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Abstract. Power transmission lines above the ground, cables
and pipelines in the ground and under the sea, and in gen-
eral all man-made long grounded conductors are exposed to
the variations of the natural electromagnetic field. The result-
ing currents in the networks (commonly named geomagneti-
cally induced currents, GIC), are produced by the conductive
and/or inductive coupling and can compromise or even dis-
rupt system operations and, in extreme cases, cause power
blackouts, railway signalling mis-operation, or interfere with
pipeline corrosion protection systems. To properly model the
GIC in order to mitigate their impacts it is necessary to know
the frequency dependence of the response of these systems to
the geomagnetic variations which naturally span a wide fre-
quency range. For that, the general equations of the electro-
magnetic induction in a multi-layered infinitely long cylin-
der (representing cable, power line wire, rail or pipeline) em-
bedded in uniform media have been solved utilising meth-
ods widely used in geophysics. The derived electromagnetic
fields and currents include the effects of the electromagnetic
properties of each layer and of the different types of the sur-
rounding media. This exact solution then has been used to
examine the electromagnetic response of particular samples
of long conducting structures to the external electromagnetic
wave for a wide range of frequencies. Because the exact so-
lution has a rather complicated structure, simple approximate
analytical formulas have been proposed, analysed and com-
pared with the results from the exact model. These approxi-
mate formulas show good coincidence in the frequency range
spanning from geomagnetic storms (less than mHz) to pulsa-
tions (mHz to Hz) to atmospherics (kHz) and above, and can
be recommended for use in space weather applications.

Keywords. Geomagnetism and palaecomagnetism (geomag-
netic induction)

1 Introduction

Large-scale technological systems using long conductors are
exposed to different types of natural electromagnetic vari-
ations, from geomagnetic disturbances resulting from so-
lar sources through their impacts on the magnetosphere and
ionosphere, to atmospheric sources (lightning), overall cov-
ering the frequencies from 0.1 mHz to 1 Hz (periods from
days to seconds) up to 1 kHz respectively (Campbell, 1997).

These natural electromagnetic variations produce elec-
tric currents which interfere with ground networks, such as
phone cables, power lines and pipelines (Lanzerotti and Gre-
gori, 1986). In power systems they can lead to saturation
of power transformers. This creates a distorted AC wave-
form with high harmonic content that causes mis-operation
of protective relays. In severe cases power blackouts have oc-
curred (Boteler et al., 1998). In pipelines, the natural electro-
magnetic variations can compromise the operations of corro-
sion protection system (cathodic protection) and even create
the possibility for enhanced corrosion to occur (Gummow,
2002). Interference with operations of railway signalling sys-
tems has also been reported (Ptitsyna et al., 2008; Wik et al.,
2009).

To protect the infrastructure from these hazardous impacts,
special mitigation procedures are required, which, in turn,
need the detailed estimations of the geomagnetically induced
currents (GIC) produced by the electromagnetic interference.

Calculations of the GIC in different man-made conduc-
tive structures are usually based on the two-step approach
(see, for example, Pirjola, 2002). The first step is defined
as “geophysical”, providing the geoelectric field values (i.e.
the electric field in the ground) in the absence of the net-
work, and the second step is defined as “engineering”, i.e.
calculating electric currents in any component of the net-
work from its electrical parameters and the ambient geoelec-
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tric field. The geoelectric field values are obtained with the
help of numerical models, which in general are a conversion
of the geomagnetic data recorded at geomagnetic observato-
ries close to the network under investigation, into the geo-
electric field values by use of different models for the earth
transfer function (surface impedance). Although magnetotel-
luric measurements can provide direct data on the geoelectric
field, these data cover only time periods and locations of the
specific field campaigns, and, therefore, in most cases are not
directly applied to calculate the GIC at different times in spe-
cific networks.

Two assumptions are normally used, one is that the con-
ductor (network) does not change the ambient electric field
and another is that the conductors in the network can be rep-
resented by their DC resistances only and, therefore, there
is no frequency dependency in the “engineering” part of the
modelling.

In this paper the effects of frequency of the natural varia-
tions on the electromagnetic field in the presence of the man-
made conductors (including inside the conductors) is dis-
cussed in detail and the area of applicability of the above two
assumptions is identified. Earlier estimations done in studies
for pipelines (Campbell, 1978; Viljanen, 1989; Trichtchenko
and Boteler, 2001) show that the commonly used DC ap-
proach should not give large errors for lower frequencies, i.e.
corresponding to periods of 1 min and above. For power lines
and other affected conductors such estimations have not been
done yet. To test these assumptions would be important also
because it has been pointed out recently that the power grids
are susceptible to a higher frequency of geomagnetic varia-
tions (Kappenman, 2005). These higher frequencies of up to
1 Hz can already be included in modelling, because the re-
liable measurements of the magnetic field at 1 Hz are now
available (for example, see the website at http://intermagnet.
org/publication-software/technicalsoft-eng.php).

Thus, there is a need and possibility to include the higher
frequencies (up to 1 Hz) into GIC modelling, but the assump-
tions which normally go into modelling should be verified
and refined.

In order to rigorously examine the effect of electromag-
netic interference on different layered infinitely long cylin-
drical structures for a continuous spectrum of frequencies
and for different types of surrounding media, an analytical
model has been developed from first principles. This model
provides an “exact” solution that allows numerical examina-
tion of the behaviour of the electric fields and currents inside
the multiple layers of infinitely long conductive structures
embedded in the uniform surrounding media with different
electromagnetic properties.

For practical applications in network modelling the use of
the exact solution would be rather complicated and, there-
fore, simple approximate formulas were proposed and veri-
fied by their comparison with the exact solution.

The paper is structured as follows. Section 2 describes the
theoretical approach and gives the derivation of basic formu-
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Figure 1. Schematics of the cylinder layers and coordinate system.
The axis of the cylinder is coincided with x axis, propagation of the
plane wave is along z axis, angle ¢ is clockwise as shown, the ex-
ternal radius is r1, the internal is r3;_1, intermediate layers from rp
to rps_o (dashed circles). The corresponding electromagnetic char-
acteristics are indexed as 1 for outside media, (2, ..., M — 1) for
intermediate and M for the innermost.

las which form the “exact” solution. Section 3 presents the
electromagnetic and dimensional characteristics of the mod-
elled conductive structures and the surrounding media used
as the inputs into the modelling. An illustrative example for
interaction of a plane wave with particular single frequency
and the most complex layered structure (pipeline) among
these discussed is presented in Sect. 4. Section 5 describes
the frequency dependence of the results of exact solutions
for electromagnetic interference in terms of the electric field
inside the layers of conductors. Evaluations of the approxi-
mate formulas for effective impedance (composed of both a
real part, i.e. Ohmic resistance, and an imaginary part), which
can be used to obtain the electric current inside the different
conductors from the ambient geoelectric field are presented
and discussed in Sect. 6, which is then followed by Conclu-
sions.

2 Theoretical approach

This section gives the general expressions which fully de-
scribe the electromagnetic response of a multi-layered in-
finitely long cylindrical conductor placed in uniform low-
conducting medium to the variations of the incident electro-
magnetic field.

The approach presented in Kaufman and Keller (1981) has
been chosen as a mathematical basis for this model. The non-
disturbed (ambient) geoelectric field in the absence of the
cylinder is assumed to be in the form of a plane wave incident
to the cylinder. The Cartesian coordinate system with origin
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at the centre of cylindrical conductor is used with horizontal
components; x is parallel to the cylinder axis, y is perpen-
dicular to the axis and z is “downwards” (in the propagation
direction).

The described domain is shown in Fig. 1 and has the fol-
lowing indexing system: the outside uniform media with its
electromagnetic characteristics has index 1, the cylinder lay-
ers, each with its corresponding electromagnetic characteris-
tic, are indexed as (2, ..., M — 1, M) with their inner radii
as (2, ..., M —1). The main steps of the derivation are given
below for the case of the electric field vector parallel to the
cylinder’s axis. This orientation is chosen because only the
electric field in the direction of the conductors in the net-
work is taken into account in the GIC models. More detailed
derivations for the case of a pipeline as the multi-layered
cylinder with two different orientations of the incident plane
wave are presented in Trichtchenko and Boteler (2001).

For the quasi-stationary electromagnetic field with E par-
allel to the axis of the infinitely long cylinder, the electric
field in any layer satisfies the equation

V?E —k’E =0, (1)
where k is a propagation constant given by

k=ipw(o +ioe). )
In cylindrical coordinates Eq. (1) can be re-written as

1 0%E
r2 8(]52

2
YE 19E —k’E =0. ©)
ar2 " r ar
Following Kaufman and Keller (1981), the electric field in
any layer except the innermost is presented as the sum of
incident (Eijnc) and reflected (Erer) parts expressed in cylin-
drical coordinates in terms of a Fourier series (Abramowitz
and Stegun, 1972). For layer 1 the incident part is the plane
wave, represented in cylindrical coordinates as

oo
Einc = Eoexp(—k12) = > atn 1, (kir) Cosn, @)
0

which would exist in an area undisturbed by the cylinder
(ambient field in the absence of the cylinder).

The total electric field in the surrounding media (including
both ambient plane wave and influence of the cylinder) can
be expressed as

Ey=Eo Y o[l (kir) + R, K, (kir)]cosng. (5)
0

Similarly, for any layer of the cylinder (denoted as
M>m>1)

E, = ZAmn [In (kmr) + Ryun Ky (kmr)] cosng. (6)
0
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In the innermost layer (M), with no reflections
o0

Ey = Aynly(kyr)cosne, (7)
0

where [I,(kr), K, (kr) are modified Bessel functions
(Abramowitz and Stegun, 1972), a, =1 if n =0, o, =2
if n £0, Ep is the amplitude of undisturbed electric field,
R, are the reflection coefficients at the boundary between
layers, k,, are the propagation constants in the m layer.

The unknown amplitudes Ay, A, and reflection coef-
ficients R1,, R, can be found from boundary conditions
(see Kaufman and Keller, 1981 and also Trichtchenko and
Boteler, 2001, for more details).

Electric current in each conductive layer can be derived
from the differential form of Ohm’s law j = o E as

2w Tmyl
Ly =Um/d¢ / rE,,dr, (8)
0 T'm

where m is the number of the particular conducting layer (ex-
cept the innermost) with internal radius r,, and external ra-
dius r,,+1. Because all harmonics with order n >0 will give

2
no current ( | cosngdp = 0), the final formula for current
0

in any layer except inner is
2

I, = TOm
ki
— T A1 (k7)) Rino (rm+lKl(kmr/n+l)
_rmKl(kmrm))]v (9)

where A,,0 and R0 are the amplitude and reflection coeffi-

cients of the electric field in the layer m; and I, K1 are the

modified Bessel functions of the first order.
In the innermost layer the electric current is

Ao [rm+lll(kmrrn+l)

2oy

Iy = Aporm—111kmry—1). (10)

Similar solutions are valid if the electromagnetic field is pro-
duced by a line current. In this case, the electric field in the
absence of the cylinder can be expressed as

lpiopn,
T
where L is the distance from the position of the line current
to the point where the field needs to be calculated.

The values of electric fields, currents and effective
impedances obtained by using the derived formulas Egs. (4)—
(10) are named here the “exact” solution.

It should be noted that in real situations the media is non-
uniform due to the existence of the interface between the host
medium and overlaid or underlay ones, i.e. due to the con-
trasts of soil and air or water and air. Because in this paper
the emphasis is given to the electric fields and currents inside
the cylindrical conductors, the impacts of external conductiv-
ity contrasts on electric fields in the media are not modelled.

Einc = — Ko(kiL), (11)
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Table 1. The electromagnetic parameters and dimensions.
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Case # Radius  Conductivity Relative Media
layer (m) (¢, Sm™1)  Permeability w/ Conductivity
Permittivity & (o, Sm™1)
Relative
Permittivity e
Cable 1 0.002 10-15 £=23 soil sea
2 00016 58x10t7 w=1 c=10"% os=1
e=1 e=1
Transmission 1 0.012 3.5 x 1017 w=1 o =10"14
line 2 0.0024 10t7 w=1
Pipeline 1 0501 106 e=5 o=10"3
2 05 107 pw=2500r1
3 049 106 e=2
Rail 1 00501 44x10%6 w=1 o =10"14
3 Input parameters The pipeline parameters were adopted from

The following samples of the conducting structures were
used: typical rail insulated from the ground, insulated solid
copper wire used in many applications, bare aluminium con-
ductor steel reinforced (ACSR) used in overhead transmis-
sion lines, and coated steel pipeline with gas inside. For the
external media air, soil and water are considered where ap-
plicable.

The electromagnetic characteristics and the dimensions of
the conductive layered structures and the external media are
presented in Table 1, with values taken from the references
described below.

Diameters of the copper wires and cables vary widely,
from 1.6 mm (protected ground wire) to 4.01 mm (telecom-
munication power cables, leads for transformers, solenoids,
etc.,) to 18 mm (wires for heating equipment) which
can be found in multiple on-line catalogues, for exam-
ple in http://www.southwire.com/products/ProductCatalog.
htm or in Technical Information Handbook, Wire and Ca-
bles (2013). The mid-range parameters of a single insulated
copper wire have been chosen with the outer radius (with
the polyethylene insulation) of 2mm and inner radius of
1.6 mm. The characteristics of the insulation were taken from
Warne (2005).

Transmission line ACSR overhead conductor diameters
also have a range of values from 1.7 to 12.7mm for steel
core (single) and from 5 to 39 mm for the whole wire. The
wire with inner steel reinforcement radius of 2.4 mm and the
outer radius of aluminium conductor of 12 mm (correspond-
ing to the “Kingbird” from the above-cited catalogue) has
been used in this study.
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Peabody (2001) and are the same as in Trichtchenko
and Boteler (2001) with inner radius of steel equal to 0.49 m,
outer radius of steel of 0.5m and coating thickness of
1mm. The magnetic properties of the pipeline steels are
highly variable, thus, two cases of the relative magnetic
permeabilities were chosen, © =1 and u =250 (Dawalibi
and Southey, 1990).

The rail electromagnetic parameters and dimensions are
taken from Mariscotti and Pozzobon (2004). In order to solve
the problem analytically, the shape of the rail cross section is
replaced by a solid cylinder with the radius of 48.4 mm that
has the same cross-sectional area as the cross-sectional area
of the rail.

Electrical conductivity of the host media has been chosen
to range from resistive earth (10~2 Sm~1) to conductive wa-
ter (1Sm~1) (see, for example, Simpson and Bahr, 2005)
with the permittivity of free space (4 x 10~7); the air con-
ductivity used (10~1* Sm~1) corresponds to its value given
in Haynes (2015).

The properties and dimensions for all discussed layered
structures and media are presented in Table 1. It should be
noted that values presented in Table 1 serve as representative
of a wide range of examples to be used as inputs into models
discussed in the paper. In principle, these input values can be
changed based on particular specifications of some particular
case.

4 lllustrative example for a single frequency

To better understand the general results obtained for multiple
frequencies presented further in Sect. 5, the detailed view of

www.ann-geophys.net/34/427/2016/
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Figure 2. The topology of the normalized absolute value of the elec-
tric field for the frequency of 1 Hz, conductivity of the external me-
dia is 10073 Sm~1, disturbed by the multilayered pipeline with the
relative permeability of the steel being 250 and other parameters as
in Table 1. (a) contour lines; (b) values along the cross sections at
X ~0m (AA") and X ~ 10km (BB’); (c) values along cross section
at Z=0m (CC’) and (d) magnified view across the pipeline wall,
see more detailed explanations in the text.

interaction of the plane electromagnetic wave with multilay-
ered infinitely long cylinder at a particular single frequency
is first discussed below. To represent the most complex struc-
ture from those listed in Table 1, the case of the pipeline with
permeable steel (1 =250), embedded in the soil has been
chosen. It is comprised of three layers: insulator, steel and
gas. In this example the incident plane wave has a frequency
of 1 Hz. Electromagnetic parameters of all components are
as listed in the Table 1.

The set of results is presented in Fig. 2, which consists
of four sub-figures. Fig. 2a shows the contour lines of the
absolute value of normalized electric field E/Eg, where Eg
is the electric field in the absence of the conductive structure
at the location of the centre of the cylinder with coordinates
(0.0, 0.0). Figure 2a covers the area of 10 x 10 km?. Letters
AA’, BB’ and CC’ at the periphery of the Fig. 2a denote the
locations of the cross-sections which are plotted in Fig. 2b
for two vertical cross sections AA’ and BB’, and in Fig. 2c
for horizontal cross-section CC’. Figure 2d presents the close
view through the pipeline steel, covering only distances from
0.48t0 0.52m.

Changes from the plane wave geometry to the circular ge-
ometry of the electric field is clearly seen in Fig. 2a and, as
expected, at the surface of the cylindrical structure the wave
is becoming circular. The changes of the amplitude of the
electric field downwards are demonstrated in Fig. 2b. At the
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distance of 10 km from the cylinder (cross-section BB’) the
fall-off of the plane wave is defined by the exponential atten-
uation in the media (soil) with no influence by the conduc-
tor (see Eqg. 4). The cross-section through the cylinder (AA”)
clearly demonstrates the additional attenuation produced by
the conductive structure. Thus, it is easy to see that the elec-
tric field at the surface of the conductive structure is not the
same as its ambient value, at least at this particular frequency.
The horizontal cross-section CC’ (Fig. 2c) shows the same
attenuation in electric field due to conductive structure, con-
firming the result.

Details of the electric field behaviour inside the conduc-
tive structure are presented in Fig. 2d, where the shaded
area is the pipeline steel layer (coordinate range is from 0.49
to 0.50 m), demonstrate the frequency-dependent skin-effect.
Thus, modelling of the conductive structures as purely DC-
resistances definitely has its limitation and can hardly be ap-
plicable to the case illustrated above, which motivates further
investigations.

5 Frequency-dependent results

The formulas derived on the basis of the analytical solutions
shown above were applied to estimate the frequency depen-
dence of the variations of electromagnetic field and currents
at any location of the single conductor or multi-layered cylin-
der and internal media. In this section the results of calcula-
tions of the electric field at two surfaces of the same conduc-
tive layer in four types of conductive multilayered structures
for the continuous spectrum of the electromagnetic field vari-
ations are presented. The frequency dependencies are shown
in Figs. 3—-6, where the outermost surface of each conductive
layer is denoted as “exterior” and the inner surface as “inte-
rior”, or “close to the centre” for the innermost conductors.
The simplest of the four cases would be the bare steel rail
surrounded by air (Fig. 3). The solid lines represent the fall-
off of the electric field (relative to the ambient field) in terms
of amplitude (top plot) and phase (bottom plot) at the exter-
nal surface of the steel, and dotted lines — close to the centre
of the steel cylinder. Our approach cannot produce the an-
alytical solution for the true shape of the rail cross-section,
thus, a solid cylinder with the same cross-sectional area has
been used for calculations. For the frequencies of 0.1 mHz to
0.1 Hz (corresponding to periods of geomagnetic variations,
such as the 1 h, 15min, 1 min) there is practically no influ-
ence of the conductor and, therefore, for geomagnetic inter-
ference modelling the ambient electric field and DC resis-
tance can be used. For frequencies from 0.1 to 1 Hz, there are
changes up to 45° in phase, but insignificant changes in am-
plitude, while for frequencies above 1 Hz the ambient elec-
tric field approximation might introduce the errors, and the
changes in phase between the surface and centre of the cylin-
der are seen. From about 30 Hz the difference between the
amplitudes of the field at the exterior surface and centre of
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Figure 3. The frequency dependencies of normalized absolute am-
plitude (top) and phase (bottom) of the electric field at the outer
surface and near the centre of the railway steel. External media is
air with conductivity of 10714 Sm~1.

the rail are clear, thus the approximation of DC resistance
should be avoided, or at least acknowledged as the source of
possible error.

In the case of the insulated copper wire (Fig. 4), the abso-
lute value of the normalised electric field in the conductor is
the same as for the ambient electric field and is independent
of frequency up to approximately 30 Hz, but for the phase
only up to 10 Hz. The electric field at the outer and inner sur-
faces is approximately the same at frequencies up to 2 kHz,
while the skin effect on deviations of the phases at these two
surfaces has a visible effect at frequencies of 0.3kHz. The
influence of the conductivity of the external media is in mak-
ing the deviations from the ambient field smaller when there
is less contrast between the media and conductor conductivi-
ties (i.e. less for the sea-copper scenario than for soil copper).

In the case of the large multilayered structure such as
a pipeline (Fig. 5), the electric field at the surface of the
steel layer can be regarded as the ambient field only up to
~0.017 Hz (period of 1 min). For two cases of magnetic per-
meabilities, the skin effect is significant at lower frequencies
for higher permeable steel (i« =250) and is seen in changes
of phases at exterior and interior surfaces at 0.1 Hz. For steel
with =1 the skin effect is appearing at the frequency of
10 Hz.

Changes of the electric field with frequency for the case
of a cylinder consisting of the two conducting layers with-
out insulator (transmission line wire comprised of aluminium
with a steel core) are presented in Fig. 6. The electric field
has been calculated for four different locations: exterior sur-
face of aluminium (black solid line), interior surface of alu-
minium (black dashed line), near the exterior surface of steel
(dashed red line) and close to the centre of the steel (blue

Ann. Geophys., 34, 427-436, 2016

1h 15 min 1 min

R I
10" 4 \
b
107 4
~ 10° 4
w
L .
o 10%
Q
<
. o )
107+ Copper cable in different media
" Sea Soil
1074 Exterior surface —_ _
, Close to the centre - - - ---
10» T T T T T T T T
8 o
Qo \/
> -60 ==
kel SEa
5 120 -
% o
g 180 T T T T T T T T
o . B 2 " o . 2 s .
10 10 10 10 10 10 10 10 10

Frequency, Hz

Figure 4. The frequency dependencies of normalized absolute am-
plitude (top) and phase (bottom) of the electric field at the outer
surface and near the centre of the copper layer in cable, for two
cases of external media, soil with conductivity of 1073 Sm~1 and
sea with conductivity of 1Sm—1.
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Figure 5. The frequency dependencies of normalized absolute am-
plitude (top) and phase (bottom) of the electric field at the outer
surface and near the centre of the steel in pipeline with relative per-
meabilities of 1 (black lines) and 250 (red lines), embedded in soil
with conductivity 10073 Sm~1

dashed line). As is expected from the boundary conditions,
the electric field at the interior surface of aluminium is the
same as the electric field at the surface of the steel. There is
no noticeable drop-off in the electric field of the steel for the
frequencies shown in Fig. 6.

As can be inferred from the presented results, the electric
field in transmission line can be approximated by the ambi-
ent field up to frequencies of 0.1 Hz. In case of not taking
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Figure 6. The frequency dependencies of normalized absolute am-
plitude (top) and phase (bottom) of the electric field at the outer
and inner surfaces of the aluminium (black lines) and steel (red and
blue lines) in transmission line wire, located in air with conductivity
10714 sm—1.

into account the phase, i.e. if there are no concerns about the
time delays, but only with the amplitude of the electric field
in time domain, then ambient field approximation can be ex-
tended to close to 1 Hz. The skin effect in the aluminium is
not significant until 100 Hz for amplitude, but is clearly seen
in phase starting at about 10 Hz.

6 Evaluating the effective impedance

One of the most important characteristics for practical ap-
plications is the ratio of the electric field in the absence of
the conductive structure (which can be found from geophys-
ical modelling or magnetotelluric measurements) to the total
current in the conductor (i.e. the GIC). The term “effective
impedance” is used here for this ratio.

Zett = Eo/1 (12)

Thus, in order to find the current in the conductive layer, one
needs to divide the ambient electric field (i.e. independent
on the conductive structure) at the location of the conductor
by the effective impedance. The exact value of this effective
impedance is obtained using derived Egs. (9) and (10) and is
compared with the approximate formulas presented below.
In order to obtain approximate formula, the effective
impedance is defined as the sum of two parts. One part is
influenced by the external media and can represent the dissi-
pation of the energy outside of the conductor (as, for exam-
ple, in Dawalibi and Southey, 1989), i.e. defined by the prop-
erties of media (layer 1), and another is taking into account
the properties of the conductive cylinder and skin-effect, i.e.
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defined by the properties of the conductor.
Zeft = (£1+ Zcond) (13)

The Z; term has been approximated as the ratio of the elec-
tric field produced by the infinitely thin current line (Zjine) at
the distance of the external radius of the conductor (1) to the
value of this current. It does not depend on the value of the
current and can be expressed as (see also Eq. 11)

iopg

E
Z1= it = Ko(kir) (14)
Lline 27

After approximation for small arguments, which is valid in
the low-conductive media (in contrast to the conductive net-
work), the resulting expression is

7, =M (lni _0.5772), (15)
2 kiry

where w1 and k1 are magnetic permeability of the external
media (w1 = uo, i.e. the free space value) and propagation
constant of external media, r1 is the external radius of con-
ductor (Fig. 1) and In is the natural logarithm.

Impedance of conductor (Z¢ong) is approximated as in
Sunde (1968), for the case of large propagation constant of
the conducting layer m.

Zeond = Rackim (rm — rm+1) Coth(ky, (rim — rm11)), (16)

where Rqc is the DC resistance per unit length, &, is the prop-
agation constant, r,,, —r,,1 is the thickness of the conductive
layer and coth is the hyperbolic cotangent.

The approximate estimation of the total impedance as the
sum of Egs. (15) and (16) has been compared with the effec-
tive impedance calculated as the ratio of the ambient electric
Ey to the total current defined by Egs. (11) or (12). Results
for the cases of rail, copper cable in two media, steel pipe
with two magnetic permeabilities and the transmission line
are presented in Figs. 7-10. The results corresponding to the
approximate formula are presented only for several frequen-
cies for the sake of clarity of the plots.

Frequency dependence of the impedances of the steel rail
is presented in Fig. 7. The real part of the impedance is
constant for frequencies up to ~2Hz, at higher frequen-
cies the skin effect comes into account and the real part be-
came frequency-dependent. The imaginary part at frequency
of ~0.3Hz is approximately 1 order of magnitude smaller
than real part, thus until this frequency the imaginary part
can be neglected and the impedance can be regarded as the
DC resistance. The coincidence of the approximate formula
and exact formula is clear.

Frequency dependence of the impedances of copper cable
for two different external media (blue for sea, black for soil)
are presented in Fig. 8. The real parts of the impedances are
the same in both cases of media, either for the exact (solid
lines overlap) or approximate (stars and open squares over-
lap). The slight deviations between results from exact and
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Figure 7. The frequency dependence of impedance of the steel rail
calculated by use of the exact (lines) and approximate methods
(scatter symbols).

approximate formula are only marginal at the highest fre-
quency of our study (i.e. at 10kHz). The imaginary parts
of impedance in two media are slightly different, larger in
the case where the contrast between the media and conduc-
tor conductivities are larger. Approximate and exact formulas
give the same results for the discussed frequency range.

The DC approximation for the cable network model can be
used up to 10 Hz, i.e. until the imaginary part is an order of
magnitude less. For frequencies above ~ 1 kHz the real part
increases with frequency (skin effect) and the imaginary part
is an order of magnitude larger.

Variations of impedances of steel pipeline for two differ-
ent relative magnetic permeabilities with frequency are pre-
sented in Fig. 9. As in the two previous cases, the derived
impedance and approximate impedance give practically the
same results in the discussed frequency range. Frequency at
which the DC approximation can be used (i.e. the real part
is an order of magnitude larger than imaginary) is very close
to 0.017 Hz (period of 1 min). The relative magnetic perme-
ability of 250 is causing the real part of impedance to in-
crease only marginally faster in the frequency range of 1 Hz
to 1kHz, than for the magnetic permeability of free space.
This deviation is due to the extra induction.

For the case of a transmission line, when the two con-
ductive layers (aluminium and steel) are in parallel, the
impedance of the conductive layer is

Zcond = ZAl X Zsieel / (ZAl + Zsieel) - (7)

The results are presented in Fig. 10, with the real part (solid
line) being constant for low frequencies (up to 3 Hz), and the
imaginary part (dashed line) being about an order of magni-
tude smaller for frequencies below 0.2 Hz. For frequencies
above 3 Hz the real part increases with frequency (skin ef-
fect) and the imaginary part is also increasing and became an
order of magnitude larger.

The approximate expression of impedance gives exactly
the same values and is represented as open squares (real part)
and open triangles (imaginary part).
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Figure 8. The frequency dependence of impedance of the copper
cable in sea water with conductivity of 1Sm~1 and in soil with
conductivity of 10~3Sm™1, calculated by the exact (lines) and ap-
proximate (scatter) methods.
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Figure 9. The frequency dependence of impedance of the steel in
pipeline with relative permeabilities of 1 and 250 and external me-
dia with conductivity 10~3Sm~1 calculated by the exact (lines)
and approximate (scatter) methods.
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Figure 10. The frequency dependence of impedance of the
transmission line wire, for external media with conductivity
10~14sm=1 calculated by exact (lines) and approximate (scatter)
methods.
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7 Conclusions

The presented analytical solution of an idealized case of elec-
tromagnetic field interaction with an infinitely long multi-
layered cylindrical conductor has provided several useful re-
sults. The analytical solution can be applied over a wide
range of scales, from inside a millimetre-size wire to the kilo-
metres of distances into the media and for a wide range of
frequencies, from mHz to kHz.

The resolution to which the model allows to calculate the
electromagnetic field is very high, so that slight changes in-
side a small structure (centimetres) can be resolved as well
as 10 orders of magnitude changes and kilometres away into
the surrounding media, as demonstrated in Sect. 3.

Several results of practical importance were obtained. It
has been shown that the driving electric field inside the con-
ductor cannot be regarded as the ambient field in general
modelling, but the approximation is valid for low frequen-
cies (Sect. 4). It also has been shown that the conductivity of
the surrounding media and the magnetic permeability of the
conductive layer change the behaviour of the electric field
inside the conductive layer.

Calculations of the effective impedance (Sect. 5) show that
for low frequencies (less than some particular frequency) the
real part of the effective impedance is constant and larger
than the imaginary part, while for higher frequencies this
assumption can lead to large errors. Thus, for frequencies
above that particular frequency (different for each particu-
lar case of conductive structure) when applying, for exam-
ple, transmission line network modelling for calculations of
geomagnetically induced currents, the impedances of wires
needs to be of a complex value.

The developed exact analytical solution enables testing of
the approximate formula adopted from the literature. \erifi-
cation of the effective impedances calculated from approx-
imations and using expressions obtained in this paper show
their practically perfect coincidence. Therefore, the applica-
bility of the total impedance as sum of Egs. (15) and (16) can
be extended to the frequencies from 0.1 mHz to 10 kHz for
the electromagnetic parameters considered in this study (see
Table 1). This interval covers the complete range of geomag-
netic variations of geophysical nature, such as sudden im-
pulses and/or sudden commencements, pulsations and sub-
storm and/or storm — related fast variations. Therefore, they
can be recommended for use in the space weather applica-
tions when the fast variations of the geomagnetic fields are of
specific concern, such as for power grids, railways and per-
haps other applications. Several possible continuations of the
work are foreseen, one is to properly numerically estimate
the impact of surface conductivity contrast (air—soil and soil—
water). Also, the comparisons and validations could be done
by application of the DC and frequency-dependent models
for particular case studies when the recordings of GIC at fre-
quencies higher than 1 Hz are available.

www.ann-geophys.net/34/427/2016/

The resulting exact solutions can also serve as a bench-
mark for numerical models or provide additional insight into
the application of some known approximate methods and for-
mulas.
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