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Abstract. Asymmetries in plasma density irregularity gen-
eration between the leading and trailing edges of the large-
scale plasma density structures in the high-latitude iono-
sphere are investigated. A model is developed that evaluates
the gradient-drift instability (GDI) growth rate differences
across the gradient reversal that is applicable at all propa-
gation directions and for the broad range of altitudes span-
ning the entire lower ionosphere. In particular, the model de-
scribes asymmetries that would be observed by an oblique
scanning radar near density structures in the polar cap such
as elongated polar patches. The dependencies on the relative
orientations between the directions of the gradient reversal,
plasma convection, and wave propagation are examined at
different altitudinal regions. At all altitudes, the largest asym-
metries are expected for observations along the gradient re-
versals, e.g., when an elongated structure is oriented along
the radar boresight. The convection direction that results in
the strongest asymmetries exhibits a strong dependence on
the altitude, with the optimal convection being parallel to
the gradient reversal in the E region, perpendicular to it in
the F region, and at some angle between these extremes in
the transitional region. Implications for observations of po-
lar patches by oblique scanning radars within the Super Dual
Auroral Radar Network are discussed. It is demonstrated that
the wave propagation direction relative to the prevalent con-
vection and gradient directions plays a critical role in con-
trolling both the irregularity growth rate and its asymmetries
near gradient reversals.

Keywords. Ionosphere (modeling and forecasting; plasma
waves and instabilities; polar ionosphere)

1 Introduction

Plasma density structures in the high-latitude ionosphere
range in size from a few centimeters to hundreds of kilo-
meters. In the ionospheric F region, they typically move with
the large-scale plasma convection; i.e., their phase velocity is
the E x B drift velocity. Observations of large-scale density
structures in the polar cap ionosphere such as polar patches
and Sun-aligned arcs have shown some asymmetry in the
small-scale irregularity characteristics between their leading
and trailing edges (e.g., Weber et al., 1984). In general, trail-
ing edges exhibit stronger structuring, which is often inter-
preted in terms of more favorable conditions for the gradient-
drift instability (GDI) along the trailing edge (Weber et al.,
1984; Milan et al., 2002; Koustov et al., 2012; Moen et al.,
2012).

The GDI growth rate is generally dependent on the relative
directions of the background density gradient vector Vng and
the convection electric field E or, equivalently, the convec-
tion velocity Vg = E x B/B?. It is widely accepted that the
maximum GDI growth rate in the F region occurs when the
density gradient Vny is parallel to the convection drift veloc-
ity V g (Keskinen and Ossakow, 1982), while in the E region
the maximum occurs when Vg || E. An analytic expression
for the GDI growth rate in the F region has been derived in
numerous studies, with most of these derivations considering
a particular subset of mutual orientations between Vng, Vg,
and the wave vector k. This typically results in the upper limit
of the GDI growth rate of y = Vg /L, where L is a character-
istic gradient scale length defined through L' = |Vng|/no.
More general vector configurations and growth rate expres-
sions in the F region have also been considered (Keskinen
and Ossakow, 1982; Makarevich, 2014), but their implica-
tions for studying the asymmetries between leading and trail-
ing edges of large-scale structures have not been investi-
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gated. Further, it has been demonstrated recently that the
GDI growth rate patterns change dramatically between the
E and F regions (Makarevich, 2014). This means that one
expects different signatures of small-scale irregularities and
their asymmetries near large-scale structures at different alti-
tudinal regions.

Oblique-sounding coherent radars within the Super Dual
Auroral Radar Network (SuperDARN) routinely detect
small-scale irregularities in a broad range of altitudes and
directions (Chisham et al., 2007). Importantly, both E- and
F-region irregularities are observed by the same radar (e.g.,
recent papers by Lamarche and Makarevich, 2015; Forsythe
and Makarevich, 2015) and measurements of the background
convection velocity V g are routinely derived from F-region
observations. In addition to their ability to observe large-
scale structures in the context of background plasma convec-
tion, SuperDARN radars provided important observational
evidence in support of the GDI mechanism being responsible
for the irregularity formation and asymmetries near gradient
reversals (Milan et al., 2002; Koustov et al., 2012). Because
these radars sample a particular range of the wave vector di-
rections k, the issue of the growth rate dependence on k is
of critical importance. In particular, it is largely unknown if
there are specific k directions or, equivalently, specific radar
orientations that are more favorable for observing large-scale
ionospheric structures and asymmetries between their lead-
ing and trailing edges.

The aim of this study is to investigate the asymmetries be-
tween the GDI growth rates near gradient reversals that often
occur in the vicinity of large-scale density structures. The
specific objectives are to (1) develop a quantitative approach
for comparing the growth rates on either side of the structure,
(2) analyze how the growth rates and asymmetries change for
different orientations of the background density gradient and
convection velocity and determine if there is an optimal radar
orientation for which the asymmetry is the strongest, and
(3) investigate how the growth rate and asymmetries change
between the ionospheric E and F layers.

2 Modeling of growth rates within radar’s field of view

In this study, we investigate behavior of the GDI growth rate
within the field of view (FoV) of an oblique scanning radar
with a particular focus on asymmetries between the lead-
ing and trailing edges of large-scale density structures in the
ionosphere. Since growth rate exhibits a strong dependence
on the altitude through its dependence on the ratio of the Hall
to Pedersen conductivities R = oy /op (Makarevich, 2014), it
is important to understand and model altitudinal dependen-
cies of related parameters.

Figure la presents altitudinal dependencies of several pa-
rameters of interest. Shown are the ratios of collision fre-
quencies and gyrofrequencies for electrons —re = ve/|<2|
(blue) and ions r; = v;/2; (green), the anisotropy parameter
Y = —rjre (pink), and the conductivity ratio R = oy /op =
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(ri+re) /(1 4+ ) (dashed black line on top of the green
one). The above notations are the same as in the recent study
by Makarevich (2014), where the electrons gyrofrequency
Qe = —|e|B/m¢ and the ratio re = v, /<2, are negative, while
other quantities of interest are positive. The x axis in Fig. la
does not have any units since all presented parameters are
dimensionless quantities.

The collision frequencies used to calculate these pa-
rameters were derived from atmospheric neutral densities
found from the Mass Spectrometer — Incoherent Scatter Ex-
tended (MSISE) model. Standard expressions for collision
frequencies given by Schunk and Nagy (1978) were used.
MSISE-90 is an empirical model of the densities and tem-
peratures of neutral species in the Earth’s atmosphere (Hedin,
1991). For this study, the neutral densities were found for 15
February 2014 at 20:00 UT at McMurdo Station, Antarctica
(77.88° S, 166.73° E, geographic); however the parameters
considered are expected to be relatively stable, so this selec-
tion does not constrain the results.

We develop a model that is based on a typical observa-
tional geometry of individual SuperDARN radars. Each radar
within SuperDARN scans through 16 look directions (radar
beams) separated by 3.25° in azimuth and receives returns
from 75-100 range gates separated by 45 km (Chisham et al.,
2007). For an oblique-sounding radar like SuperDARN, dif-
ferent range gates refer to different altitudes, with a vir-
tual height model normally used to characterize this altitu-
dinal dependence of the radar scattering volume as a func-
tion of the slant range. Figure 1b shows the standard Su-
perDARN virtual height model (Chisham et al., 2008). The
ranges where the beam is within the E region (red), F region
(blue), and transitional region (green) are indicated. The vir-
tual height model assumes a particular height depending on
the slant range. The model is based on where the signal is
typically coming from for any given range. In the standard
model the virtual height is constant throughout the E and
F regions, but it changes rapidly in the transitional region
between 600 and 800 km as shown in Fig. 1b. For individ-
ual observations in each beam, the height variations will be
more gradual, but on average it is represented well by the
model shown in Fig. 1b. A revised virtual height model in
which virtual height changes with slant range has also been
developed (Chisham et al., 2008), but since in the current
study we were interested in the differences between the E-
and F-region behavior (rather than small differences within
each region), a standard virtual height model has been used.

Figure 1c presents a typical observational geometry in the
horizontal plane. Here we show a FoV of the radar at Mc-
Murdo Station in Antarctica with the geographic South Pole
located at the bottom left of panel c (in the center of concen-
tric circles that show geographic parallels). The same model
can be used for any SuperDARN radar in exactly the same
way, with the only reason why McMurdo radar is presented
here being that this radar often observes large-scale struc-
tures that are of interest to this study (Bristow et al., 2011;
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Figure 1. (a) Altitudinal variations of parameters of interest. Shown are the ratios of collision frequencies and gyrofrequencies for electrons
—re = Ve /|| (blue) and ions rj = vj/2; (green), the anisotropy parameter Y = —rjre (pink), and the conductivity ratio R = oyy/op =
(ri+re)/ (1 4+ ) (dashed black line on top of the green one). (b) Virtual height of radar scattering volume vs. the slant range. The areas
shaded with red, green, and blue color refer to the E region, transitional region, and F region, respectively. (¢) Geometry of observations and
the gradient-drift instability (GDI) growth rate pattern in the radar’s field of view (FoV). The plasma density gradient reversal is shown by the
heavy white line. The gradient vectors G = Vng/ng point towards the reversal in all points within the FoV as shown by representative pink
vectors. Also shown are the angle 6 between the gradient reversal and the horizontal axis (dashed black line), and the angle ¢ between the
convection velocity direction V g (red arrow) and the horizontal axis. The electric field E and the wave vector k are shown by the green and
yellow arrows, respectively. The normalized GDI growth rate at every cell in the radar’s FoV was calculated, and the radar cells are colored
accordingly, with the color bar shown in the bottom-right corner. The E region, transitional region, and F region are outlined in red, green,

and blue, respectively.

Lamarche and Makarevich, 2015). Other high-latitude radars
in the network also observe these structures including the
Hankasalmi (Milan et al., 2002) and Rankin Inlet (Kous-
tov et al., 2012) radars in the Northern Hemisphere, and the
present results can also be used to interpret these observa-
tions.

Figure 1c presents a fan plot of the McMurdo radar’s FoV
with a large-scale structure across the FoV (thick white line).
It it assumed that the field of gradient vectors G = Vng/ng
is uniform in magnitude, with directions always pointing to-
wards the structure throughout the FoV. In other words, the
direction of the density gradient reverses at this structure,
which will be referred to as the gradient reversal for the re-
mainder of this paper. An example of a structure near which
such a reversal may occur is a Sun-aligned arc. Three repre-
sentative pairs of the gradient vector G are shown with pink
arrows.

In order to quantify effects due to different structure ori-
entations and motion directions, two angles were used. The
first angle describes the structure orientation relative to the
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radar. This is the angle 6 between the gradient reversal direc-
tion and the direction perpendicular to the boresight (FoV
center direction); this perpendicular direction is shown by
the dashed horizontal line in Fig. lc. The second angle ¢
is the angle between the structure drift velocity (red vec-
tor in Fig. 1c) and the dashed horizontal line. Since these
structures tend to move with the background convection ve-
locity (Makarevich et al., 2015), this drift velocity is simply
V¢ = E x B/B?. The leading and trailing edges of the struc-
ture are determined by the direction of V g. The direction of
the electric field E (green vector) is also defined by ¢ be-
cause E is perpendicular to V g. The magnetic field, B, is as-
sumed to be straight out of the page, which is approximately
consistent with the orientation of the Earth’s magnetic field
in the southern polar cap, and so E is simply rotated counter-
clockwise by 90° from V g. The direction of the wave vector
k (yellow vector) is determined by the location of the point
within the radar FoV, as k will be opposite to the direction of
the radar beam.

Ann. Geophys., 34, 709-723, 2016
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Finally, the GDI growth rates were found for each radar
beam-range cell as follows. The location and height of the
center of each radar cell was found with a standard position-
ing method utilizing virtual heights shown in Fig. 1b. The
height was used to find the value of the conductivity ratio R
using information presented in Fig. la. Using these quanti-
ties, the GDI growth rate at any point within the radar FoV
can be calculated (Makarevich, 2014, Eq. 18) using

_ Ve (M

Here, IAc 5 £, and e represent unit vectors in the direction of
the wave vector k, magnetic field B, density gradient G, and
electric field E, respectively. The quantity G Vg will be the
same for all vector orientations and heights. The anisotropy
parameter i will change at different heights, but it is always
small relative to 1 (Fig. 1a) so its effect is minimal. Since this
study focuses primarily on different relative orientations of
the gradient and convection directions and altitude regimes,
it is convenient to use a normalized growth rate y’. For the
remainder of this paper, the GDI growth rate will refer to the
normalized growth rate y’ in arbitrary units, with the prime
symbol omitted for brevity.

Each radar cell in Fig. 1c is color-coded in the GDI growth
rate at its center, with the color bar given in the bottom-right
corner of Fig. 1c. On the left side of the radar FoV, the growth
rate is positive on the leading edge of the gradient reversal
and negative on the trailing edge, but both are very close to
0. Conversely, the growth rate is negative on the leading edge
and positive on the trailing edge on the right side of the FoV.
In addition, both the negative and positive values are much
larger (~ F0.5) than on the left side. For this presentation, a
gradient field that is uniform in magnitude was assumed; this
was done to illustrate the most salient features of the GDI
growth rate pattern and in particular effects due to variations
in direction and altitude. In practice, the gradient magnitude
will also change depending on the distance from the struc-
ture, but the directional and altitudinal effects in asymme-
tries will be the same. This is further examined in Sect. 3,
where a more realistic approach is employed. The important
common features are that the GDI growth rate and its asym-
metries are strongly dependent on the altitude and direction
of observations. The direction of observation is directly re-
lated to the wave propagation direction since for every beam
the radar samples a narrow range of propagation directions.
The present study has considered a dependence on the obser-
vational direction, but an alternative presentation of the same
effect is to consider a fixed scattering volume with variable
propagation directions. This alternate presentation has been
shown in Makarevich (2014), their Figs. 1 and 2. These fig-
ures show the GDI growth rate in all wave vector directions
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for set gradient and drift velocity directions for the E and
F regions, respectively.

Figure 1c presented the growth rate pattern for one par-
ticular orientation of the gradient reversal and plasma con-
vection. Figure 2 presents the same analysis for four differ-
ent orientations and locations of the gradient reversal. In all
cases, the convection direction is assumed to be perpendic-
ular to the gradient reversal direction ¢ —6 = 90°. This is
because large-scale structures, such as polar patches, tend to
drift perpendicular to their elongation direction (Makarevich
et al., 2004, 2015). This requirement was convenient for pre-
senting different growth rate patterns but will be relaxed later
in this study.

Figure 2a shows a gradient reversal through the center of
the F-region portion of the FoV that is perpendicular to the
boresight & = 0°. The growth rate on both sides of the gra-
dient reversal is small (close to 0), but it is slightly negative
on the leading edge and slightly positive on the trailing edge.
This difference is more evident near the edge beams of the
FoV. In the transitional region, the growth rate is again close
to 0 near the boresight but increases to ~ 0.7 on either edge
of the beam. The E region shows a completely different pat-
tern, where the growth rate is negative on the left side and
smoothly transitions to positive on the right side. In addition,
the most extreme values for growth rate in the E region are
above £1.0, i.e., much higher than what is observed in the
F region.

Figure 2b shows an inclined gradient reversal through the
FoV in the F region 6§ = 40°. Again, the growth rate is neg-
ative on the leading edge and positive on the trailing edge,
but the difference is much more dramatic. The growth rate
depends on k, so the magnitude of difference across the re-
versal again changes for different beams. This results in a
much greater contrast in the growth rate on the right side of
the FoV. The normalized growth rate is —0.7 on the leading
edge and 4-0.7 on the trailing edge. This is in contrast with
the difference on the FoV left side, where the values are only
~ F0.1. The transitional region shows a similar pattern with
lower positive values on the left side and growth rate above
1.0 on the right side. The growth rate is above 1.0 throughout
the E region as well.

Figure 2c presents the same configuration as Fig. 2a ex-
cept that a gradient reversal is centered in the transitional re-
gion. Similar to Fig. 2a, the growth rate is close to 0 on both
sizes of the reversal in the center of the radar FoV. How-
ever, there are more extreme values (~ F0.5) near the edge
beams. Figure 2d shows an inclined gradient reversal in the
transitional region. The growth rate difference across the gra-
dient is again more extreme further away from the boresight.
Overall, this analysis demonstrated that both the gradient re-
versal orientation and its position in the FoV are important in
controlling the asymmetries between the leading and trailing
edges.

www.ann-geophys.net/34/709/2016/
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Figure 2. The GDI growth rate within the radar’s FoV for four cases of gradient reversal orientation and position (white line). In all cases,
the convection direction V g (red arrow) is perpendicular to the gradient reversal direction. The orientation of the vectors G, Vg, E, and k
is shown in each panel, using the same colors as in Fig. 1c. The GDI growth rate at each radar cell is given by the cell color, with the color
bar given in the bottom-left corner of (a). (a) and (b) show a gradient reversal centered in the F region, while (c¢) and (d) show the reversal in
the transitional region. The angles 6 and ¢ (as defined in Fig. 1c) are also given in the bottom-right corner of each panel.

3 Modeling of growth rate differences across the
gradient reversal

In order to quantify the above-noted differences in the growth
rate for different orientations of the gradient reversal, the av-
erage change in the growth rate across the reversal Ay,
was found for any general configuration of the gradient re-
versal and the convection direction. The approach presented
in Figs. 1c and 2 was useful for presenting and emphasizing
general spatial patterns in the growth rate. In this section, we
employ two new methods that are more robust, independent
of the way the radar FoV is divided into beam-range cells,
and more suitable for evaluating the growth rate differences
in the vicinity of large-scale structures. These two new meth-
ods are described below.

3.1 Numerical method

In the first method, evenly spaced points were selected along
the gradient reversal within the radar FoV. These points did
not necessarily correspond to real range gates or beams used
in the standard SuperDARN radar configuration. A virtual
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radar beam was constructed that intersected each point. From
this, the virtual slant range and beam azimuth were found,
which were used to find the wave vector k and the height
corresponding to that point. The growth rates on opposite
sides of the gradient reversal were found as follows. For the
leading edge, the gradient vector G is set to be perpendic-
ular to the gradient reversal and in a direction such that the
component of V g along G is negative, i.e., Vg - G < 0. For
the trailing edge, the opposite direction is selected such that
V-G > 0. These two cases can be thought of as the limiting
cases when two points on either side of the reversal are both
moved towards the reversal until they are both colocated on
it. The GDI growth rate for both cases can then be calculated
using Eq. (1) as described above. The difference in growth
rate across the reversal, Ay, can then be found by subtract-
ing the trailing-edge case from the leading-edge case. The
average difference in growth rate across the reversal for the
entire FoV, Ay,y,, can be found by averaging Ay of every
point initially considered along the gradient reversal.

Ann. Geophys., 34, 709-723, 2016
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Figure 3. The difference in the GDI growth rate across the gradient reversal for four selected angles between the reversal and convection
direction. The gradient reversal direction 6 is on the x axis, and the average growth rate difference across the reversal Ay is on the y axis
for each panel. The difference between ¢ and 6 is given in the top-right corner of each plot. The difference in the average growth rate Ay
computed using a numerical approach (see text for details) is shown by the solid lines, with the shaded regions representing the standard
deviation. The dashed lines show the behavior of Ay calculated using an analytic expression. The trends for both the E-region (red) and

F-region (blue) cases are shown in each panel.

3.2 Analytic method

An alternative approach is to develop an analytic expression
for Ayayg for any general direction of the gradient reversal 6
and convection ¢ as described in Appendix A. The result is

Ayavg =H (0, ¢) [sin(¢ — 0) — Csin(¢ + 0)

+R(cos(¢ —0) — Ccos(¢p+6))]. )
with
H(@,9) =0(p—0+m)—00—¢—m)
+20(¢p—60 —m) —20(¢p —0), 3)

function ® being the Heaviside step function, and C = 0.87
for SuperDARN observations (Appendix A). This expression
can be readily used to compute Ay,ye for any given combina-
tion of 6 and ¢. One limitation of this expression is, however,
that it can only be applied when the conductivity ratio R is
approximately constant, i.e., in the E region or in the F region
but not in the transitional region.

3.3 General vector orientations

The two methods for finding the average difference in the
GDI growth rate across the gradient reversal can now be em-
ployed to characterize different orientations. In this section,
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we consider a more general case of different relative orien-
tations of the gradient reversal and the convection direction,
not necessarily restricted to the case of 6 — ¢ = 90° that was
considered in Sect. 2. In other words, we consider all possible
differences 6 — ¢.

Figure 3 examines the growth rate difference across the
gradient reversal for four selected angle differences 6 — ¢
as indicated in the top-right corner of each panel. In each
case, the average growth rate difference, notated simply by
Ay for the remainder of this paper, is calculated for differ-
ent 6 values from 0 to 360°. In each plot, the convection
direction ¢ changes with 0 so that their difference remains
constant. The average growth rate difference is shown on
the y axis in arbitrary units. The numerical method results
(Sect. 3.1) are shown for the averages (solid lines) and stan-
dard deviations (shaded regions). The blue and red curves
correspond to the E- and F-region cases. The analytic method
results (Sect. 3.2) are also presented for the expected aver-
age differences (dashed lines). Because the growth rate dif-
ference is calculated by subtracting the trailing edge y from
the leading edge y, negative Ay indicates larger instability
growth on the trailing edge than the leading edge. In addi-
tion, large Ay (either positive or negative) indicates a strong
contrast between the two sides of the gradient reversal.

www.ann-geophys.net/34/709/2016/
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Figure 3a shows a case of ¢ —6 = 0°, i.e., the case when
the convection direction is parallel to the gradient reversal.
This corresponds to Vg L G or E || G on the trailing edge,
which is the condition for most favorable gradient orientation
in the E region (Makarevich, 2014). The growth rate differ-
ence in the E region (red) is negative at all gradient reversal
directions 6, and it changes with 6 in a sinusoidal fashion. It
has the lowest Ay minimum values observed out of all four
cases ~ —10 at 90 and 270°. The average growth rate differ-
ence for the F region (blue) also shows a periodic behavior
with 6; it is positive for 0-90° and 180-270° and negative
for all other angles. The amplitude of oscillations is much
smaller than in the E region. The segments where Ay > 0
correspond to the growth rate on the leading edge exceeding
that on the trailing edge. However, Ay ~ 1 and Ay ~ —1 are
the maximum and minimum values, respectively, so the con-
trast across the gradient reversal is relatively small regardless
of whether the leading or trailing edge has the greater growth
rate. The important conclusion from this analysis is that the
contrast or the asymmetry magnitude depends strongly on
the structure orientation angle 8, which confirms the previ-
ous results based on two angles 6 only (Fig. 2a and b).

Figure 3b and c present the same analysis but with a set an-
gle of 30 and 60°, respectively, between the gradient reversal
and the convection direction. These show the gradual tran-
sition between the extreme cases of the convection direction
parallel to the gradient reversal (Fig. 3a) and the convection
direction perpendicular to the reversal (Fig. 3d). The general
E-region pattern starts to move towards more positive val-
ues, and the F-region pattern moves towards more negative
values. The location of the peaks in growth rate difference
changes as well. For the E region, the location of the lowest
Ay moves gradually from 6 A~ 90°,270° when ¢ —6 = 0° to
0 ~ 45°,225° when ¢ — 0 = 90°. Similarly, for the F region,
the location of the lowest Ay moves from 6 ~ 135°,315° to
6 ~ 90°,270° between these two situations.

Figure 3d shows the case when the convection direction is
perpendicular to the gradient reversal, which corresponds to
Vi || G. From previous studies, this is the condition where
the growth rate on the trailing edge is the greatest in the F re-
gion. Similar to Fig. 3a, the growth rate difference in Fig. 3d
for the F region (blue) is negative for all directions of the gra-
dient reversal and has the lowest values observed for the F re-
gion (~ —2) at 90 and 270°. This corresponds to the largest
contrast between the leading and trailing edge of the struc-
ture. Thus the largest difference is observed when the growth
rate peaks. This is only true, however, for the largest differ-
ence, i.e., at a particular 6 value where this largest magnitude
is found. For other 6 values, the difference may be larger or
smaller than at other values of ¢ — 6. The E-region (red) ex-
treme values (maximum Ay ~ 4 and minimum Ay ~ —6)
have the lowest magnitude out of all four cases shown in
panels a—d. This indicates that the contrast in the E region
is the smallest for this particular orientation, although it is
still much larger than that observed in the F region.
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Throughout all four cases, there are several common fea-
tures. The amplitude of variations of the growth rate differ-
ence in the F region is consistently much less than that in
the E region. Generally, there is very good agreement be-
tween the numerical method and the analytic method in both
the E and F regions. Typically, the results from the analytic
method fall well within 1 standard deviation of the numerical
method. The exceptions to this occur when 6 is 90 or 270°.
The discrepancy in the results in these locations is due to the
fact that the two methods have some inherent differences. In
these cases, the gradient reversal structure passes through the
radar FoV along its boresight or central beam, so only points
along that line (and that azimuth) are considered for the nu-
merical approach, while the whole range of azimuths in the
analytic approach is still integrated over. For most gradient
reversal orientations, however, this difference is negligible.

The analysis presented in Fig. 3 can be extended to include
any arbitrary orientation between the gradient reversal and
convection direction by allowing ¢ and 6 to vary indepen-
dently. Both the numerical method and the analytical method
can be used to find the average difference in growth rate for
any direction of the gradient reversal and plasma convection
in the E and F regions. Figure 4 presents the results of this
analysis in the form of contour plots of the growth rate dif-
ference Ay vs. angles 6 and ¢. Figure 4a and b show the
results of the analytic method in the E and F regions, re-
spectively. The remaining four panels show the results from
the numerical method in (c) the E region, (d) the F region,
(e) the transitional region, and (f) all regions combined. With
the exception of Fig. 4e, different values of Ay along the
gradient reversal were included in the averaging only for the
points with specified virtual heights, e.g., 115 km for Fig. 4c.
In Fig. 44, all points along the gradient reversal within the
FoV were considered.

The discontinuities in Ay that occur on diagonal lines
¢=06,¢p=60+180° and ¢ =0 — 180° are due to the fact
that the convection velocity vector crosses the gradient re-
versal at these points and the leading and trailing edges of
the gradient reversal switch. This feature is common in all
panels in Fig. 4. On these discontinuities, the Ay values al-
ways switch their sign, but their magnitude is the same on
both sides of the discontinuity. An alternative presentation
would be to only show magnitude, but the current version
also presents information about the sign and the sense of the
change, which is also useful.

Figure 4a shows the average growth rate difference across
the gradient reversal found by the analytic method in the
E region. The same information but for four specific cases
of ¢ — 6 was shown in Fig. 3. Specifically, each dashed red
line in Fig. 3 represents one diagonal cross section in Fig. 4a.
For example, the red dashed line in Fig. 3a refers to the main
diagonal line ¢ = 6, and the red dashed line in Fig. 3d refers
to the line ¢ =0 +90°. The peak magnitudes in Ay occur
at 8 =90°,270° and ¢ = 90°,270°. This agrees with what is
shown in Fig. 3a. Physically, this means that the largest con-
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Figure 4. Contour plots of the growth rate difference Ay vs. the two angles of interest. The direction of the gradient reversal 6 is on the x axis,
and the convection direction ¢ is on the y axis. The color bar is given to the right. (a) and (b) show the results using an analytic approach
in the E and F regions, respectively. (c—f) show the results using a numerical approach in the E region, the F region, the transitional region,
and all regions, respectively. The dashed black-and-white line in (c) and (f) indicates the average value of the conductivity ratio R along
the gradient reversal for different angles 6 in the transitional region and all regions, respectively. The scale for R is shown on the right of

(¢) and (f).

trast in growth rate across the gradient reversal occurs when
the reversal is passing through the radar FoV along the bore-
sight and convection is parallel or antiparallel to the reversal.
The lowest magnitudes of Ay occur approximately at the
lines 8 =0°, 8 = 180°, ¢ =0°, and ¢ = 180°. At these lo-
cations the difference is close to 0 (green color). This means
that contrast in the growth rate is the least if either the gra-
dient reversal or the convection direction is perpendicular to
the boresight.

Figure 4b presents the same information but for the F re-
gion. This refers to the blue dashed lines in Fig. 3. In this
case, the peak magnitudes in Ay occur at 6 = 90°,270° and
¢ = 0°, 180°. This means that the greatest contrast in growth
rate occurs when the gradient reversal is parallel to the bore-
sight and the convection is perpendicular to it. The small-
est magnitudes of Ay occur at the lines 6§ =0°, § = 180°,
¢ =90°, and ¢ =270°. This means that the least contrast
across the reversal will occur when the gradient reversal is
perpendicular to the boresight or when the convection direc-
tion is either parallel or antiparallel to the radar boresight.

Figure 4c and d present the growth rate difference in
the E and F regions, respectively, found with the numerical
method. A comparison of Fig. 4a and b with Fig. 4c and d
shows that the results of the analytic and numerical methods
are very similar for both the E and F regions. The results for
the numerical method (Fig. 4c and d) are not as smooth as
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the analytic method results, but this is simply due to the dis-
crete steps that are used in the numerical method. Compar-
ison between the E and F region patterns, however, reveals
a few interesting features. First, the location of the minima
moves from ¢ = 90°,270° in the E region to ¢ = 0°, 180° in
the F region. These results agree with what was observed in
Fig. 3. In addition, there are large regions of strongly posi-
tive Ay (dark red) in the E region (Fig. 4a and c) that do not
appear in the F region. There are some areas of positive Ay
in the F region, but they are much more limited and have a
maximum value of only ~ 1. This means that, while there are
significant areas where the growth rate on the leading edge
is greater than that on the trailing edge in the E region, the
growth rate on the trailing edge almost always exceeds the
leading edge in the F region. This is an important general-
ization of the well-known result that growth rates are more
positive on the trailing edge, where G - Vg > 0.

Figure 4e shows results of the numerical analysis of the
transitional region. This panel does not have a comparison
with the analytic method because the analytic method re-
quires a constant conductivity ratio R, which changes rapidly
from ~ 5.08 in the E region to 0.001 in the F region (Fig. 1a).
To demonstrate this, the average R value along the gradi-
ent reversal is plotted using the black-and-white dashed line
and the scale shown on the right. The ratio depends on the
gradient reversal direction 6, but not on the convection di-
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rection ¢. As angle 6 changes, the gradient reversal passes
through different portions of the FoV with different heights.
Different altitudes correspond to hugely different values of
R, which causes the variation in the conductivity ratio shown
in Fig. 4e. On average, however, the conductivity ratio is
somewhere in between its values in the E and F regions,
so the pattern shown is between the E-region pattern and
F-region pattern. The minimum is between ¢ = 90° (the E-
region value) and ¢ = 180° (the F-region value) and has a
value of ~ —3. This will be further examined in Fig. 5.

Finally, Fig. 4f presents the same analysis for all regions
considered together, i.e., with averaging done over all points
along the gradient reversal regardless of their virtual height.
For most angles of the gradient reversal, only the F region
will be sampled (Fig. 1c). The gradient reversal will only
pass through the transitional and E region if it is close to
parallel with the boresight, i.e., when 8 is close to either 90
or 270°. This is why the majority of the pattern in Fig. 4f re-
sembles the F-region patterns (Fig. 4d) but changes sharply
around 6 =90° and 6 = 270° due to contributions from the
E-region pattern (Fig. 4c). This can also be seen in the con-
ductivity ratio. For most angles, average R only has con-
tribution from the F region, so it is at the F-region value
(very close to 0 on this scale). However, close to 6 =90°
and 6 = 270° average R includes E-region values (~ 5), so it
increases sharply. This causes Ay to be relatively low with
values between —1.5 and +1.5 for most angles 6; it changes
around 6 =90° and 6 =270° to have values less than —2.
Overall, this analysis shows that both the peak asymmetry
and where it is seen in 8 and ¢ change significantly with al-
titude.

3.4 Behavior in the transitional region

Figure 5 shows a more detailed analysis of the transitional re-
gion. The transitional region was divided into segments that
were 2km in slant range. In each of these segments, the
analysis presented in Fig. 4 was performed and the aver-
age height and average conductivity ratio were found. Fig-
ure 5a shows the average conductivity ratio (black line) and
height (orange line) from 550 to 850 km in slant range. The
ranges where the beam is in the E (red), F (blue), and tran-
sitional (green) regions are shaded. Both the height and the
conductivity ratio are constant in the E and F regions since
virtual height is constant at these ranges in the standard vir-
tual height model (Fig. 1b). The height increases linearly in
the transitional region, while the conductivity ratio decreases
rapidly between 600 and 616km (shaded in yellow) at the
lowest ranges within the transitional region. The R value
continues to decrease throughout the transitional region, but
above ~ 620 km in the slant range it is so close to 0 that fur-
ther changes do not affect the results appreciably. The region
highlighted in yellow, where most of the change in R occurs,
is examined more closely in Fig. 5b and c.
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Figure 5b has the same format as Fig. 5a, but it focuses
on the 16 km wide region in the slant range highlighted with
yellow. In these 16 km, the conductivity ratio (black line) de-
creases by approximately 1 order of magnitude, from ~ 5 to
0.5. The height (orange line) increases from ~ 110 to 130 km.
These changes make a large difference in the patterns of dif-
ference of growth rate, as described below.

Each small panel in Fig. 5c has the same format as Fig. 4a.
The top row shows the numerical analysis, and the bot-
tom shows the analytic analysis of each 2 km segment. The
value of R for the analytic method was taken from the av-
erage R for each 2km segment, as shown in Fig. 5b. From
600 to 602km, R is close to the E-region value (~ 5.1),
so the patterns for Ay are close to those for the E re-
gion (Fig. 4a and c). However, by 614-616km, the value
of R has decreased substantially, and the patterns resemble
the F-region patterns (Fig. 4b and d) much more closely.
From 600 km to 616 km, the location of lowest value of Ay
changes from ¢ = 90°,270° to ¢ = 0°, 180°. This represents
the change from where the lowest Ay values are in the E re-
gion to their location in the F region. In addition, the lowest
value of Ay also increases from less than —8 (E region) to
~ —3 (F region). The areas of highly positive Ay that ap-
peared in the E region (Fig. 4a and c) are not evident above
606 km. This indicates that, after this point, there is no longer
a significant subset of orientations where the growth rate on
the leading edge is larger than that on the trailing edge.

4 Discussion

In this study, we have applied the GDI linear fluid theory
to study the asymmetries in the GDI growth rate on either
side of a large-scale density structure, particularly as applied
to observations with oblique scanning radars such as Super-
DARN. The important new aspect of this study is explicit
consideration of varying wave vector direction and altitude
and their effects on asymmetries in the plasma structuring
processes. We focus on the first-order effects due to the dif-
ferences in the GDI growth rate that are often involved in
interpreting asymmetries in intensity and occurrence char-
acteristics of small-scale plasma irregularities in the high-
latitude ionosphere. Below, we discuss the applicability of
these results and their implication for interpretation of radar
observations near gradient reversals.

The original expression used to define the GDI growth rate
(Eq. 1) has been derived under the assumption of negligible
inertial effects (Makarevich, 2014), i.e., in the low-frequency
and long-wavelength limit: @ < vy, A > 27 VE vl.;l. The
fluid theory itself also applies directly to long wavelengths,
i.e scales much larger than the ion mean free path. The ob-
servations with which we compare our results refer to small-
scale irregularities and, more specifically, decameter-scale
waves in the E and F regions as well as in the transitional
region, in the case of SuperDARN observations. In the E re-
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Figure 5. Analysis of the transitional region. (a) The average conductivity ratio R (black line) and the radar virtual height (orange line) vs.
the slant range for the entire transitional region and parts of the E and F regions. The scales for the conductivity ratio and height are given on
the left and right of (a), respectively. The E (red), transitional (yellow and green), and F (blue) regions are highlighted. The region highlighted
with yellow is examined more closely in (b) and (c). (b) is similar to (a) but focuses on slant ranges 600—-616 km, where most of the change
in the conductivity ratio occurs. In addition to the R and height continuous variations, it also gives the average value of R for each 2 km
virtual range gate. The same 2 km virtual gates are considered in (c), which shows a similar analysis to Fig. 4. The top row shows the results
of the numerical approach (N), and the bottom row shows the analytic approach results (A).

gion up to 130 km in altitude, these conditions may be satis-
fied for decameter scales (e.g., Fejer et al., 1984). In the F re-
gion, the long-wavelength case refers to significantly larger
scales (~ 1000 m) below which the fluid theory is not nec-
essarily directly applicable. However, observational studies
have found the behavior of decameter-scale irregularities in
the F region to be consistent with many fluid theory predic-
tions, including their propagation with the E x B drift veloc-
ity and stronger waves on the trailing edge of gradient rever-
sals. This leads to a common interpretation that decameter-
scale waves observed by SuperDARN and kilometer-scale
waves in the F region described by a standard fluid approach
are closely related, possibly by a turbulent cascade (e.g.,
Tsunoda, 1988). Within the above-discussed limits of appli-
cability of the basic equation (Eq. 1) employed in the present
modeling, GDI is operational throughout the wide range of
ionospheric altitudes spanning both the E and F regions. This
is because there is always a range of propagation and gradi-
ent directions for which growth rates are positive in both the
E and F regions.

Ann. Geophys., 34, 709-723, 2016

In this study we used the SuperDARN radar at McMurdo
Station, Antarctica, to model spatial variations of the GDI
growth rate within this radar’s field of view and the result-
ing asymmetries near gradient reversals. Despite this, the re-
sults should be also applicable to any of the high-latitude Su-
perDARN radars in either the Northern or Southern Hemi-
sphere which observe large-scale density structures with gra-
dient reversals. To be more accurate, the parameters of the
neutral density model would have to be changed to match a
particular location, but these corrections would be very mi-
nor. More generally, these results should be the same for any
oblique scanning coherent scatter radar at high latitudes. In
principle, this technique could also be applied to auroral and
mid-latitude radars, but at these latitudes the Earth’s mag-
netic field is further away from the vertical, which affects the
assumption that B is perpendicular to the radar’s FoV and all
other vector quantities are within the same plane. In addition,
extended gradient reversals are much rarer at mid- and auro-
ral latitudes than in the polar cap, so this model may be less
applicable for interpreting observations in these regions.
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Although this study is relevant to observations with
oblique scanning high-frequency (HF) radars, care should be
taken with how the results are used to interpret experimental
data. In this study, only the linear growth rate of GDI was
considered. Even though radar backscatter power and occur-
rence trends are often interpreted using the GDI growth rates
in the linear regime (e.g., Oksavik et al., 2012; Moen et al.,
2012), there are other factors that may affect echo power and
occurrence. In the polar cap, HF radars rely on beam refrac-
tion through a dense ionosphere to observe field-aligned ir-
regularities (Bristow et al., 2011; Koustov et al., 2014). In
addition, high background electron density in both the E
and F regions can smooth gradients required for GDI and
limit instability growth (Ruohoniemi and Greenwald, 1997;
Koustov et al., 2004). Large conductivity in the E region can
also short-out F-region irregularities (Danskin et al., 2002;
Kane et al., 2012; Lamarche and Makarevich, 2015). An en-
hanced D region may act to attenuate backscatter signals,
although this effect is not always obvious (Danskin et al.,
2002). Nonlinear processes in the F region have been theo-
retically shown to alter the dependence on the propagation
direction while still showing significant anisotropy similar to
that predicted by the linear theory (Keskinen and Ossakow,
1981, 1982, 1983). The situation in the E region appears to be
somewhat different, with some echoes also exhibiting strong
anisotropy (e.g., lerkic et al., 1980; Makarevich, 2008) and
other echoes showing isotropic power variation (Ierkic et al.,
1980; Koustov et al., 2001) presumably because of nonlin-
ear processes. The results of the present study are thus more
likely to apply in the F region.

The present model used an idealized gradient reversal su-
perimposed on the radar’s FoV, meant to simulate an elon-
gated structure with higher density than the background, such
as elongated polar patches (Hosokawa et al., 2014) or Sun-
aligned arcs (Koustov et al., 2012). In reality, any structure
like this will be spread spatially, and the pattern of GDI
growth rate around it will be more complicated. In addi-
tion, plasma flows around the gradient reversal may also
be more complicated than the simple uniform flow consid-
ered here. Sun-aligned arcs in particular are known to have
complex shears in plasma flow locally across the density en-
hancement due to converging electric fields (e.g., Kozlovsky
et al., 2007), which would complicate growth rate calcula-
tions. However, the present model focused on the large-scale
motion of density structures, which tends to be relatively
consistent on timescales of at least half an hour, and may be
still valid for an overall picture of where greater structuring
is anticipated.

The results from Fig. 4 show that Ay is almost always
negative in the F region, which implies that the growth rate on
the trailing edge of a large-scale density structure is almost
always larger than that on the leading edge. This agrees with
previous observations of polar patches and Sun-aligned arcs
in the F-region ionosphere that consistently show a greater ir-
regularity intensity on the trailing edge than the leading edge

www.ann-geophys.net/34/709/2016/

of these structures (Weber et al., 1984; Milan et al., 2002;
Koustov et al., 2012). Greater power from radar backscat-
ter is indicative of more decameter-scale structuring, which
agrees with a greater growth rate on the trailing edge. Some
studies have shown that radar backscatter (and presumably
plasma structuring) occurs within the entire volume of po-
lar patches (Hosokawa et al., 2009). The present model can-
not replicate this result as it does not consider structures of
arbitrary shapes. The observed patches are often irregularly
shaped, which could result in a limited number of places
along their edges where the relative gradient/plasma drift ori-
entation is such that no growth would occur (Hosokawa et al.,
2009). In this way, these observations are not necessarily in-
consistent with the results presented here, but they cannot be
represented by the model in its current form.

In the E region, large values of Ay that are both positive
and negative indicate that the growth rate can be high on
both the leading and trailing edge. Several previous studies
have investigated large-scale density structures in the E re-
gion (Milan et al., 1999, 2001, 2002), but none of these have
focused on asymmetries in irregularity characteristics associ-
ated with gradient reversals, so it is difficult to compare these
modeling results with observations.

Koustov et al. (2008) presented data in their Fig. 5 that
showed smaller echo power on the leading edge of a Sun-
aligned arc in the F region but strong backscatter power on
both sides of the arc in the short range gates, corresponding
to the E region or transitional region. The arc was approxi-
mately parallel to the radar boresight and moved towards the
left of the radar FoV, corresponding to Ay & 0 in our model
(@ =90°,¢ ~ 180° in Fig. 4c). Slight changes in the con-
vection direction (¢) could create both the condition where
Ay > 0 (greater growth on leading edge) or Ay < 0 (greater
growth on trailing edge). Although this proposed mechanism
seems reasonable, it is important to note that the Sun-aligned
arc examined in Koustov et al. (2008) has been mapped to
an altitude of 250km, and there is no information about its
vertical extent, so it is possible that the density enhancement
does not reach the E region at all and the structuring is due
to a different process.

An important new result of this study was that the dif-
ference in growth rate depends strongly on the orientation
of the gradient reversal and convection direction in both the
E and F regions. In general, the maximum Ay occurred at
6 =90°,270° in both the E and F regions, regardless of ¢.
This corresponds to the gradient reversal being aligned along
the radar boresight, with the gradient direction being perpen-
dicular to the boresight. On one hand, this results is perhaps
not surprising since this is the direction where the peak of the
growth rate y itself occurs (Makarevich, 2014). On the other
hand, we found that this is also the direction of the peak in the
difference Ay and in the average difference Ay,yg, and this
latter result in particular does not immediately follow from
the growth rate behavior itself.
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In the F region, the peak in the Ay,y; magnitude occurs
when the convection direction is perpendicular to the radar
boresight ¢ = 90°. In the E region, the peak is when the con-
vection direction is either parallel or antiparallel to the bore-
sight ¢ = 0°, 180°. This corresponds to the convection direc-
tion being parallel to the wave vector. In the transitional re-
gion, the “optimal” convection direction changes gradually
from ¢ = 0° to ¢ = 90°. This is a prediction that has not been
tested experimentally. To test it, one would need to follow the
track of a large elongated polar patch or Sun-aligned arc. Al-
though polar patches can retain their form in the F region
for several hours (Hosokawa et al., 2014), it is likely that
the patch would move a significant lateral distance from the
boresight. The structure may have to be observed by multiple
SuperDARN radars from different directions unless a highly
elongated patch (> 1500 km) is observed, similar to that de-
scribed in Hosokawa et al. (2014).

Another challenge in observing altitudinal transitions is
associated with requirements for a large density structure
to have a significant vertical extent, at least from the lower
F region through a significant portion of the transitional re-
gion. The vertical extent of these structures has not been in-
vestigated systematically, although several examples of den-
sity enhancements associated with these structures have been
presented. Thus Schlatter et al. (2013) examined density en-
hancements due to high-energy auroral precipitation in the E
and F region between ~ 100 and ~ 150 km; see their Fig. 1a.
Jayachandran et al. (2012) estimated the maximum vertical
thickness of Sun-aligned arcs as ~ 84 km. Sun-aligned arcs
have been modeled to have regions of enhanced density at al-
titudes as low as 100 km and as high as 300 km (Crain et al.,
1994). This is somewhat supported by observations that show
high-density areas at a similar range of altitudes (Valladares
and Carlson, 1991). These previous investigations thus pro-
vide some support for the idea that it may be possible to find
a single density structure with large enough vertical extent to
cover the necessary range.

5 Conclusions

A model of asymmetries in plasma wave generation due to
sharp reversals in the plasma density gradient near elongated
density structures in the high-latitude ionosphere revealed the
following:
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1. Growth rate of plasma irregularities generated in the

linear regime of the gradient-drift instability exhibits
asymmetry between leading and trailing edges of con-
vecting elongated density structures such as polar
patches. Both the GDI growth rate and its asymme-
try expressed as the average difference between growth
rates on the leading and trailing edges are strongly de-
pendent on the wave propagation direction. Asymmetry
is maximized for wave vectors parallel or antiparallel to
the elongation direction of the gradient reversal at any
altitude in the lower ionosphere.

. Asymmetry is also strongly dependent on the back-

ground convection direction relative to the gradient re-
versal, but this dependence changes with altitude. Max-
imum asymmetry occurs when the background convec-
tion is parallel to a gradient reversal in the E region
but perpendicular to a gradient reversal in the F region.
There is a relatively smooth transition between config-
urations associated with maximum asymmetry in the
E and F layers. In the E region, either the leading or
trailing edge can have significant positive (or negative)
growth rate, resulting in the asymmetry favoring either
edge, depending on the structure orientation. This is in
contrast with the F region, where growth rate on the
trailing edge is almost always larger than the growth rate
on the leading edge, albeit with a much lower absolute
maximum than in the E region. This strong altitudinal
dependence is due to the rapid decrease of the ratio of
Hall and Pedersen conductivities at higher altitudes.

. An oblique scanning radar is optimally oriented to ob-

serve large-scale and elongated density structures in the
high-latitude ionosphere when the radar’s boresight is
closest in direction to the structure elongation for any
given altitude and convection direction since this con-
figuration is associated with the largest contrast between
leading and trailing edges. The convection direction that
leads to the largest contrast depends on the altitude, and
for HF radars that predominantly receive backscatter
from the F region the optimal convection direction is
perpendicular to the boresight.
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Appendix A: Analytic expression for the GDI growth
rate difference

In this section, we derive an analytic expression for the aver-
age difference in the GDI growth rate across the gradient re-
versal passing through the radar’s viewing area (Fig. 1c). The
starting point is Eq. (1). Consider a single point that lies on
the gradient reversal within the radar’s FoV. In the geometry
illustrated in Fig. 1c, the relevant vectors at this point can be
written as k = — sinaé| — cosaey, € = —singe; + cosgeéy,
and g = *[sinfe| —cosbe;], where angles 6 and ¢ were pre-
viously defined in Sect. 2, angle « is the angle between the
wave vector and the boresight direction, and unit vectors &;
and e; are perpendicular and parallel to the boresight, respec-
tively.

Using these expressions, all the terms in Eq. (1) can be
expressed as functions of «, 6, and ¢:

y = *£sin(a + 0)[cos(x + ¢) — Rsin(a + ¢)]. (A1)

This is the GDI growth rate at a given point for the two op-
posing gradient directions that will occur on either side of
the gradient reversal. If ¢ <6 —180° or 8 < ¢ < 6 + 180°,
the negative sign represents the leading edge and the positive
sign represents the trailing edge, so the growth rate difference
is negative. If ¢ < 6 or 84+180° < ¢ < 6+360°, the positive
sign represents the leading edge and the negative sign the
trailing edge, so the growth rate difference is positive. The
expression for growth rate difference is then given by

2sin(a + 6)[cos(x + ¢) — Rsin(x + ¢)],
Ay = ¢ <Borb+180° < ¢ <6+360°, (A2)
—2sin(a + 6)[cos(a + ¢) — Rsin(a + ¢)],

¢ <6—180°0rf <¢ <6+ 180°.
Equation (A2) can be expressed as one equation using the
Heaviside step function ©. First, let us define two functions

of 6 and ¢:

Hi(0,9) =00 —7m)—¢)+ 0@ —0) -0 — (O +m)), (A3)
Hy(0,0)=0(p—(0—m) -0 —0)+O0(¢p—(0+m)). (A4)
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Equation (A3) gives H; (0, ¢), which returns 1 for ¢ <6 —
180° and 6 < ¢ < 6 4+ 180°, and O for all other values of ¢.
Equation (A4) gives H>(6, ¢), which returns 1 for ¢ < 6 and
0 4 180° < ¢ < 6 4 360°, and O for all other values of ¢. A
single expression for Ay is constructed using these two func-
tion as

Ay =2H (0, ¢)sin(x + 0)[cos(x + ¢) — Rsin(a + ¢)]
—2H>(8, ¢)sin(a + 0)[cos(a + @) — Rsin(a +¢)].  (A5)

This expression can be rewritten in a shorter form if we
define H(0, ¢) = Ha2(0,¢) — Hi1(0, ¢):

Ay = —=2H (0, ¢)sin(a+0)[cos(a+¢)—Rsin(x+¢)]. (A6)

Equation (A6) gives the difference in the GDI growth rate
across the gradient reversal for any point along the reversal
for any arbitrary orientation of the gradient reversal and con-
vection direction. To find the average difference in growth
rate, we integrate over « across the radar FoV between —ay
and 4o with respect to the boresight. In this integration,
we assume that the conductivity ratio R is a constant for any
combination of angles, which is a fair assumption for obser-
vations in the E region or in the F region.

%) [&41)
1 H(,$)
AYavg :m / Ayda = — ) /

o
—QQ —a0

sin(a + 0)[cos(a + ¢) — Rsin(a + ¢)]do (A7)

The integral in Eq. (A7) is easily evaluated, and the final ex-
pression for the average difference in GDI growth rate across
the gradient reversal becomes

Ayavg =H (0, $) [sin(¢p —0) — Csin(¢ +60)
+R (cos(¢p —0) — Ccos(¢p +6))], (A8)

where a new constant has been defined: C = sin(2ag) /2.
For a typical SuperDARN radar, orp = 26° and C ~ 0.87.
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