at these
values. For the energy collision term, the function W(κ,κ),

defined as

W(κ,κ)=D(κ,κ)H(κ), (80)

appears in the first term of Eq. (42), while D(κ,κ) con-
tributes to the second term. The general behavior of the
energy coefficient is approximately the same as in the
Maxwellian case, particularly at high κ values. However, at
low kappa values, particularly κ = 2, D(κ,κ) >W(κ,κ), as
outlined in Table 1, making the kinetic term dominant and
producing peaks near zero, as shown in Fig. 6b. Overall,
both collision terms decrease with increasing κ , converging
toward the Maxwellian result, confirming the result of Sub-
subsection 2.2.2.
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Table 1. D(κ,κ) and W(κ,κ) at different values of κ .

κ D(κ,κ) W(κ,κ)

2 9.0000 4.7873
3 2.7778 2.0474
4 1.9600 1.5986
10 1.2491 1.1661
100 1.0204 1.0140
1000 1.0020 1.0014

3 Transport coefficients

In this section, we derive and discuss the behavior of the
transport coefficients – namely, the electrical conductivity
σe, thermoelectric coefficient αe, diffusion coefficient De,
and mobility coefficient µe – for a Lorentz plasma using the
modified Kappa distribution. A Lorentz plasma is a type of
plasma in which the contribution of electron-electron colli-
sions is negligible compared to electron-ion collisions. In this
model, electrons are considered to move relative to nearly
stationary ions because their much smaller mass allows them
to move much faster (Du, 2013). The Lorentz plasma model
is particularly useful for calculating transport coefficients,
such as electrical conductivity, because electron-electron col-
lisions do not contribute significantly to these properties.
The transport coefficients for Lorentz plasma without a mag-
netic field appear in the following macroscopic laws (Husidic
et al., 2021),

E=
Je
σe
+αe∇Te, (81)

0e =−De∇ne−µe neE. (82)

Equation (81) represents generalizes Ohm’s law, where E de-
notes the electric field and Je is the current density, defined
as (Schunk and Nagy, 2009),

Je = ene(ui −ue), (83)

with e being the charge, ne the electron density, and ui,ue the
ion and electron velocities, respectively. Similarly, Eq. (82)
extends Fick’s law to account for electric field effects, with
0e denotes the particle flux density, defined as (Schunk and
Nagy, 2009),

0e = nsue. (84)

3.1 Derivation of transport coefficients

The transport coefficients can be obtained by deriving
Eqs. (81) and (82) using the five-moment approximation. For
a simple electron-ion collision, using Eq. (41), the momen-
tum equation with a drifting modified Kappa distribution, can

be expressed as

δMe

δt
= neme

Deue
D t
+∇pe

− nemeG+ nee
(

E+
ue×B
c

)
, (85)

with the momentum collision term is given by

δMe

δt
= neme ν

MK
ei 1ust , (86)

where νMK
ei is the effective collision frequency for the mod-

ified Kappa distribution, as defined in Eq. (47). In Eq. (85),
the electron drift velocity is assumed negligible compared to
the thermal velocity, which is equivalent to setting εei = 0
and therefore 8(0)= 1 in Eq. (41). To obtain the trans-
port coefficients, we adopt the standard approximations.
First, we assume a steady and low-inertia regime so that
nemeDeue/Dt ≈ 0. Second, we neglect external gravity and
magnetic fields, i.e., G= 0 and B= 0, which corresponds to
unmagnetized scalar transport. For convenience, we also take
the background ion flow to be ui ≈ 0. Under these assump-
tions, the electron momentum equation reduces to

−ne ue =
kBTe

meν
MK
ei

∇ne+
nekB

meν
MK
ei

∇Te+
nee

meν
MK
ei

E, (87)

since

∇pe = kBTe∇ne+ nekB∇Te. (88)

To derive the electrical conductivity and the thermoelectric
coefficients, we begin by setting ∇ne = 0 and using the defi-
nition of the current density Je with ui ≈ 0, we write

Je = ene(ui −ue)=−eneue. (89)

Substituting this expression into the electron momentum
Eq. (87), we obtain

Je =
enekB

meν
MK
ei

∇Te+
nee

2

meν
MK
ei

E. (90)

Solving the equation for the electric filed gives

E=
meν

MK
ei

nee2 Je−
kB

e
∇Te. (91)

By comparing this result with the generalized Ohm’s law,
Eq. (81), we can identify the electrical conductivity and the
thermoelectric coefficient as

σe =
nee

2

meν
MK
ei

, (92)

αe =−
kB

e
. (93)

Similar to how we derive the electrical conductivity and the
thermoelectric coefficient, the diffusion and mobility coeffi-
cients can be obtained by setting ∇Te = 0 and using the def-
inition of the particle flux density, 0e, in Eq. (84), Eq. (87)
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gives

0e =−
kBTe

meν
MK
ei

∇ne−
nee

meν
MK
ei

E. (94)

By comparing this to Fick’s law, Eq. (82), the diffusion and
mobility coefficients are identified as

De =
kBTe

meν
MK
ei

, (95)

µe =
e

meν
MK
ei

. (96)

3.2 Discussion of transport coefficients

From the first look at the derived transport coefficients, we
can see that they satisfy the familiar relation between the
electric conductivity and the mobility coefficient

σe = neeµe, (97)

and Einstein relation

De =
kBTe

e
µe. (98)

The resulting transport coefficients show a different depen-
dency on the kappa parameters. The thermoelectric coeffi-
cient αe has no kappa term in it. On the other hand, the elec-
trical conductivity, diffusion, and mobility coefficients all in-
clude the same kappa term, which appears through the ef-
fective collision frequency vMK

ei . The transport coefficients-
electrical conductivity, diffusion, and mobility-are inversely
proportional to the effective collision frequency. As dis-
cussed earlier, when κ = κs = κt , the effective collision fre-
quency for the modified Kappa distribution influences dif-
ferent types of collisions in distinct ways. Consequently,
the impact of the modified Kappa distribution on the trans-
port coefficients depends on the specific type of collision.
For Maxwell molecules, the effective collision frequency re-
mains identical to that of the Maxwellian distribution, im-
plying that the modified Kappa distribution does not affect
the transport coefficients in this kind of collision. However,
for Coulomb collisions and hard-sphere interactions, the ef-
fective collision frequency increases as κ decreases, lead-
ing to a decrease in the transport coefficients at low values
of κ compared to the Maxwellian case, as shown in Fig. 7,
where we have plotted the kappa dependency for the elec-
trical conductivity as functions of the kappa parameter. As
κ approaches ∞, the effective collision frequency vMK

ei re-
duces to the Maxwellian case vei , making the transport coef-
ficients recover their Maxwellian limits. The obtained trans-
port coefficients have both differences and similarities with
other studies. One can compare this with a number of stud-
ies that predicted a similar trend in the transport coefficients.
In Fig. 7, we also show the dependence on the κ parameter

of the electrical conductivity from different studies and com-
pare it with the present work, by plotting the ratio σe/σ

M
e as

a function of κ , where κ = κt = κs , and

σMe =
nee

2

meνei
. (99)

All studies show a different dependence on the κ parame-
ter, but they still exhibit the same behavior: at low values
of κ , the electrical conductivity becomes smaller compared
to the Maxwellian case, and as κ increases, we approach the
Maxwellian case but never exceed it. This confirms that plas-
mas with larger κ values are better conductors. Thus, devia-
tions from the Maxwellian limit lead to a decrease in electri-
cal conductivity. Figure 7 also shows that, the curves con-
verge to the present work. This can be explained through
the collision models used in the derivation of the transport
coefficients. In each study, a more general collision term
model was used. For example, Guo and Du (2019) used the
Linearized Lorentz Collision Model with a relaxation-time
approximation for electron-ion collisions. Livadiotis (2017)
used the Fokker–Planck collision operator with simplifica-
tions related to the direction of the electric field. Finally,
the work of Ebne Abbasi et al. (2017) used the Fokker–
Planck collision operator, where the derivation was gener-
alized, and the only approximation occurred in the last step
for the hypergeometric function. The work of Ebne Abbasi
et al. (2017) is the closest to our present study, as can be seen
clearly in the figure. The reason is that, in our study, we used
the full Boltzmann collision integral, of which the Fokker–
Planck operator can be considered an approximation.

4 Conclusions

For a Lorentz plasma described by a modified Kappa dis-
tribution, we have derived the transport coefficients: electri-
cal conductivity, thermoelectric, diffusion, and mobility. The
derivation begins with deriving a closed system of transport
equations for isotropic plasmas within the five-moment ap-
proximation. In these equations, the transport properties of
a given species are defined with respect to the random ve-
locity of that species, where the species velocity distribu-
tion function is expanded in an orthogonal polynomial series
about a drifting modified Kappa weighting function. By tak-
ing only the first term of the expansion and neglecting all
higher order moments of the velocity distribution, we ob-
tain the five-moment approximation. The corresponding mo-
mentum and energy collision terms were evaluated via the
Boltzmann collision integral for several interaction types,
including Coulomb collisions, hard-sphere interactions, and
Maxwell molecule collisions. Given the complexity of the
collision terms, the final expressions were represented us-
ing hypergeometric functions to simplify numerical calcu-
lations. Next, we investigated the limiting case in which the
kappa index approaches infinity, where the collision terms
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Figure 7. The kappa dependency for the electrical conductivity.

reduce to Maxwellian form. Then we analyzed the influ-
ence of the kappa index on the effective collision frequency
and thermalisation rate. It was observed that systems de-
scribed by modified Kappa distribution exhibit distinct be-
haviour compared to those with Maxwellian distribution. The
modified kappa distribution directly influences collision dy-
namics, where, for interactions in which collision frequency
is velocity-independent, such as Maxwell molecule interac-
tion, the distribution does not affect the effective collision
frequency or thermalisation rate. In contrast, for velocity-
dependent collisions, such as Coulomb and hard-sphere in-
teractions, smaller κ values increase collision frequency and
thermalization, and larger κ values approach the Maxwellian
limit. We further examined the influence of the kappa index
on the momentum and energy collision terms of the particles
during Coulomb collisions. At low kappa parameter values,
the number of collisions increases significantly, making both
the effective collision frequency and the thermalisation rate
produce greater changes in the momentum and energy of the
particles, while larger κ values recover Maxwellian behavior.

Starting from the momentum equation and applying suit-
able assumptions for an unmagnetized, steady-state plasma,
explicit expressions for the electrical conductivity, thermo-
electric coefficient, diffusion coefficient, and mobility coeffi-
cient were obtained for the modified Kappa distribution. The
analysis reveals that while the thermoelectric coefficient is
unaffected by the κ parameter, the electrical conductivity,
diffusion, and mobility coefficients are all inversely propor-
tional to the effective collision frequency, thereby reflecting
its κ dependency. Furthermore, the results indicate that lower
κ values lead to an increase in collision frequency and con-
sequently a decrease in the transport coefficients. In the limit

(κ→∞), the coefficients naturally reduce to Maxwellian
form, confirming the consistency of the approach.

While the current study provides an important step to-
wards a comprehensive non-Maxwellian transport theory, the
present work is limited in several ways. First, the approach
was derived within the five-moment approximation of the
transport equation, considering only the first term of the ex-
pansion and neglecting higher-order moments. This simpli-
fication represents a poor approximation, as the neglected
terms could significantly affect the system’s behavior. Sec-
ond, the analysis assumes isotropic plasmas, which restricts
its applicability to real space plasma environments. In real-
ity, most space plasmas are magnetized and exhibit temper-
ature and pressure anisotropies. Ignoring these effects may
overlook important physical mechanisms that govern plasma
dynamics. Third, the Coulomb collision cross-section was
simplified using a constant Coulomb logarithm and large-
velocity approximation, which may affect quantitative ac-
curacy at low velocities (Fichtner et al., 1996). Finally, the
model employs the modified Kappa distribution, whose ap-
plicability breaks down for κ ≤ 3/2, as lower values cause di-
vergent moments and thermodynamic inconsistencies. In this
regime, the functions D(κ,κ) and H(κ) diverge, making the
effective collision frequency and the thermalisation rate be-
come unphysical. Therefore, the derived collision terms and
transport coefficients are valid only for κ > 3/2.

Future work should address the current model’s limita-
tions through several key extensions. First, developing a
comprehensive transport theory that accounts for the modi-
fied Kappa velocity distribution, would significantly advance
the framework beyond the standard Maxwellian assumption.
This can be achieved by expanding the species distribu-
tion function in a generalized orthogonal polynomial series
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with a κ-weighting function, allowing for systematic deriva-
tion of various approximations (e.g. eight-, ten-, thirteen-
, and twenty-moment models). Second, extending the the-
ory to anisotropic plasmas – where pressure and tempera-
ture vary with direction – would enhance its realism and
applicability, particularly in magnetized and space plasma
environments. In addition, incorporating the exact velocity-
dependent Coulomb cross-section would improve the accu-
racy of the collision transfer integrals. Furthermore, adopt-
ing the Regularized Kappa Distribution proposed by (Scherer
et al., 2017, 2019), which preserves the core features of the
κ-function while ensuring finite moments for all κ > 0 and
maintaining thermodynamic consistency, would provide a
more stable and physically meaningful representation.

Appendix A

This appendix presents the derivation of the collision terms
for each type of collision for the drifting modified Kappa dis-
tribution introduced in Sect. 2.2.

A1 Coulomb collisions

The collision terms for Coulomb collisions can be obtained
by substituting Eq. (37) into Eqs. (32)–(34), leading to the
following form

δns

δt
= 0, (A1)

δMs

δt
=−

∑
t

mst QCo

∫
R3×R3

fMK
s fMK

t

gst
g3
st

dct dcs, (A2)

δEs

δt
=−

∑
t

mst QCo

∫
R3×R3

fMK
s fMK

t

(V̂c · gst )
g3
st

dct dcs . (A3)

A2 The Momentum Coefficient

The momentum coefficient for Coulomb collision is given in
Eq. (A2). Evaluating it requires computing the integral

IM =

∫
R3×R3

fMK
s fMK

t

gst
g3
st

dct dcs, (A4)

to do this, we begin by rewriting the distribution function of
the interacting species s and t in an integral representation,

instead of writing them in the form of Eq. (20), as

fMK
s =

nsη(κs)

π3/2 w3
s

1
0(κs + 1)

∞∫
0

ξ
κs
1 e−ξ1 exp

[
−
ξ1 c

2
s

κ0s w
2
s

]
dξ1, (A5)

fMK
t =

ntη(κt )

π3/2 w3
t

1
0(κt + 1)

∞∫
0

ξ
κt
2 e−ξ2 exp

[
−
ξ2 c

2
t

κ0t w
2
t

]
dξ2. (A6)

Substituting the distributions given in Eqs. (A5) and (A6) in
the integral, Eq. (A4), gives

IM=
nsnt

π3w3
s w

3
t

η(κs)η(κt )

0(κs + 1)0(κt + 1)

∞∫
0

∞∫
0

ξ
κs
1 ξ

κt
2 e−ξ1−ξ2

 ∫
R3

∫
R3

exp
[
−
ξ1 c

2
s

κ0s w
2
s

−
ξ2 c

2
t

κ0t w
2
t

]
gst
g3
st

dcsdct

 dξ1 dξ2. (A7)

To solve the integral in Eq. (A7), we introduce the following
transformation

cs =
(
κ0s

ξ1

)1/2

(c∗−Ag∗) , (A8)

ct =
(
κ0t

ξ2

)1/2

(c∗+B g∗) . (A9)

The constant A and B are defined by:

A=
mtTs

mtTs +msTt
,B =

msTt

mtTs +msTt
. (A10)

Here c∗ and g∗ are expressed as:

c∗ = Vc−uc+ ξ 1ust + ξ gst , (A11)
g∗ =−gst −1ust , (A12)

with

uc =
msus +mtut
ms +mt

,ξ =
mst

ms +mt

Tt − Ts

Tst
. (A13)

Calculating the determinant of the Jacobian matrix J for the
transformation described in Eqs. (A8)–(A10) gives

dcsdct = det(J)dc∗dg∗ =
[
κ0sκ0t

ξ1ξ2

]1/2

dc∗dg∗. (A14)

Applying the transformation make the integrals in Eq. (A7)
independent of each other, so by evaluating the integrals with
respect to c∗, ξ1 and ξ2, and rewriting the g∗ integral, we have

IM =
nsnt

π3/2 b3 D(κs,κt )

∫
R3

e−|gst+1ust |2/w2
st

gst
g3
st

dgst . (A15)

where D(κs,κt ) is defined in Eq. (52).
The integral on gst can be solved by setting z-axis in the

direction of vector 1ust , so that the angle between gst and

https://doi.org/10.5194/angeo-43-783-2025 Ann. Geophys., 43, 783–802, 2025



800 M. J. Jwailes et al.: Transport coefficients in modified Kappa distributed plasmas

1ust corresponds to the polar angle in spherical coordinates.
We then transform the integrals into spherical coordinates
and perform the integration, to get

IM =−
4
3

nsnt

π1/2 w3
st

D(κs,κt )8Co(εst )1ust . (A16)

Substituting Eq. (A16) into Eq. (A2), we can write the mo-
mentum coefficient for Coulomb collision as

δMs

δt
=

∑
t

nsmsν
Co
st D(κs,κt )8Co(εst ) 1ust , (A17)

where νCo
st and 8Co are defined in Eqs. (49) and (50).

A3 The Energy Coefficient

The energy coefficient for Coulomb collisions is given in
Eq. (A3). Substituting the dot product from Eq. (35) into the
integral

IE =

∫
R3×R3

fMK
s fMK

t

(V̂c · gst )
g3
st

dct dcs, (A18)

produces three integrals, which can be evaluated by fol-
lowing the same steps as the integral in Eq. (A4), where
we substitute the distributions given in Eqs. (A5) and (A6)
into the integrals, and apply the transformation mentioned in
Eqs. (A8)–(A10). This results in two integrals that depend on
gst , which can be evaluated using the same steps used for the
integral in Eq. (A15). Combining all integrals, we obtain:

IE =−
4
3

1
ms +mt

nsnt

π1/2 w3
st

[
3kBD(κs ,κt )9Co(εst )1TMK

st

+mt D(κs,κt )8Co(εst ) |1ust |2
]
, (A19)

Substituting Eq. (A19) into Eq. (A3), we can write the energy
coefficient for Coulomb collision as

δEs

δt
=

∑
t

nsmsν
Co
st

ms +mt

[
3kB D(κs,κt )9Co(εst )1TMK

st

+mt D(κs,κt )8Co(εst ) |1ust |2
]
, (A20)

where 1TMK
st and 9Co are defined as in Eqs. (44) and (51),

respectively.

A4 Hard-sphere interactions

The collision terms for hard-sphere interactions can be ob-
tained by substituting Eq. (38) into Eqs. (32)–(34), leading

to the following form

δns

δt
= 0, (A21)

δMs

δt
=−

∑
t

mst QHS

∫
R3×R3

fMK
s fMK

t gst gst dct dcs, (A22)

δEs

δt
=−

∑
t

mst QHS

∫
R3×R3

fMK
s fMK

t gst
(

V̂c · gst
)

dct dcs . (A23)

Calculating the collision terms for hard-sphere interactions
follows the same steps as those applied previously for the
Coulomb collision. The main difference between the inte-
grals in Eqs. (A21)–(A23) and (A1)–(A3) is that gst has a
power of 1 rather than −3. This difference affects only the
final integrals. Using the same technique, we obtain the mo-
mentum coefficient for hard-sphere interactions,

δMs

δt
=

∑
t

nsmsν
HS
st D(κs,κt ) 8HS(εst ) 1ust , (A24)

and the energy coefficient for hard-sphere interactions,

δEs

δt
=

∑
t

nsmsν
HS
st

ms +mt

[
3kBD(κs,κt )9HS(εst )1TMK

st

+mt D(κs,κt )8HS(εst ) |1ust |2
]
, (A25)

where νHS
st , 8HS, and 9HS are defined in Eqs. (54)–(56).

A5 Maxwell molecule collisions

The collision terms for Maxwell molecule collisions can be
obtained by substituting Eq. (39) into Eqs. (32)–(34), leading
to the following form

δns

δt
= 0, (A26)

δMs

δt
=−

∑
t

mst QMC

∫
R3×R3

fMK
s fMK

t gst dct dcs, (A27)

δEs

δt
=−

∑
t

mst QMC

∫
R3×R3

fMK
s fMK

t

(
V̂c · gst

)
dct dcs . (A28)

There’s no integration technique required to evaluate
Eqs. (A26)–(A28), since after rewriting the relative veloc-
ity in Eq. (4) and the dot product in Eq. (35) in terms of the
random velocities cs and ct , allows us to use the following
expectation values for the modified Kappa distribution,〈
c2
α

〉
=

3kBTα
mα

, 〈cα〉 = 0, 〈A〉 = A, (A29)

where A is constant and α denotes the species type s or t ,
to obtain the momentum coefficient for Maxwell molecule
collisions

δMs

δt
=

∑
t

nsmsν
MC
st 1ust , (A30)
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and the energy coefficient for Maxwell molecule collisions

δEs

δt
=

∑
t

nsmsν
MC
st

ms +mt

[
3kB1Tst +mt |1ust |2

]
, (A31)

where νMC
st is defined in Eq. (57).
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