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Abstract. The problems of reflection and transmission of
a whistler wave incident in the nighttime ionosphere from
above are considered. Numerical solution of the wave equations for a typical condition of the lower ionosphere is found.
The solution area comprises both the region of strong wave
refraction and a sharp boundary of the nighttime ionosphere
( ∼ 100 km). The energy reflection coefficient and horizontal wave magnetic field on the ground surface are calculated.
The results obtained are important for analysis of the extremely low-frequency and very low-frequency (ELF–VLF)
emission phenomena observed from both the satellites and
the ground-based observatories.
Keywords. Magnetospheric physics (magnetosphere–
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Introduction

Whistler propagation in the ionosphere has been the subject
of many studies (e.g. Storey, 1953; Helliwell, 1965; Pitteway
and Jespersen, 1966; Galejs, 1972; Budden, 1985; Yagitani
et al., 1994; Lehtinen and Inan, 2008; Kuzichev and Shklyar, 2010). Methods for finding wave fields depend on the
ionosphere conditions and can be different for different altitude ranges. Above approximately 100 km, the scale of the
plasma inhomogeneity is on the order of 100 km, which significantly exceeds the whistler wavelength. This permits using approximate methods, for example, geometrical optics
equations (Ginzburg, 1970). At altitudes close to 100 km and
below, the scale of the plasma inhomogeneity in the nighttime ionosphere is on the order of one or several kilometres.
In addition, the wavelength of the wave propagating towards

the Earth’s surface increases, the wave attenuation due to
charged and neutral particle collisions is enhanced, and the
whistler wave transforms to a vacuum electromagnetic wave.
In this case, approximate methods become unsuitable. Approximate methods are also unsuitable in the area of strong
wave refraction. Thus, finding the field of an electromagnetic
wave of the whistler frequency band in the lower layers of the
ionosphere requires complete solution of the wave equations.
In this paper, we use numerical methods to find the field
of a whistler wave incident from above in the lower layers of the ionosphere. One of the difficulties is associated
with the divergence caused by the wave solutions with a
large imaginary component of the vertical wave number (Nygre’n, 1982; Budden, 1985; Lehtinen and Inan, 2008). This
problem was partially resolved in the paper by Lehtinen and
Inan (2008), using the idea of recursive calculation of reflection coefficients. Kuzichev and Shklyar (2010) removed the
divergence analytically and reduced numerical calculations
to stable equations for the case of a sufficiently small angle
of incidence. We use a technique known as the boundaryvalue problem. The theoretical approach to boundary-value
problems is based on the solution of initial-value problems
for ordinary differential equations and the solution of nonlinear algebraic equations using a shooting method. Using this
technique provides numerically stable solutions of the complete system of wave equations in the ionosphere. For typical nighttime geophysical conditions, we calculate the energy
reflection coefficient from the ionosphere and the horizontal wave magnetic field on the ground surface. The obtained
results are important for analysis of the ELF–VLF emission
phenomena observed from both the satellites and the groundbased observatories.
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Problem formulation and basic equations

the relationships

We consider an incident of a whistler wave with frequency
ω and wave vector k from above on the surface z = z∗ . We
suppose that the ambient magnetic field B belongs to the
plane yz and is inclined at angle ϑ to the z axis; the coordinate z = 0 corresponds to the ground surface, the plasma
density depends on the vertical coordinate z, and for z > z∗
the plasma is close to homogeneous. The ionosphere can be
considered as a stratified anisotropic cool plasma with the
permittivity tensor (Shafranov, 1967)


ε
ε̂ =  ig cos ϑ
−ig sin ϑ

−ig cos ϑ
εcos2 ϑ + ηsin2 ϑ
(η − ε) sin ϑ cos ϑ


ig sin ϑ
(η − ε) sin ϑ cos ϑ  .
εsin2 ϑ + ηcos2 ϑ

(1)

Here
ε = 1−

ωp2 e (ω + iνe )
ω((ω + iνe )2 − ωB2 e )

η = 1−

ωp2 e

−

ωp2 i (ω + iνi )
ω((ω + iνi )2 − ωB2 i )

ωp2 i

,

,
ω (ω + iνe ) ω(ω + iνi )
ωp2 e ωBe
ωp2 i ωBi
+ 
,
g=− 
ω (ω + iνe )2 − ωB2 e
ω (ω + iνi )2 − ωB2 i
−

(2)

(3)

(4)

Here is a four-component vector column

Ex
 Ey


F =
 (ω/c)Hx  .
(ω/c)Hy



(5)

Vertical components of the wave electric and magnetic fields
Ez , Hz in accordance with Eq. (3) are expressed by means of
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m11 = −m44 = −kx (g/εzz ) sin ϑ,
m12 = −m34 = −ikx ((η − ε)/εzz ) sin ϑ cos ϑ,
m13 = −m24 = −i(kx ky c2 /ω2 εzz ),
m14 = −i − (kx /ky )m13 ,
m21 = m43 = (ky /kx )m11 , m22 = m33 = (ky /kx )m12 ,
m23 = i + (ky /kx )m13 ,
m31 = ikx ky − (ω2 gη/c2 εzz ) cos ϑ,
m32 = −ikx2 + i(ω2 εη/c2 εzz ),
m41 = iky2 − i(ω2 ε/c2 ) + i(ω2 g 2 /c2 εzz )sin2 ϑ,
m42 = m31 − 2ikx ky ,

(6)

where εzz = εsin2 ϑ + ηcos2 ϑ.
To find the wave field, the solution for the system of
Eqs. (4)–(6) must satisfy four boundary conditions. Assuming the ground surface z = 0 to be perfectly conductive, we
can write two of them:
(7)

To determine two other conditions, we express the field vector F at the upper boundary z = z∗ as the sum of four
wave solutions corresponding to four local roots κ!j ≡ kzj of
4
Rz
P
the dispersion relation F =
f j exp
iκj dz0 , M̂f j =
j =1

z∗

iκj f j . In this case,
F = P̂A.
Here, Aj = A0j exp

after substituting the wave electric and magnetic
fields
as
E(z)
and
 exp i kx x + ky y − ωt
H (z) exp i kx x + ky y − ωt , we find the following system for the transversal components Ex , Ey , Hx , Hy :
dF
= M̂F .
dz

The elements of matrix M̂ depend on the coordinate z and
are equal to

Ex (z = 0) = 0, Ey (z = 0) = 0.

where ωp2 e = 4π e2 n(z)/me is the square of the electron
plasma frequency, ωp2 i = 4π Z 2 e2 n(z)/mi is the square of the
ion plasma frequency, Z is the dominant ion charge number, νe,i are the electron-neutral and the ion-neutral collision
frequencies, ωBe = |e| B/me c and ωBi = |Ze | B/mi c are the
values of the electron and ion gyrofrequencies, and me,i are
the electron and ion masses. Using the Maxwell equations
ω
ω
rotH = −i ε̂E, rotE = i H
c
c


Ez = cot ϑEy + (i/g sin ϑ) εEx + (c/ω)(kx Hy − ky Hx ) ,

Hz = (c/ω) kx Ey − ky Ex .

(8)
Rz

!
iκj dz0 shows the amplitudes of the

z∗

waves (j = 1–4) at the upper boundary z = z∗ , iκj are the
eigenvalues of the matrix M̂, and the polarization matrix
P̂ is formed by normalized eigenvectors of the matrix M̂:
4
P
2
Pqj = (1/αj )fqj , where αj2 =
fqj . We assume that the
q=1

first root corresponds to the incident wave (propagating oppositely to the z axis), the second root corresponds to the
reflected wave (propagating in the direction of the z axis),
and the third and fourth roots correspond to the exponentially increasing and exponentially decreasing waves in the
z-axis direction. Then, two other boundary conditions can be
written as
A1 (z = z∗ ) = 1, A3 (z = z∗ ) = 0,

(9)

where A = P̂−1 F . The first condition (Eq. 9) determines the
field of the incident wave, and the second condition (Eq. 9)
excludes the exponentially increasing wave solution in the
region z > z∗ .
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Figure 1. The plasma density (solid), the electron-neutral collision
frequency (dashed), and the ion-neutral (dotted) collision frequency
under conditions of the nighttime ionosphere.

Solving the system (Eqs. 4–6) in the range 0 ≤ z ≤ z∗ , we
can obtain altitude dependencies of the wave electric and
magnetic fields and the energy reflection coefficient from the
boundary z = z∗
R=

∗ −P P∗
|Sz2 |
|A2 |2 P12 P42
22 32
=
∗ −P P∗
2
|Sz1 |
P
P
|A1 |
11 41
21 31

,

(10)

z=z∗

where Sz1,2 are the vertical components of the Poynting vector of the wave incident on the boundary z = z∗ and reflected
from this boundary, respectively.
3

Typical calculation results

We now present results of numerical solution of the system
(Eqs. 4–6) with boundary conditions (Eqs. 7 and 9) under
conditions typical of the lower nighttime ionosphere. As the
basis we use the altitude dependencies of plasma density
and the electron-neutral and ion-neutral collision frequencies sketched in Fig. 1. The dependencies of plasma density are taken from International Reference Ionosphere 2007
(Bilitza and Reinisch, 2008) and correspond to 67◦ N, 26◦ E;
ϑ = 168◦ ; 1 January 2017; and 00:30 h LT.
To obtain the solution of system (Eqs. 4–6) in the region
0 ≤ z ≤ z∗ with boundary conditions (Eqs. 7 and 9), we use
a numerical method known as the two-point boundary-value
problem for ordinary differential equations. For each frequency range, we choose the value z∗ such that for z∗ ≤ z,
it satisfies the inequalities
1zRe(κ1,2 )  1,

1zIm(κ3,4 )  1,

(11)

where 1z is the special scale of plasma inhomogeneity. Thus,
the solution area covers a region that requires complete soluwww.ann-geophys.net/35/671/2017/
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Figure 2. The energy reflection coefficient R and the normalized
amplitude of the horizontal magnetic field of the wave on the ground
surface h: (a) kx = ky = 0, z∗ = 125 km; (b) kx = 0.02 km−1 , ky =
−0.02 km−1 , z∗ = 125 km; and (c) kx = 0 km−1 , ky = 0.3 km−1 ,
z∗ = 220 km.

tion of the wave equations. Above boundary z = z∗ the geometrical optics equations (Ginzburg, 1970) can be useful.
Frequency and angular dependencies of the energy reflection coefficient R and the normalized amplitude of the horizontal magnetic field h of the wave on the ground surface
are shown in Fig. 2. The horizontal wave magnetic field is
usually measured on the ground surface, and the wave electric field is usually measured onboard the satellites above the
ionosphere. Thus, the amplitude of the horizontal wave magnetic field on the ground surface is normalized by the electric
field amplitude of the incident wave
h=

(|Hx |2 + |Hy |2 )|z=0
(|Eix |2 + |Eiy |2 + |Eiz |2 )|z=z∗

!1/2
.

(12)

The results shown in Fig. 2 are obtained for the frequency
ELF–VLF emission band 1–6 kHz for different transversal
wave vector components kx and ky . The plots in Fig. 3
are obtained for the frequency f = 3.5 kHz for different incident angles αx and αy . Here αx = arctan(kx /kzi ), αy =
arctan(ky /kzi ), and kzi is the z component of the incident
wave vector at the altitude z∗ = 180 km. Note that R and h
are even functions of angle αx for the fixed angle αy . The
dominant wave polarization near the ground surface is righthand polarized (typical for whistler waves).
4

Discussion

We consider the problem of numerical solutions of a complete system of wave equations in the lower layers of the
Ann. Geophys., 35, 671–675, 2017
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Figure 3. The energy reflection coefficient R and the normalized
amplitude of the horizontal magnetic field of the wave on the ground
surface h as functions of αx : (a) αy = 0, (b) αy = 17◦ , and (c) αy =
34◦ .

nighttime ionosphere. To solve the system (Eqs. 4–6) with
boundary conditions (Eqs. 7 and 9) at the altitudes 0 ≤ z ≤
z∗ , we use a numerical method known as the boundary-value
problem for ordinary differential equations. This method was
examined by comparing the numerical and analytical results obtained in the previous paper by Bespalov and Mizonova (2004) for the case of a vertically propagating wave.
The altitude z∗ was chosen for each frequency band and each
value of the transverse wave vector, satisfying inequalities
(11) and ranging from 125 to 220 km. With the choice of the
upper boundary z = z∗ the solution area covers a region that
requires complete solution of the wave equations.
For typical conditions of the nighttime ionosphere, we find
the energy reflection coefficient R and the normalized amplitude of the horizontal magnetic field of the wave on the
ground surface h for the whistler wave incident from above.
It can be seen in Figs. 2 and 3 that the value of R and the amplitude of the wave magnetic field on the ground surface are
sensitive enough to the wave parameters. For some frequencies, the value of R has local maxima, which are especially
notable in the case of a small angle of incidence. Possibly, the
peaks of the function R are caused by the resonance in the
waveguide between the ground and the ionosphere. For example, in the case of normal and close-to-normal incidence
of the wave, the function R has local maxima at the frequencies f = 1.6, 3.2, and 4.9 kHz. These values correspond to
the wavelengths in vacuums of 190, 94, and 61 km. At the
same time, the altitude where electron plasma frequency becomes equal to the wave frequency is on the order of 90–
95 km. Note that similar regularities are typical for the optical Fabry–Pérot resonator. We mention that this effect can
appear if the wave can reach the ground surface. Taking into
Ann. Geophys., 35, 671–675, 2017

account the large value of the plasma refractive index above
100 km, this is possible only if the angle of wave incidence
on the ionosphere from above is small enough (k⊥ c/ω ≤ 1).
Comparing the plots in Figs. 2 and 3 for different angles
of wave incidence, we can show that the order of magnitude
of R is quite dependent on the area of strong wave refraction (that is the area below which the wave does not propagate). Indeed, if the transverse wave vector k⊥ is less than
the ratio ω/c , then the parameter R ranges from 0.4 to 0.8
(see Figs. 2a, b and 3a, b). If the transverse wave vector k⊥
slightly exceeds the ratio ω/c , then the wave reflects in the
regions of strong attenuation (z ∼ 90–110 km), and the value
R ranges from 0.02 to 0.4 (see Figs. 2c and 3 for the angles
αx < 50◦ ). If the wave vector significantly exceeds the ratio
ω/c, then the wave reflects upwards in the region of strong
wave attenuation, and the value of R is close to unity (see
Figs. 2c and 3 for the angles αx > 50◦ ).
The obtained results agree with the experimental data:
good conditions for passage of the magnetospheric VLF
emissions through the ionosphere exist for a low level of
magnetic perturbation at the winter solar solstice (Manninen
et al., 2014).

5

Conclusions

The problem of reflection and transmission of whistler waves
from above in the low nighttime ionosphere has been considered. The solution of the wave equations for a horizontally
stratified ionospheric plasma has been found by a numerical method known as the boundary-value problem. The area
of the solution comprises a sharp boundary of the nighttime
ionosphere (∼ 100 km) and the area of strong wave refraction
and damping, which ranges from 125 to 220 km for different frequency bands and different transverse wave vectors.
Frequency and incidence angle dependencies of the energy
reflection coefficient R and the normalized amplitude of the
horizontal magnetic field of the wave on the ground surface
h have been calculated and analysed.
The value of R is fairly dependent on the altitude of the
wave reflection and can vary at the different angles of incidence from 1/1000 to unity. In the cases of normal and closeto-normal wave incidence, the value R has peaks, which correlate with peaks of the magnetic field on the ground surface.
These peaks correspond to the resonance conditions in the
waveguide between the ground surface and the sharp boundary of the low ionosphere.
The normalized amplitude of the horizontal magnetic field
of the wave on the ground surface h can be almost 1 order
of magnitude greater than the electric field amplitude of the
wave, which is incident from above on the lower nighttime
ionosphere. This situation occurs at relatively small angles
of incidence for the resonance waveguide frequencies. The
electromagnetic wave near the ground surface is predomiwww.ann-geophys.net/35/671/2017/
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nantly right-hand polarized. Such a polarization is typical for
whistler waves.
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