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Abstract. We propose a simple explanation of the prolonged
existence of pancake-like electron velocity distributions in
the radiation belts. The pancake-like distribution function is
characterized by a longitudinal particle velocity (along the
magnetic field) of the order of the thermal velocity of the
background plasma. The parameters of the tablet-like distri-
bution function with a characteristic longitudinal particle ve-
locity of the order of 20 Alfvèn velocities are refined. Such
distribution functions can occur in the middle magnetosphere
near the magnetic equator with appropriate sources of ener-
getic particles. The stability of these distributions is exam-
ined. The results agree with known experimental data.

Keywords. Magnetospheric physics (energetic particles
trapped)

1 Introduction

A few years ago, great attention was paid to the analysis of
the evolution of the Earth’s electron radiation belts (RBs)
taking into account both the particle radial diffusion across
the magnetic shells and the quasi-linear relaxation effects
of the energetic-particle distribution function due to the in-
teraction with whistler waves (e.g., Bespalov and Trakht-
engerts, 1986). Usually, while performing calculations, the
original system of quasi-linear equations was averaged over
the bounce period of charged particle oscillations between
the mirror points for smooth distribution functions over the
equatorial pitch angle. Recently, important studies in this di-
rection were carried out to explain new experimental data and
for a quantitative simulation of the RB dynamics (Thorne et
al., 2013; Yang et al., 2016; Su et al., 2016; Albert et al.,
2016). Energetic electrons with a smooth distribution func-

tion may be responsible for the excitation of whistler electro-
magnetic emission with fine spectral forms (e.g., Manninen
et al., 2014). In all the cases, the possibility of the existence
of particle fractions with sharp (possibly, non-analytical) dis-
tribution functions was not specially examined in the analysis
of the averaged RB dynamics.

In actual fact, in the RB there are different factors de-
termining the sources and losses of particles in the plasma
magnetic trap. Therefore, rather different particle distribution
functions can exist for a short time in the velocity space. On
the contrary, the protractedly existing distributions coordi-
nated with the processes in the plasma magnetic trap are sta-
ble enough. Keeping in mind the recently reached increase in
the volume and accuracy of experimental data on the particle
distribution functions in the magnetosphere, it is expedient
to return to the problem of some protractedly existing sharp
distribution functions.

Evidence for the existence of the pancake-like and tablet-
like energetic electron distributions in the velocity space
(Fig. 1) near the magnetic equator plane in the RB has re-
cently been obtained in the space experiments. Asnes et
al. (2005) give experimental data obtained using the Mag-
netospheric Plasma Analyser (MPA) instrument onboard
the LANL geosynchronous satellites, according to which
pancake-like distributions of the energetic electrons with en-
ergies less than 47 keV can exist. The authors consider such
distributions as resulting from the wave–particle interaction
with chorus emissions outside the plasmasphere due to the
Cherenkov resonance.

Unusual triggered emissions (Bell et al., 2000) were reg-
istered on the magnetic shell L= 3.4 by the POLAR space
vehicle, when a distribution function with strong transverse
anisotropy was observed in the magnetosphere. This distribu-
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Figure 1. Schematic diagram for pancake-like (a), tablet-like (b),
and smooth (c) distributions in the velocity space (V⊥, Vz).

tion function is similar to the tablet-like one since the equa-
torial pitch angle of particles was about 75◦ or more.

Sharp distribution functions were also studied in the
theoretical works. The moving step-like distribution func-
tion was examined in several publications, beginning with
the paper by Bespalov and Trakhtengerts (1986). In paper
Trakhtengerts et al. (2001), it was mentioned that the sharp
anisotropic distributions can be useful for explaining some
properties of the chorus and triggered emissions. The authors
of Hikishima et al. (2009) connected the pancake-like distri-
bution with the excitation of chorus emissions in the magne-
tosphere.

In this paper, we examine special features of the energetic
electron populations with pancake-like and tablet-like distri-
bution functions in the middle magnetosphere near the mag-
netic equator plane. It is shown that the indicated distribu-
tions can exist for a long time because of the relatively weak
interaction with the wave perturbations determining the dy-
namics of the bulk of energetic electrons. Stability of these
distributions is explored. For definiteness, the electron com-
ponent at the RB is discussed. Many conclusions are also
valid for similar ion distribution functions.

2 Pancake-like distribution function as specific to the
radiation belts

It is well known that the electron RB dynamics are in
many respects determined by interaction of particles with the
whistler waves. Such an interaction is effective when the res-
onance condition is satisfied:

ω− kzVz = sωB/γL, (1)

where ω is the frequency of the wave, kz is the component
of the wave vector along the magnetic field B, γL = (1−

V 2/c2)−1/2 is the Lorentz factor, Vz and V are the electron
velocity along the magnetic field and their total velocity, ωB
is the value of electron cyclotron frequency (nonrelativistic),
s is the number of the cyclotron harmonic, and c is the speed
of light.

Let us examine the population of the energetic electrons,
for which in the process of their bounce oscillations the fol-
lowing condition is always fulfilled:

|Vz|< VTe, (2)

where VTe is the thermal velocity of background plasma,
which is usually of the of order VTe ≈ 108 cm s−1. The
electrons with small longitudinal and comparatively high
transversal velocities shown in Fig. 1a form the pancake-like
distribution function in the plane of the magnetic equator.
The common form of this distribution function can conven-
tionally be represented by means of Dirac’s δ function:

F = nL
f (V⊥L)δ(VzL)

2πV⊥L
, (3)

where nL is the density of energetic electrons, f (V⊥L) is the
distribution with respect to the transverse velocities, and the
values on the plane of the magnetic equator are written with
the index L.

The whistler waves, which are able to cause spreading
of distribution function (3) with respect to the longitudinal
velocity in accordance with Eqs. (1) and (2), also interact
with a considerably denser equilibrium plasma. Strong re-
fraction and damping in the equilibrium background plasma
prevent the propagation of the right-hand polarized radia-
tion towards the cyclotron resonance region (Gospodchikov,
2007). Therefore, the corresponding waves are characterized
by low intensity. The low intensity of the resonance whistler
waves determines the possibility of the prolonged existence
of the pancake-like distribution function (3).

Preliminary conclusions can be drawn about the range of
transverse velocities in the distribution function (3). For rel-
atively low transverse velocities, the Coulomb collisions are
important and can ensure the isotropic form of the distribu-
tion function. It is possible to estimate a typical particle life-
time in the distribution function (3) with the transverse veloc-
ity Vmin by means of the relationship τ ' (1/νe)(Vmin/VTe)

3,
where νe is the frequency of Coulomb collisions, which de-
pends on the background plasma density np, thermal velocity
VTe, and Coulomb logarithm. Therefore,

Vmin ' VTe(τνe)
1/3. (4)

Let us estimate now a top value of the transverse velocities
in the distribution (3). At relatively high transverse velocities,
in Eq. (1) it is necessary to take into account relativistic cor-
rection to the gyrofrequency ωB . In this case, the pitch-angle
particle scattering by the waves which do not attenuate in the
background plasma becomes possible. The maximum trans-
verse velocity in the pancake-like distribution corresponds
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to the condition under which the Doppler correction to the
frequency is compared with the relativistic correction to the
gyrofrequency

|s|ωBV
2
max

2c2 ' |kzmaxVTe| . (5)

For the whistler waves which interact with the electron RB in
the Earth’s magnetosphere, the parameter k⊥V⊥/ωB < 1 and
main wave–particle interaction usually occur at the cyclotron
harmonic with s = 1. As an estimation of the maximum value
of the wave vector longitudinal component, it is possible to
take kzmax ' ωpL/c, which corresponds in the longitudinal
propagation of whistler waves (|kz/k| ≈ 1) to the frequency
ω ' ωBL/2. Then relationship (5) is reduced to the form

Vmax '
(
2VTecωpL/ωBL

)1/2
, (6)

which confirms the nonrelativistic status of the distribution
function (3).

Particles with the pancake-like distribution function in the
mentioned range of transverse velocities in the equatorial
magnetosphere are located in the “shadow” of the back-
ground plasma. If there are noticeable sources of such par-
ticles, then their accumulation will occur. This particle pop-
ulation is weakly connected with others. It is important to
note that the possibility of the prolonged existence of distri-
bution function (3) follows from the general resonance con-
dition (Eq. 1), and it is not connected with the concrete wave
mode type.

3 Tablet-like distribution function beyond the
boundary of particle diffusion in the velocity space

Other particle distributions with a considerably greater
spread along the longitudinal velocity were also obtained
in the RB (Bell et al., 2000; Asnes et al., 2005). Actually,
whistler waves exist in a certain frequency band, which is
determined by the mean distribution function anisotropy, fre-
quency dependence of the magnetospheric resonator quality,
and special features of the wave ray tracing. Because of the
integral nature of the wave–particle interaction in an inho-
mogeneous magnetic trap, the case is possible where not all
the particles supplied by the source interact with the whistler
waves. The absence of the local one-to-one connection of the
frequency band with longitudinal velocity of energetic elec-
trons in the magnetic equator plane specifies the existence
of the minimum longitudinal velocity of the particles which
participate in the interaction with the waves. Therefore, in
the region of low longitudinal velocities, the accumulation of
particles is possible, and a tablet-like distribution, which dif-
fers from the pancake-like one by a larger spread along the
longitudinal velocity, may occur.

To explain this assertion, we assume that in the magnetic
field tube at the moment t = 0, the source of particles with

the power

J = Cµq exp(−V 2/V 2
0 ), (7)

starts to act depending on the first adiabatic invariant µ=
mV 2
⊥
/2B and the square of the total velocity V 2

= V 2
z +

2µB/m, where V 2
0 is square of the characteristic velocity, m

is the mass of electron, and C and q are positive constants.
In the presence of the source, the particle distribution func-

tion in the magnetic field tube will increase proportionally
with time; if it is not corrected by the processes of the pitch-
angle scattering by the whistler waves,

F = J t. (8)

Distribution function (8) determines the local distribution
function in the velocity space at any point along the mag-
netic field. If whistler waves with frequency ω exist in the
inhomogeneous magnetic field tube, then in order to explain
what particles and where these waves interact, it is neces-
sary to write down the cyclotron resonance condition and the
dispersion equation. In the case of longitudinal propagation
(|kz/k| ≈ 1) and of a refractive index considerably greater
than 1, these relationships take the following form:

ω− kVz = ωB ,(
kc

ω

)2

=
ω2
p

ω(ωB −ω)
. (9)

For the distribution function (8) it is not difficult to deter-

mine the total amplification 0 =
l/2∫
−l/2

2(γ /Vg)dz of whistler

waves due to the cyclotron instability during the single wave
passage between the conjugate ionospheric regions, where l
is the length of the magnetic field tube, γ is the increment
of cyclotron instability, Vg is the group velocity of whistler
waves, and z is the coordinate along the magnetic field line
measured from the magnetic equator. Calculations show that

0 =A[
ω

ωBL
(2+

ω

ωBL
)]−1/2

[q − (q + 1)
ω

ωBL
]

× exp[−
ωBL

β∗ω
(1−

ωBL

ω
)2]. (10)

Here,A=
√

2πnLLREωpL/3npLc, where L is the parameter
of magnetic shell, RE is the radius of the Earth, and β∗ =(
ωpLV0/ωBLc

)2. The dependence of the total amplification
on the frequency and energy of particles is given in Fig. 2.
The total amplification (10) reverses sign at the frequency

ωmax =
q

q + 1
ωBL. (11)

Let us note that similar to Eq. (10), frequency dependence
also occurs for the maximum at the angle between the wave
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Figure 2. Dependence of the relative total amplification 0/A on the
relative frequency ω/ωBL and the energy of particles, characterized
by the parameter β∗, with q = 1.2.

vector and the magnetic field of increment on the top of the
magnetic field tube (Schriver et al., 2010).

In obtaining Eq. (10) for the total amplification, it was
assumed that the distribution of the plasma density along
the magnetic field near its top corresponds to the condition:
ω2
p/ωB = ω

2
pL/ωBL. This relationship qualitatively agrees

with the experimental data and the results of calculations in
the model of the diffusive equilibrium (Persoon et al., 2009).
Excluding from Eqs. (9) the wave number and assuming for
simplicity the accepted condition of the density distribution,
we obtain

(ωB/ω− 1)3

(ωB/ω)
=

ω2
pLV

2
z

ωωBLc2 . (12)

Moving away from the equator the left-hand side of Eq. (12)
increases (with increasing of ωB(z)), while the right-hand
side decreases (with decreasing of V 2

z (z)). If V 2
zL is suffi-

ciently large, then for the selected frequency ω, there are two
symmetrically arranged points of wave–particle interaction
outside of the magnetic equator, whose precise position can
be found by solving the algebraic equation. If V 2

zL is not so
large, then there will be one point of interaction at the mag-
netic equator, and for even smaller V 2

zL this point disappears,
too. Therefore, there is a minimum value of V 2

zL, which cor-
responds to the boundary of the wave–particle interaction in
the magnetic equatorial plane even at the maximum possi-
ble frequency (11) (Goldstein and Tsurutani, 1984; Bespalov
and Trakhtengerts, 1986; Asnes et al., 2005):

(ωBL−ωmax )
3

(ωmax ω
2
BL)

=

(
ωpLVzL min

ωBLc

)2

. (13)

For a relatively small anisotropy of the particle source power
q ' 1, following relationship (11) we have ωmax ' ωBL/2.

Therefore, in accordance with Eq. (13), we find

VzL min =
cωBL

2ωpL
' 21×VA, (14)

where VA is the Alfvèn velocity if the ions are predominantly
protons. Therefore, inside the plasmasphere, the minimum
longitudinal velocity is considerably less than outside. Char-
acteristic velocity (14) is equal to VzL min ≈ 2× 109 cm s−1.

If in the magnetic field tube there are electron sources with
such or lower longitudinal velocities, then these particles will
be accumulated in significant quantities without participat-
ing in the cyclotron wave–particle interaction. Therefore, a
tablet-like distribution function (see Fig. 1b) can be formed
in the equatorial magnetosphere.

4 Instability of plasma with distribution functions in
question

The question regarding instabilities of the particle distri-
butions with the pancake-like and tablet-like distributions
has been examined in sufficient detail in the literature (e.g.,
Zhelezniakov and Zlotnik, 1989) in connection with the as-
trophysical applications. On the one hand, such distributions
simulate rather well conditions in a strongly nonequilibrium
plasma. On the other hand, their use considerably simplifies
computations, which is completely justified when there are
no precise data about the real distribution function of the
charged particles. The pancake-like and tablet-like distribu-
tions can be unstably relative to the excitation of electro-
static oscillations at half-integer electron cyclotron harmon-
ics (ECH) ω = (s+1/2)ωB with the wave vectors across the
magnetic field. Such oscillations exist in the daytime magne-
tosphere beyond the plasmapause (Christiansen et al., 1978).
The greatest possible increment of the corresponding insta-
bility is realized at the dual plasma resonance (Zhelezniakov
and Zlotnik, 1989) when the frequency of the electrostatic
oscillations is equal to

sωBL ' (ω
2
pL+ω

2
BL)

1/2. (15)

In actual fact, these relatively high-frequency oscillations can
be excited due to the positive derivative of the transverse ve-
locity distribution (∂f/∂V⊥ > 0). The maximum increment
of instability is close to

γ ' ωBL
nL

npL
. (16)

Instability with such a large increment ensures rapid spread-
ing of the transverse velocity distribution function and the
formation of the distribution decay to the high velocities. One
should note that there are no instabilities of this type in rel-
atively dense cold background plasma when the existence of
the slowly decaying electrostatic oscillations (ECHs) is not
possible.
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5 Conclusions

It is not only smooth distribution functions of the energetic
electrons at the pitch angles but also sharp ones that can ex-
ist in the electron radiation belts which effectively interact
with the whistler electromagnetic waves. In this paper, two
of them are examined, namely, the pancake-like and tablet-
like particle distributions in the velocity space.

The formation and prolonged existence of the pancake-like
distribution functions of energetic electrons are possible in
the equatorial region of the plasma magnetic trap. The longi-
tudinal velocity of electrons in this distribution is of the order
of the thermal velocity of the background plasma. The ener-
gies of particles in this distribution range from epithermal to
significant but not relativistic.

In the same region of space, a tablet-like distribution is
also possible. As is known, this distribution corresponds to
the special features of the interaction of whistler waves with
energetic electrons. This interaction is not effective for rela-
tively small longitudinal velocities, i.e., lower than 20 Alfvèn
velocities.

Note that the question about the specific properties of the
pancake-like and tablet-like distribution can be addressed
from somewhat different positions, for example, by exam-
ining the coefficient of diffusion of particles in the velocity
space. If we turn to the results of such quasi-linear calcula-
tions, these then explain why, in the region of small longi-
tudinal velocities (along the magnetic field), there is no dif-
fusion coefficient at the longitudinal velocities for all basic
types of the magnetospheric electromagnetic disturbances.

The possibility of the existence of pancake-like or tablet-
like distribution functions of energetic particles in the mag-
netosphere is determined by the properties of the sources of
particles with small longitudinal velocities in the equatorial
region of the radiation belts. For example, substorm particle
injection, particle radial diffusion, and decay of secondary
neutrons, which appear in the internal magnetosphere as a re-
sult of charge-exchange collisions, can serve as such sources.

Distributions of the examined type can be a reason for
the excitation of electrostatic cyclotron emissions at the half-
integer harmonics in the daytime magnetosphere.
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