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Abstract. Coulomb losses and charge exchange of protons

are considered in detail. On the basis of modern models of

the plasmasphere and the exosphere, the radial dependences

of the rates of ionization losses of protons, with µ from 0.3

to 10 keV nT−1, of the Earth’s radiation belts near the equa-

torial plane are calculated for quiet periods. For calculation

of Coulomb losses of protons we used data of ISEE-1 satel-

lite (protons with energy from 24 to 2081 keV) on L from 3

to 9, data of Explorer-45 satellite (protons with energy from

78.6 to 872 keV) on L from 3 to 5 and data of CRRES satel-

lite (protons with energy from 1 to 100 MeV) on L≤ 3 (L

is the McIlwain parameter). It is shown that with decreas-

ing L the rate of ionization losses of protons of the radia-

tion belts is reduced; for protons with µ> 1.2 keV nT−1 in a

narrow region (1L∼ 0.5) in the district of plasmapause in

this dependence may form a local minimum of the rate. We

found that the dependence from µ of the boundary on L be-

tween Coulomb losses and charge exchange of the trapped

protons with hydrogen atoms is well approximated by the

function Lb = 4.71µ0.32, where [µ]= keV nT−1. Coulomb

losses dominate at L<Lb(µ), and at L>Lb(µ) dominates

charge exchange of protons. We found the effect of subtract-

ing the Coulomb losses from the charge exchange of protons

of the radiation belts at low µ and L, which can simulate a

local source of particles.

Keywords. Magnetospheric physics (energetic particles

trapped)

1 Introduction

The Earth’s radiation belt of protons is stationary in quiet

time. Only the 11-year solar cycle variations and the small

seasonal variations are observed.

For protons with E < 10 MeV on L> 2, the belt is formed

by mechanisms of radial diffusion of particles under an in-

fluence of fluctuations of magnetic and electric fields in the

range of the drift periods of trapped particles, i.e. in the range

from several minutes to some hours. At the same time, the

first (µ) and the second (I or K = I/p, where p is the im-

pulse of a particle) invariants of the drift motion of particles

are conserved, and the third invariant (8) is violated. The

first invariant is associated with the giration of charged par-

ticles in a magnetic field, the second invariant is associated

with the oscillations of the particles in the magnetic tube be-

tween the mirror points and the third invariant is associated

with drift of the particles around the Earth in a magnetic trap.

Radial diffusion of these protons is described by the

Fokker–Planck differential equation. Under certain condi-

tions, which performed for protons of the radiation belts,

the equation is reduced to the ordinary diffusion equation

(e.g., Tverskoy, 1968; Roederer, 1970; Schulz and Lanze-

rotti, 1974). However, the main parameter of a theory of ra-

dial diffusion of this particles, DLL, which determines the

rate of transport of particles, has a rather uncertain value. In

theory, the value of DLL varies within 1 order of magnitude

(Nakada and Mead, 1965; Tverskoy, 1968, 1969; Schulz and

Lanzerotti, 1974). On the other hand, the values of DLL ob-

tained from experimental data for the Earth’s radiation belts

vary for each L by 3 or more orders of magnitude (e.g.,

Fig. 20 in West et al. (1981) or Fig. 1 in Alinejad and Arm-

strong, 2006).

To extract DLL from the data on radiation belts, using the

diffusion equation (the inverse problem), it is necessary to

have the complete and reliable values of the loss rates of

trapped particles. The most fully loss mechanisms are studied

for protons. They depend on the distribution of cold plasma

and atoms in the geomagnetic trap.
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18 A. S. Kovtyukh: The Earth’s radiation belts of protons

Modern models of these distributions are the most reliable

for magnetically quiet periods. In addition, with the increase

of geomagnetic activity the values of DLL increased and the

magnitude of the effect depends on L. Therefore, according

to data including periods of magnetic activity, we can obtain

only averaged DLL (L, µ, K) values which depends on the

choice of the data intervals and the parameters of the satellite

orbits.

Finally, the values of DLL are most simply derived from

the data obtained near the equatorial plane. Near the equa-

torial plane the most reliable model of the plasmasphere are

also derived from the data obtained near the equatorial plane.

2 The loss mechanisms of protons of the Earth’s

radiation belts

The main loss mechanism of protons of the radiation belts

during quiet periods are the ionization losses (e.g., Tver-

skoy, 1968; Schulz and Lanzerotti, 1974). During these pe-

riods, protons precipitated slightly and the influence of ion-

cyclotron and other waves on the lifetimes of protons can be

neglected (e.g., Lyons and Williams, 1984).

Ionization losses of protons arise from the Coulomb in-

teractions of protons with electrons and from the charge ex-

change of protons with atoms.

Here we consider only protons near the equatorial plane,

with equatorial pitch angles α0 ≈ 90◦ (the second adiabatic

invariant of such particles K ≈ 0).

In quiet times distribution of the radiation belts of protons

are practically stationary and describes, when K = 0, by the

following equation:

L2 ∂

∂L

(
DLL

L2

∂f

∂L

)
=−

(
∂f

∂t

)
cc

−

(
∂f

∂t

)
ce

, (1)

where f (L, µ) is the distribution function of protons in the

phase space and DLL (L, µ) is the coefficient of the radial

diffusion of protons. We believe that on L> 2.5 the inter-

nal (local) sources of protons are absent. The first term on

the right side of Eq. (1) describes Coulomb losses of pro-

tons, and the second term describes the charge exchange of

protons with atoms. Coulomb scattering of protons by pitch

angles neglected in Eq. (1) according to Schulz and Lanze-

rotti (1974). The functions f and DLL in this equation refer

to the particles with given values of µ.

Equation (1) shows that for each L-shell of the stationary

radiation belt update (inflow) and losses (outflow) of protons

with the given values of µ is completely balanced.

For non-relativistic protons with α0 = 90◦ (K = 0)

f (L,µ)= k
j [L, E(L, µ)]

E(L,µ)
= k f ∗(L,µ), (2)

where j [L, E(L,µ)] is the measured fluxes of protons, M ,

p and E is the mass, impulse and kinetic energy of protons,

and

µ
(

keVnT−1
)
=

E

B0(L)
= 3.215 · 10−5L3E (keV) , (3)

where B0(L) is the magnetic induction near equatorial plane.

The values of µ were calculated here for the dipole magnetic

field.

A value of the coefficient k/2M depends on di-

mensions of a quantity in Eq. (2). For dimensions

[j ]= (cm2 s · ster · keV)−1, [E]= keV and [f ]= s3 cm−6 the

value k = 5.447 · 10−31 (Williams, 1981, p. 189). In our cal-

culations the coefficient k is reduced, and plays no role in the

results. So we will use f ∗(L, µ) instead of f (L, µ). Equa-

tion (1) is invariant under this replacement.

We will consider the protons with µ from 0.3 to

10 keV nT−1 (from 30 to 1000 MeV G−1) and L from 2 to

10. On the geosynchronous orbit such protons have energy

from ∼30 keV to ∼1 MeV and on L= 3 they have energy

from ∼ 350 keV to ∼ 11.5 MeV.

2.1 The charge exchange losses of protons

Hydrogen atoms are dominated in the composition of the

exosphere on L > 2.5 near the equatorial plane. The contri-

butions of other atoms (oxygen, etc.) and molecules in the

charge exchange rate of trapped protons do not exceed a few

percent (e.g., Cornwall, 1972). The charge exchange rate of

protons of the radiation belts on the hydrogen atoms, normal-

ized by f ∗(L, µ), is described by the following expression:

−
1

f ∗

(
∂f ∗

∂t

)
ce

=−

(
∂ lnf ∗

∂t

)
ce

= τ−1
ce = σce(E) nH(L)v, (4)

where σce(E) is a cross section for the charge exchange of

protons with hydrogen atoms, nH(L) is a density of the hy-

drogen atoms near the equatorial plane (α0 = 90◦), v is a ve-

locity of protons and τce is the lifetime of protons.

The cross sections of charge exchange of protons with

E > 1 keV on the hydrogen atoms are well studied both the-

oretically and experimentally (Claflin, 1970; Lindsay and

Stebbings, 2005), and approximated by the following expres-

sion (Jentsch, 1984):

σce = 3.27 · 10−15

√
E

Ece

exp

(
−

√
E

Ece

)
, (5)

where Ece = 1.76 keV, [E]= keV and [σce]= cm2. In Fig. 1

the thick curve shows the experimental dependence σce(E)

for protons according to Claflin (1970) and crosses shows

our calculations by Eq. (5).

From Fig. 1 it is seen that Eq. (5) is in good agreement

with the results of Claflin (1970) for E > 70 keV, but at lower

energies it deviates from them by 10–30 %. The deviation is

maximum for E = 20 keV.
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Figure 1. Comparison of the experimental dependence of σce(E)

in Claflin (1970) for protons (thick curve) with approximation

(crosses) in Jentsch (1984).

Note that we do not have enough experimental data

on the cross section of charge exchange of protons with

E > 100 keV and enough experimental data necessary to

carry out the extrapolation, which can lead to errors much

more than 30 %. Such an extrapolation of the experimental

data (taking into account the theoretical results) was con-

ducted in Claflin (1970) to E = 1 MeV, but for our goals it is

sufficient to have reliable data on the cross sections of charge

exchange of protons only to E ∼ 300 keV, as at E > 300 keV

for µ= 0.3–10 keV nT−1 the Coulomb losses of protons are

the main (see below, Figs. 7 and 8).

According to Cowley (1977), the density of the hydrogen

atoms in the equatorial plane

nH(cm−3)= 4 · 104L−3.5, (6)

which is in good agreement with the average values of nH

in the modern models of the exosphere (e.g., Østgaard et al.,

2003; Zoennchen et al., 2013).

The velocity of non-relativistic protons

v(cm · s−1)= 4.86 · 107
√
E(keV). (7)

Taking into account Eqs. (3) and (5)–(7), the Eq. (4) trans-

formed to

−

(
∂ lnf ∗

∂t

)
ce

= τ−1
ce = 149 ·µ ·L−6.5 exp

(
−133

√
µ

L3

)
, (8)

Figure 2. The radial dependences of rates of losses of protons with

µ from 0.3 to 10 keV nT−1, on charge exchange with the atoms of

the exosphere, normalized to f ∗(L, µ).

where [τ ]= s and [µ]= keV nT−1. Equation (7) has a maxi-

mum at

Lm = 9.8 ·µ1/3. (9)

Figure 2 shows the radial dependences of the rate of the

charge exchange loss of protons with various values of µ,

from 0.3 to 10 keV nT−1, in accordance with Eq. (8). Also it

takes into account all the deviations of the experimental val-

ues of σce(E) from Eq. (5). Calculated points between which

we make extrapolations marked by the crosses.

The values of nH(L) depend on the period of record and

may deviate from accepted here the average values of nH in

∼ 1.5–2 times (e.g., Østgaard et al., 2003; Zoennchen et al.,

2013). Such deviations are the main contributors to the er-

rors calculated here loss rate of protons, associated with their

charge exchange.

2.2 The Coulomb losses of protons

In contrast to charge exchange when protons come out from

the belts in single acts of interactions with atoms, during

Coulomb losses protons gradually shift to low energy range

and are replaced by protons from a higher energy range.

Therefore, the Coulomb losses depend not only on the rate of

loss of the individual particles, but also from the steepness of

the real energy spectrum of protons at certain L, i.e. from the

form of f ∗(µ). And if at the given value of µ at the certain L

we have a positive slope of the spectrum, ∂f ∗/∂µ > 0, then

the Coulomb losses do not involve reduction but an increase

in density of the particles in this cell {µ, L}.
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20 A. S. Kovtyukh: The Earth’s radiation belts of protons

Figure 3. The functions f ∗(L, µ), as in Eq. (2), for a quiet pro-

ton belt constructed according to Williams (1981) for ISEE-1 (thick

curves), Fritz and Spjeldvik (1981) for Explorer-45 (light circles)

and Albert et al. (1998) for CRRES (dotted curves).

In accordance with Schulz and Lanzerotti (1974), p. 189,(
∂f ∗

∂t

)
cc

=
4πe4 /m√
2µB3/M

Ne ln3
∂f ∗

∂µ
, (10)

where e and m are the charge and the mass of electrons, M

is the mass of protons, B(L) is a magnetic induction, Ne is

an electron density in the plasmasphere, and ln3= 25 is the

factor Debye shielding.

Substituting in Eq. (10) the numerical values of constants,

we get

−
1

f ∗

(
∂f ∗

∂t

)
cc

=−

(
∂ lnf ∗

∂t

)
cc

= τ−1
cc =

− 4.74 · 10−14 NeL
9/2F(µ), (11)

where [τcc]= sec, [Ne]= cm−3 and

F(µ)=
1

f ∗
√
µ

∂f ∗

∂µ
. (12)

The value of the numerical coefficient in Eq. (11) corre-

sponds to [µ]= keV nT−1 and [F ]= keV−3/2 nT3/2. Func-

tion F(µ) is determined by the shape of f ∗(µ). The function

is different on different L.

For finding the functions f ∗(L, µ) consider the radial

profiles of the differential fluxes of protons on L from 2

to 10 based on the ISEE-1 data for the quiet time period,

from 20:27 UT 24 November 1977 to 01:30 UT 25 Novem-

ber 1977, represented by Williams (1981). In this period the

Figure 4. The functions F(L, µ), as in Eqs. (10)–(11), for the

Coulomb losses of protons with µ from 0.3 to 5 keV nT−1.

index Dst has changed from −1 to −3 nT, and the index

Kp= 0, 0+ and 1− (Kp≤ 1 for 24 h prior to this period

UT). The measurements carried out near the noon sector,

in the eight energy channels: 24–45.5–65.3–95.5–142–210–

333–849–2081 keV.

Calculations of the functions f ∗(L, µ) were carried out in

four stages (see Appendix A). Constructed by this method,

according to data of the ISEE-1 (Williams, 1981) for the

quiet period 24–25 November 1977, functions f ∗(µ) for the

radiation belt protons on different L, from 3 to 9, shown in

Fig. 3. Crosses in Fig. 3 show our calculated points between

which interpolation held using the least squares method. To

avoid overlapping of the curves with each other, for the spec-

tra at L from 5 to 9 are given the coefficients, that multiply

the corresponding values of f ∗.

Functions f ∗(L, µ) for protons we have also calculated

according to data of the Explorer-45 in Fritz and Spjeld-

vik (1981), averaged over 60 orbits for the quiet period 1–

15 June 1972. The measurements of proton fluxes on this

satellite were carried out on L< 5.25 in the nine differen-

tial energy channels: E = 78.6–138.5–195.5–300 keV and

E = 363.5–375–390–430–533–674–872 keV. The results of

our calculations f ∗(L, µ) for protons with α0 = 90◦ on

L= 4 and 5, where the data of Explorer-45 is most reliable,

are shown in Fig. 3 by the light circles. Figure 3 shows that

the functions f ∗(L, µ) calculated according to data of the

ISEE-1 and Explorer-45 for quiet periods are close to each

other. Note that the data from ISEE-1 and Explorer-45, used

here, are in very good agreement with other data and are used

in many works, including Kovtyukh (1985, 1999).

According to Fig. 3 and Eq. (12), we calculated the radial

dependences of functions F . Figure 4 shows the functions

for protons with µ from 0.3 to 5 keV nT−1. Crosses in Fig. 4

show our calculated points between which interpolation is

held using the least squares method.

Ann. Geophys., 34, 17–28, 2016 www.ann-geophys.net/34/17/2016/
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Figure 5. Averaged over the MLT the dependences Ne(L) of a den-

sity of an electron component of the cold plasma near the equa-

torial plane for a quiet and weakly disturbed periods according to

the model of Ozhogin et al. (2012) (thick broken curve), the model

of Tarsai et al. (1988) (bright spots) and the model of Carpenter

and Anderson (1992) (dark dots). Thin curve is Ne(L) in Nakada

and Mead (1965). The horizontal dotted line is Ne(L) in Tver-

skoy (1964, 1965, 1968, 1969). The plasmapause (the midpoint of

the steep decline of Ne) on the thick broken curve corresponds to

L= 5.2.

From Fig. 4 it is clear that for L> 4 at µ> 1.25 keV nT−1

the functions F(µ) almost does not depend on L. This

is because the energy spectra of protons on L> 4 at

µ> 1.25 keV nT−1 have similar power form in a variety of

L (see more about this in Kovtyukh, 1985, 1999).

The main contribution to the Coulomb losses of protons of

the radiation belts make the cold plasma electrons (Tverskoy,

1964, 1965, 1968, 1969; Nakada and Mead, 1965; Schulz

and Lanzerotti, 1974; Spjeldvik, 1977, Jentsch, 1984), the

density of which,Ne, is strongly dependent on L (see Fig. 5).

Mean values Ne(L) near equatorial plane, averaged over

MLT, were determined here by the empirical model of

Ozhogin et al. (2012), created according to data of the IM-

AGE (the thick broken curve in Fig. 5), and also according

to the results of Tarsai et al. (1988) based on measurements

of the whistlers (the bright spots in Fig. 5). The results of

the papers agree well with each other. The model of Carpen-

ter and Anderson (1992) is also taken into account, created

according to data of the ISEE-1 and ground-based data on

whistlers (the dark dots in Fig. 5).

In the region of the plasmapause a value Ne varies by

an order of magnitude within 1L∼ 0.5. The most reliable

value is the location of plasmapause, averaged over MLT,

obtained according to the CRRES: Lpp = (5.39± 0.072)–

(0.382± 0.019) Kpmax, where Kpmax is the maximum value

of Kp for the 24 hours preceding (Moldwin et al., 2002). In

Figure 6. The radial dependences of the Coulomb losses of protons

of the Earth’s radiation belts, normalized to f ∗(L, µ) and F(L, µ).

The thick, thin and dotted curves correspond to the curves in Fig. 5.

Fig. 5, constructed for quiet periods, the plasmapause (the

midpoint of the steep decline of Ne) corresponds to L ∼ 5.2.

Figure 5 shows also, for comparison, the functions Ne(L)

used in the classical papers on modeling radial diffusion

of particles of the Earth’s radiation belts. Tverskoy (1964,

1965, 1968, 1969) assumed that Ne = 103 cm−3 and does

not depend on L (the dotted line in Fig. 5). Nakada and

Mead (1965) assumed that Ne(L)= 8 · 103L−4
+ 50 cm−3

(the light line in Fig. 5), i.e. on L > 5 the function flattens out

and Ne is close to 50 cm−3.

Figure 5 shows that in Tverskoy (1964, 1965, 1968, 1969)

the value Ne significantly exceeds the real average values on

L> 3 and underestimates them on L< 3. Figure 5 shows also

that in Nakada and Mead (1965) the values of Ne were un-

derestimated by almost an order of magnitude on L< 5 and

greatly inflated on L> 5.5.

The value of Ne decreases as L−4.5 outside of the plasma-

pause (e.g., Jentsch, 1984; Carpenter and Anderson, 1992).

Hence, according to Eq. (9), for energetic protons with iden-

tical µ outside of the plasmapause the rate of the Coulomb

losses by free electrons is not dependent on L (or this depen-

dence is very weak).

Compared to the free electrons, atomic electrons make a

much smaller contribution to the Coulomb losses of ener-

getic protons. In the case of equal densities of the free and

the bounded electrons, losses of protons on the bounded elec-

trons is 12.5 times less (Cornwall, 1972; Schulz and Lanze-

rotti, 1974). In the core of the plasmasphere, this addition is

only a few percent, but for the region of the plasmapause it

is comparable to the Coulomb losses of protons by free elec-

trons and increases with increasing L.

Compared to electrons, protons of the cold plasma makes

a negligible contribution to the Coulomb losses of energetic

protons (e.g., Schulz and Lanzerotti, 1974).

The results of our calculations of the rate of the Coulomb

losses of protons of the radiation belts, (∂f ∗/∂t)cc, normal-

www.ann-geophys.net/34/17/2016/ Ann. Geophys., 34, 17–28, 2016
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ized by functions f ∗(L, µ) and F(µ), are shown in Fig. 6 by

the thick curve. The curve is obtained by Eq. (11), in which

the values of Ne(L) correspond to the thick curve in Fig. 5.

In the calculations electrons in atoms were also taken into

account, the density of which was calculated by Eq. (6) and

divided by the factor of 12.5. For comparison, Fig. 6 shows

also the dotted curves corresponding to the values of Ne in

Tverskoy (1964, 1965, 1968, 1969) and the thin curve corre-

sponding to the values ofNe(L) in Nakada and Mead (1965).

From Fig. 6 it is seen that in Tverskoy (1964, 1965, 1968,

1969) the rates of Coulomb losses of protons of the Earth’s

radiation belts is underestimated on L< 2.8 and highly in-

flated on L> 2.8, and in Nakada and Mead (1965) they are

very low inside and high outside the plasmasphere.

In the region of plasmapause errors of our calculations of

the rates of the Coulomb losses of protons can be greater

than in other regions. Furthermore, the model distribution

of cold plasma, used in our calculations, is averaged over

a very long time. They do not take into account the solar-

cyclic and seasonal variations of Ne(L) values. In the solar

maximum Ne(L) is 1.3–1.5 times higher than in the mini-

mum (e.g., Rasmussen and Schunk, 1990). Average values

of Ne(L) are 1.5–2.2 times more in December than in June

(e.g., Rasmussen and Schunk, 1990; Menk et al., 2012).

3 Composition of Coulomb losses and charge exchange

losses of protons

Normalized rates of the Coulomb loss of proton,

−(∂ lnf ∗/∂t)cc, and the charge exchange rates,

−(∂ lnf ∗/∂t)ce, summarized, in accordance with Eq. (1),

and thus we have full rates of the ionization losses of

protons of the radiation belts: − (∂ lnf ∗/∂t). Figure 7

shows an example of such summation, for the protons

with µ= 0.7 keV nT−1 (70 MeV G−1). In this figure, the

continuous curves correspond to the charge exchange (upper

curve) and the Coulomb losses, and the dotted curve is the

result of their summation. The vertical cut on the dotted

curve marks L, at which rate the Coulomb loss is equal to

the charge exchange rate of the protons.

From Fig. 7 it is seen that in the narrow region the rate

of the Coulomb and the charge exchange losses of protons

are close to each other, and at smaller and larger L they are

diverging strongly. At small L dominate the Coulomb losses,

and at large L dominate the charge exchange of protons. This

is true for all protons the radiation belts with µ from 0.3 to

10 keV nT−1.

Final results of the calculations of the normalized rate of

ionization losses of protons of the Earth’s radiation belts with

different values of µ, obtained with modern models of the

plasmasphere and the exosphere, are shown in Fig. 8. This

figure takes into account and assimilates all the results of the

calculations shown in Figs. 1–7. The numbers near the curves

in Fig. 8 are given the corresponding values of µ, from 0.3

to 10 keV nT−1. The vertical cuts on the curves marked the

Figure 7. The example of summation of the rates of the

Coulomb losses, −
(
∂ lnf ∗/∂t

)
cc

, and losses on charge exchange,

−
(
∂ lnf ∗/∂t

)
ce

, for protons with µ= 0.7 keV nT−1.

Figure 8. The radial dependence of the ionization losses of protons

with µ from 0.3 to 10 keV nT−1, calculated on the modern models

of the plasmasphere and the exosphere.

boundary where the rate of the Coulomb losses is equal to the

rate of the charge exchange of protons. The dashed parts of

curves in Fig. 8 obtained through extrapolation of the spectra

at larger µ (see Fig. 3).

Ann. Geophys., 34, 17–28, 2016 www.ann-geophys.net/34/17/2016/
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In the constructing Fig. 8, we take into account that

∂f ∗/∂µ > 0 at µ< 0.3–0.5 keV nT−1 (see Fig. 3). The

Coulomb losses are subtracted from the losses caused by

charge exchange of protons in this part of the spectrum.

From Fig. 8 it is seen that rates of ionization losses of pro-

tons of the Earth’s radiation belts strongly depend on µ and

decrease rapidly with increasing values of µ, especially at

high L. For protons with µ< 1.2 keV nT−1 these rates mono-

tonically decreases with decreasing L. In addition, for pro-

tons with µ> 1.2 keV nT−1 this rate abruptly increases at the

plasmapause.

Figure 9 shows the dependence from µ of the boundary

where the rate of the Coulomb losses is equal to the rate of

the charge exchange of protons. This dependence is well ap-

proximated by the function

Lb = 4.71 ·µ0.32, (13)

where [µ]= keV nT−1. Coulomb losses of the trapped pro-

tons dominate at L<Lb(µ), and at L>Lb(µ) dominates

charge exchange of protons with hydrogen atoms. Changes

in the density of the plasmasphere in 2–3 times lead to slight

variations in this relationship: δLb ∼ 0.1–0.3. The value of

Lb very weakly depends also on the position of the plasma-

pause.

In long quiet periods, outer regions of the plasmasphere is

filled with cold plasma, and a sharp plasmapause on L< 7–8,

at least in the noon and evening sectors, does not exist (e.g.,

Clausen and Glassmeier, 2014; Takahashi et al., 2015; Hal-

ford et al., 2015). During the long quiet periods the plasma-

pause blurred and a cold plasma density gradually decreases

from ∼ 200–300 cm−3 at L= 5 and to ∼ 2 cm−3 at L= 8.

The effect leads to a degeneration of the local minimum in a

radial dependency of the rates of ionization losses of pro-

tons with µ> 1.2 keV nT−1 (see Fig. 8). On the contrary,

during magnetic storms and substorms this local minimum

will deepen and be displaced, in line with displacement of

plasmapause, to the smaller L. However, for future work we

are only interested in measurements made during the quiet

periods.

The errors of our calculations are associated mainly with

deviations of the Ne(L) and nH from the average values, and

it can be estimated by varying these parameters within rea-

sonable limits. The errors of our calculations can be several

tens of percent in the region of plasmapause, at L∼ 5–5.5,

for protons with µ∼ 1.5–10 keV nT−1. For other values of L

and µ, the errors are much smaller and do not exceed 20 %.

4 Comparison with results of other works

First models of radial diffusion of the Earth’s radiation belts

of protons were created by Tverskoy (1964, 1965). Charge

exchange of protons is not considered in the works, but

Coulomb losses of protons are taken into account for the first

time. The expression for Coulomb losses of protons obtained

in Tverskoy (1964, 1965) on the basis of the well-known

Figure 9. The dependence from µ of the boundary Lb where the

rate of Coulomb losses is equal to the rate of the charge exchange of

protons. This dependence is obtained from Fig. 8 (results of Fig. 8

shows the crosses). Thick line shows the power approximation of

this dependence (Eq. 13).

Bethe–Bloch’s formula. Taking here the notations and the di-

mensions of values, the expression has the following form:

−
1

f ∗

(
∂f ∗

∂t

)
cc

=− 3.79 · 10−14
· NeL

9/2F1(µ), (14)

where [t]= s, Ne(L)= 103 cm−3 (see Fig. 5) and

F1(µ)=
1

f ∗

∂

∂µ

(
f ∗

√
µ

)
=

1

f ∗
√
µ

∂f ∗

∂µ
−

1

2µ3/2
= F(µ)− 0.5µ−3/2. (15)

The numerical coefficient in the right side of Eq. (14) is

20 % less than the same coefficient in Eq. (11) because

ln3= 20 was taken in Tverskoy (1964, 1965, 1968). In

Tverskoy (1969) the error was corrected: it was taken as

ln3= 25, as in Eq. (11).

For real spectra of protons, the functions F (µ) and F1 (µ)

differ by several tens of percent for µ > 1 keV nT−1, but for

µ< 0.7 keV nT−1 they may differ by several times and they

have a different sign (see Figs. 3 and 4). However in all par-

ticular calculations in Tverskoy (1964, 1965, 1968) it is as-

sumed that F1(µ)=−1.

The above also mentioned significant deviations assumed

in Tverskoy (1964, 1965, 1968, 1969) model of a plasma-

sphere from the modern models Ne(L) and the associated
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24 A. S. Kovtyukh: The Earth’s radiation belts of protons

large errors in calculations of the Coulomb losses of protons

(see Figs. 5 and 6).

In (Nakada and Mead, 1965) for the Coulomb losses of

protons the wrong Eq. (15) was also used. If you use the

units taken in Nakada and Mead (1965), i.e. days instead of

seconds, and MeV G−1 instead of keV nT−1, then the nu-

merical coefficient in Eq. (14) will be equal to 3.27 · 10−6.

It is 8.6 % less than the value of 3.55 · 10−6 given in Nakada

and Mead (1965). A more significant error of the calculations

of Nakada and Mead (1965) related to underestimation of

Ne(L) inside plasmasphere by about an order of magnitude

and a strong overestimation of Ne outside the plasmasphere

(see Figs. 5 and 6).

Nakada and Mead (1965) have also taken into account the

charge exchange of protons with hydrogen atoms, but values

of nH near the equatorial plane were assumed to be equal to

7.35 ·103L−5, i.e. 5.44 ·L3/2 times less than the values of nH

accepted in our calculations (see Eq. 6).

Further, in the works on the modeling of the protons of

Earth’s radiation belts (e.g., Cornwall, 1972; Claflin and

White, 1974; Croley et al., 1976; Spjeldvik, 1977; Albert

et al., 1998) Eqs. (9)–(11) were usually used for Coulomb

losses. However, very different functions ofNe(L)were cho-

sen in the works, and the function F(µ) is not always taken

into account or this account has been pretty rough.

In Albert et al. (1998) the fluxes of protons with E ∼ 1–

100 MeV for L≤ 3, measured on the CRRES, were modeled

based on the theory of radial diffusion of particles. For rate

of Coulomb losses of protons an expression similar to our

Eq. (9) was used. It differs from Eq. (9) only a sign of an

exponent for the induction B (3/2 instead of −3/2), but it is

apparently just a misprint.

According to the results of the calculations shown in

Fig. 3 in Albert et al. (1998), a ratio of rates of Coulomb

losses of protons with µ= 1 and 10 keV nT−1 (100 and

1000 MeV G−1) is equal to ∼ 110. The ratio is equal to the

ratio of corresponding values of the function F(µ) on L= 3

(see Eq. 10).

Data from the ISEE-1 and Explorer-45, used here, do not

allow to construct functions f ∗(µ) for protons with µ= 1–

10 keV nT−1 on L≤ 3. However, you can build the functions

f ∗(µ) using the CRRES data shown on Fig. 4 in Albert et

al. (1998). For quiet periods the functions f ∗(µ) for protons

with α0 = 90◦ on L= 2 and 3, constructed according to the

CRRES data, are shown in Fig. 3 by a dotted line. These

functions are normalized and linked to the functions f ∗(µ)

constructed according to the ISEE-1 data. According to the

CRRES data, is shown in Fig. 3, on L= 3 the ratio of F(µ)

values under µ= 1 and 10 keV nT−1 equal ∼ 40–60, i.e. in

∼ 2.2 times less than the corresponding value (∼ 110) calcu-

lated in Albert et al. (1998). Thus, in Albert et al. (1998) a de-

pendence of the rate of Coulomb losses of protons belts from

an inclination of the spectrum was considered very rough.

5 Discussion and conclusion

For modern models of the plasmasphere and the exosphere

and the known cross sections for Coulomb collisions and

charge exchange of protons we calculated and presented here

the radial profiles of rates of the ionization losses of protons

of the Earth’s radiation belts, for various values of µ.

In the qualitative analysis of radial diffusion of protons of

the Earth’s radiation belts ionization losses are considered

generally as a function of the particle energy. Considering

the losses depending on µ allows one to look at them with a

new perspective and detect unexpected patterns.

Thus, in many articles and books it is claimed that with de-

creasing L the rate of ionization losses of protons increases

due to increased density of the cold plasma and the atoms of

the exosphere. This applies to protons with a given energy

value. However, the particles of the radiation belts migrated

across L with conservation of the first adiabatic invariant, µ,

which is reflected in a diffusion equation and responds to the

growth of the particle energy with decrease in L as a result

of the betatron acceleration. Outside the equatorial plane we

must also consider the conservation of the second adiabatic

invariant,K , which also increases an energy of particles with

decreasing L. Therefore, as can be seen from Fig. 8, the rate

of ionization losses of protons with constant µ tends to de-

crease with decreasing L. The dependences have a negative

gradient only in a narrow region (1L∼ 0.5) in the region of

plasmapause and only for protons with µ> 1.2 keV nT−1.

A radial dependence of a cold plasma density smoothed

in fairly long quiet periods, and a local minimum in the de-

pendences of protons ionization loss rates from L may de-

generate. On the contrary, during magnetic storms and sub-

storms this local minimum will deepen and be displaced, in

line with displacement of plasmapause, to the smaller L; at

L< 3.5 and on L > 6 the rates of ionization losses of protons

will vary slightly.

These findings are very important for understanding the

results of a numerical simulation of distributions of protons

of the Earth’s radiation belts.

Our results also show that for radiation belts of the Earth

– the charge exchange of protons with atoms is much

more important, than it was previously accepted, for a

formation of an equilibrium belt of protons and domi-

nates over the Coulomb losses of protons at E < 300–

400 keV (this also applies to other, more heavy ions);

– Coulomb losses depend strongly on µ of protons and

the shape of their energy spectra; they abruptly changed

in the region of plasmapause and weakly depend on L

outside the narrow region;

– in some domains {µ, L} spectrum of protons can have

a local maximum and where ∂f ∗/∂µ > 0 of protons

change their sign; in the domains the losses are sub-
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tracted from the losses of protons to charge exchange;

this effect simulates a local source of particles;

– a full rates of ionization losses of protons depends

strongly on µ and decreases rapidly with increasing µ,

especially at high L.

The results of our calculations of the rate of ionization losses

of protons of the Earth’s radiation belts can serve as the basis

for calculation of functions DLL(L, µ) on the experimental

data obtained near the equatorial plane in quiet and weakly

disturbed periods. The results of these calculations will be

presented in the next papers of the author.
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Appendix A: Calculations of the functions f ∗(L, µ)

For a more exact binding differential fluxes to an energy of

the particles, calculations of the functions f ∗(L, µ) were

carried out in four stages. In the first stage the fluxes were

attached to the arithmetic mean values of the energy in the

channels, and on these points an energy spectra of protons

j (E) on different L was constructed. In the second stage the

spectra were approximated by power functions (j ∝ E−γ ),

for each an energy channel, and values of the exponents γ

were calculated (for different channels and different L they

are different). In the third stage the values of γ were used to

find the energy Ẽ by the following expression:

j (Ẽ)= j0Ẽ
−γ
=

1

1E

E2∫
E1

j0E
−γ dE

=
j0

1E
·
E
−γ+1

1 −E
−γ+1

2

γ − 1
, (A1)

where j0 is a normalizing factor of the spectra, 1E is the

channel width, E1 and E2 are the lower and upper bounds.

For each a channel the value Ẽ depends on the L. From

Eq. (A1) we find:

Ẽ =

[
1E (γ − 1)

E
−γ+1

1 −E
−γ+1

2

]1/γ

. (A2)

Equation (A2) is valid at γ > 1. For γ = 1

Ẽ =
1E

ln(E2/E1)
, (A3)

and for γ < 1 (except for γ = 0)

Ẽ =

[
1E (1− γ )

E
−γ+1

2 −E
−γ+1

1

]1/γ

. (A4)

For γ = 0, as for γ =−1, Ẽ = (E1+E2)/2= Ē.

The wider a channel, the greater a correction to the energy

Ẽ (except for γ = 0 and γ =−1). The most significant cor-

rections refer to the last four channels of proton spectrometer

on the ISEE-1.

In the fourth stage calculating of f ∗(L, µ) fluxes mea-

sured in each channel was divided by the corresponding val-

ues of Ẽ and attached to µ= Ẽ/B(L).
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