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Abstract. Modulated high-frequency (HF) heating of the
ionosphere provides a feasible means of artificially gen-
erating extremely low-frequency (ELF)/very low-frequency
(VLF) whistler waves, which can leak into the inner magne-
tosphere and contribute to resonant interactions with high-
energy electrons in the plasmasphere. By ray tracing the
magnetospheric propagation of ELF/VLF emissions artifi-
cially generated at low-invariant latitudes, we evaluate the
relativistic electron resonant energies along the ray paths
and show that propagating artificial ELF/VLF waves can
resonate with electrons from∼ 100 keV to∼ 10 MeV. We
further implement test particle simulations to investigate
the effects of resonant scattering of energetic electrons due
to triggered monotonic/single-frequency ELF/VLF waves.
The results indicate that within the period of a resonance
timescale, changes in electron pitch angle and kinetic energy
are stochastic, and the overall effect is cumulative, that is,
the changes averaged over all test electrons increase mono-
tonically with time. The localized rates of wave-induced
pitch-angle scattering and momentum diffusion in the plas-
masphere are analyzed in detail for artificially generated
ELF/VLF whistlers with an observable in situ amplitude of
∼ 10 pT. While the local momentum diffusion of relativistic
electrons is small, with a rate of<10−7 s−1, the local pitch-
angle scattering can be intense near the loss cone with a rate
of ∼ 10−4 s−1. Our investigation further supports the feasi-
bility of artificial triggering of ELF/VLF whistler waves for
removal of high-energy electrons at lowerL shells within
the plasmasphere. Moreover, our test particle simulation re-
sults show quantitatively good agreement with quasi-linear

diffusion coefficients, confirming the applicability of both
methods to evaluate the resonant diffusion effect of artificial
generated ELF/VLF whistlers.

Keywords. Space plasma physics (wave–particle interac-
tions)

1 Introduction

Generation of extremely low-frequency (ELF)/very low-
frequency (VLF) waves by modulated heating of the D re-
gion ionosphere in the presence of naturally forming iono-
spheric currents is by now a well-established technique (e.g.,
Ferraro et al., 1982; Barr and Stubbe, 1991; Inan et al., 2004;
Platino et al., 2006; Piddyachiy et al., 2008; and references
therein). Periodic heating of the ionospheric region with a
high-frequency (HF) transmitter modulates the conductivity
of the region and, in turn, modulates these naturally form-
ing (and pre-existing) currents, constituting what amounts
to a giant radiating antenna at∼ 60–100 km altitude. The
natural current system can be the auroral electrojet modu-
lated by High-Power Auroral Stimulation (HIPAS) or High-
Frequency Active Auroral Research Program (HAARP)
heating facilities (Inan et al., 2004; Platino et al., 2006;
Piddyachiy et al., 2008), or the equatorial dynamo current
modulated by the Arecibo heating facilities (Ferraro et al.,
1982).
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A number of observations, both ground-based and space-
borne, of ELF/VLF waves triggered in this manner have
been carried out. Those observational results indicate that
some of these artificial ELF/VLF waves generated by iono-
spheric modulation can propagate directly upwards and pen-
etrate through the ionosphere into the overlying magneto-
sphere (James et al., 1984), and others propagate within the
Earth–ionosphere waveguide and leak up progressively with
each reflection off the ionosphere (Bell et al., 2004; Platino
et al., 2006). The wave intensity detected by the ground-
based receiver or by the spacecraft instrument is generally at
a magnitude of a few pT. In contrast, DEMETER (Detection
of Electromagnetic Emissions Transmitted from Earthquake
Regions) spacecraft observations of ELF/VLF signals gener-
ated by the recently upgraded HAARP facility have revealed
a very high intensity (E ' 350 µV m−1, B ' 20 pT) within a
narrow cylindrical of∼ 10–20 km radius (Piddyachiy et al.,
2008)

Propagation of artificial ELF/VLF waves in the magne-
tosphere can potentially resonantly interact with the high-
energy electrons in the plasmasphere. The acceleration and
loss of energetic electrons has been of increasing interest
to magnetospheric physicists over the past decades (e.g.,
Thorne, 2010, and references therein). Since wave–particle
interactions are believed to play an essential role in control-
ling electron dynamics, a variety of plasmas waves, such
as whistler-mode chorus, plasmaspheric hiss, electromag-
netic ion cyclotron (EMIC) waves, magnetosonic wave, and
lightning-generated whistlers are studied intensively to as-
sess their effects on electron diffusion as a result of resonant
wave–particle interactions (e.g., Abel and Thorne, 1998a, b;
Summers et al., 2007a, b; Summers and Ni, 2008; Thorne,
2010; Mourenas et al., 2013; Shprits et al., 2013). Being
aware of the potential of controlling energetic electron life-
times using artificial ELF/VLF waves, Inan at al. (2003) pro-
vided estimates of the potential effects of a satellite-based
ELF/VLF transmitter at a few kHz operating at the magnetic
equatorial plane ofL= 2 and concluded that cyclotron res-
onances with the artificially injected whistler-mode waves
can significantly reduce the lifetime of energetic electrons in
the inner radiation belt. To estimate the wave-induced pitch-
angle scattering rates, Inan et al. (2003) followed the quasi-
linear formulae of Lyons (1974) and Albert (1999) in the
limit of vanishing width of the frequency and wave-normal
angle distribution. Later, Kulkarni et al. (2008) followed the
methodology of Bortnik et al. (2006a, b), which assumed that
the wave–particle interactions are linear and transformed the
wave-induced pitch angle changes to precipitating flux us-
ing a novel convolution method. They modeled the poten-
tial electron precipitation signatures induced by hypotheti-
cal VLF transmitters distributed broadly in geomagnetic lat-
itude and operating at four frequencies (i.e., 10 kHz, 20 kHz,
30 kHz, and 40 kHz). Their results indicated that the VLF
sources located at 15◦ to 55◦ can induce the most>100 keV

precipitation and induced precipitation increases as the oper-
ating frequency decreases.

While the linear or quasi-linear theory of resonant wave–
particle interactions can operate feasibly for linear or
stochastic particle-scattering processes in association with
small amplitude waves over certain frequency band with
random phase, test particle simulations can provide for
monotonic/single-frequency waves more reasonable evalu-
ations of the wave–particle interaction process and of the
changes of particle pitch angle and energy in detail (e.g.,
Dysthe, 1971; Bortnik and Thorne, 2010; Tao and Bortnik,
2010; Tao et al., 2011; Zheng et al., 2012, 2013). As an
important complement, here we perform comprehensive test
particle simulations to investigate the potential scattering ef-
fects of artificial, single-frequency ELF/VLF whistlers on
high-energy electrons in the plasmasphere. Use of test parti-
cle simulations can help us acquire the details of pitch angle
and energy changes when resonances occur between elec-
trons and artificial ELF/VLF whistlers and quantify the cor-
responding rates of pitch-angle scattering and energy diffu-
sion. In addition, the present study mainly concentrates on
the triggering of ELF/VLF emissions by HF heating at the
invariant latitudes mapped inside the plasmasphere, which
thus can provide specific, instructive information for iono-
spheric heating experiments in the low-latitude region other
than in higher-latitude region (e.g., the HAARP location) as
of the potential contribution of artificial ELF/VLF whistler
waves for controlled precipitation of high-energy electrons
in near-Earth environment.

Aiming to establish a feasible connection between
ELF/VLF wave generation due to ground-based modulated
ionospheric modification and resonant wave–particle inter-
actions in space, this study is organized as follows. Section 2
presents our ray tracing results of ELF/VLF emissions by as-
suming that these waves at different single frequencies are al-
ready generated by modulated HF heating experiments at low
latitudes. The propagation properties of artificially triggered
ELF/VLF waves are intensively explored for a number of
initial launch latitudes where the heater nominally operates.
In Sect. 3, the resonance conditions between artificial mono-
tonic ELF/VLF waves and energetic electrons in the plasmas-
phere are investigated along the ray paths modeled in Sect. 2.
This can provide us with the exact information about the
energy of electrons in resonance with generated ELF/VLF
whistlers and its dependence on wave propagation location
and resonance harmonics. The results of test particle simula-
tions atL= 3 inside the plasmasphere are shown in Sect. 4.
The details of multiple electron energy and pitch-angle vari-
ation with time due to resonant interactions with waves are
presented to evaluate the average effect of wave-induced lo-
calized pitch-angle scattering and momentum diffusion. The
computed local diffusion coefficients based on test particle
simulations are also quantitatively compared with the quasi-
linear diffusion rates obtained using the UCLA Full Diffu-
sion Code (FDC) (Ni et al., 2008; Shprits and Ni, 2009). In
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Figure 1. Schematic showing the generation of ELF/VLF whistler
waves by modulated HF heating of the ionosphere and their subse-
quent propagation.

Sect. 5, we discuss our results and the limitation of this study
for future improvements. We summarize our conclusions in
Sect. 6.

2 Ray tracing simulations of ELF/VLF waves generated
by modulated HF heating of the ionosphere

As shown schematically in Fig. 1, when ELF/VLF waves
are generated as a result of periodic modulation of the iono-
spheric currents by HF heating (Ferraro et al., 1982; Barr
and Stubbe, 1991; Inan et al., 2004; Platino et al., 2006;
Piddyachiy et al., 2008), some waves propagate directly
upwards and others propagate within the Earth–ionosphere
waveguide and leak up progressively with each reflection off
the ionosphere (James et al., 1984; Inan et al., 2004; Bell et
al., 2004; Platino et al., 2006; Piddyachiy et al., 2008). Sub-
sequently, these leaked waves propagate outwards and en-
counter energetic electrons that can potentially undergo res-
onant wave–particle interactions. When the ELF/VLF waves
reach the higher ionosphere, at the altitudes≥ 120 km in this
study, the geometric optics theory is valid, and numerical ray
tracing simulations are a good technique to determine the ray
paths of the whistler-mode artificial waves. Actually, previ-
ous studies have performed ray tracing to simulate the prop-
agation path of artificial ELF/VLF signals generated by heat-
ing the ionosphere (James et al., 1984; Platino et al., 2006)
or by ground-based or satellite-based ELF/VLF transmitters
(Inan et al., 2003; Kulkarni et al., 2008), and magnetospher-
ically reflecting whistlers induced by lightning (Bortnik et
al., 2003, 2006a, b; Bortnik, 2005). The ray tracing program
used for the present computations is similar to that described
by Inan and Bell (1977) (including the geomagnetic filed and
electron density model). Their cold plasma diffusion equilib-
rium model is also used for calculation of reflective index in
the following sections of the present paper.

Figure 2. Ray paths of waves launched from two latitudes of 15◦

(black curves) and 25◦ (red curves), at four wave frequencies:
(a) 500 Hz,(b) 1 kHz, (c) 2 kHz, and(d) 4 kHz. The initial altitude
is 120 km andδ is 0◦ for all cases. Hereδ is the angle between the
wave-normal vector and the radial vector.

Here, we select waves at four frequencies, 0.5, 1, 2, and
4 kHz, which are within the general frequency band associ-
ated with the HF modulated heating facilities (e.g., Ferraro
et al., 1982; Barr and Stubbe, 1991; Platino et al., 2006;
Piddyachiy et al., 2008). We also perform the ray tracing
starting at two latitudes, 15◦ (black curves) and 25◦ (red
curves), focusing on ELF/VLF whistler wave triggering at
low latitudes (Ferraro et al., 1982). By doing so, we can in-
vestigate the dependence of wave propagation path on both
wave frequency and initial launch latitude. In addition, the
initial angle between the wave normal and the radial vector is
set as 0◦ for all ray tracing runs, due to the large value of the
refractive index for these whistler waves in the ionosphere,
compared to the free space (e.g., Bortnik et al., 2006a, b).

The simulation results are shown in Fig. 2. We can see that
the artificial ELF/VLF waves, once entering into the magne-
tosphere, bounce back and forth between the Southern and
Northern hemispheres, propagate outwards, and finally settle
down at certain higherL shell, which is consistent with the
results of Inan et al. (2003) and Bortnik (2005). Figure 2 also
shows that the frequency and initial launch latitude strongly
affects the details of ray path. Waves at low frequency or
launched at a higher latitude can propagate further outwards,
thus reaching higherL shells with a broader spatial coverage
(e.g., Bortnik et al., 2003). This feature is clearly illustrated
by the separation between the two sets of color-coded ray
paths.

The use of ray tracing is to theoretically confirm that
ELF/VLF waves, once triggered by modulated HF heating
of the ionosphere, can leak into the inner magnetosphere for
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potential resonant interactions with energetic electron. The
study of the dependence of the wave trajectory on the fre-
quency and launch latitude can provide specific, instructive
information for ionospheric heating experiments in the low-
latitude region as of the potential contribution of artificial
ELF/VLF whistler waves for controlled precipitation of high-
energy electrons in the near-Earth environment. Moreover,
ray tracing simulations help provide the detailed information
of wave properties including the wave-normal angle, which
can be very useful in the quantitative investigation on reso-
nant interactions between waves and electrons.

3 Resonance condition for interactions of artificially
triggered ELF/VLF waves with plasmaspheric
electrons

With the information of wave properties obtained by ray
tracing and background magnetic field and electron density
available, we can evaluate electron resonant energies and in-
vestigate whether a resonance can occur between a given
wave frequency and electron energy, following the relativis-
tic resonance condition

ω− k//v// =
N |�e|

γ
,N = 0,±1,±2, . . . , (1)

whereω is the wave frequency,k// = k cosψ is the wave
number component parallel to the ambient magnetic field
with k = µω/c as the total wave number andψ as the wave-
normal angle,v// = v cosα is the particle velocity compo-
nent parallel to ambient magnetic field withα as the pitch
angle,N is the resonance harmonic number,�e is the elec-
tron gyrofrequency, andγ is the Lorentz factor given by
γ = (1−β2)−1/2 with β = v/c. After a number of mathe-
matical manipulations, Eq. (6) can change into

ω−µωβ cosψ cosα =N |�e|

√
1−β2. (2)

As seen from Eq. (2), β can be resolved for any pair of
(α,N), once the wave frequency, the wave-normal angle, and
the ambient density and magnetic field are specified. Subse-
quently, we can obtain the energy of particles resonating with
the waves at given frequency byE = ((1−β2)−1/2

−1)mc2.
As an example, here we concentrate on the case of 1000 Hz

with the initial launch latitude of 15◦, shown as the black
curve in Fig. 2b, to explore the resonant condition for inter-
actions of triggered ELF/VLF waves with electrons in the
inner magnetosphere. The wave-normal angle obtained by
ray tracing is shown as black curve (labeled on the right)
in each panel of Fig. 3, showing a fluctuated variation be-
tween∼ 80◦ and 100◦ featured by multiple crossings of 90◦

associated with magnetospheric reflections. Along the ray
path (within 9 s), we compute the resonant energies of elec-
trons for a range of equatorial pitch angle from 1◦

∼ 89◦ with
these highly oblique waves. We also investigate four reso-
nance harmonics, i.e.,N = −1,0,1, and 2, which should be

Figure 3. Electron resonant energies for various pitch angles along
the ray path (within 1.5 s–9 s) of 1 kHz waves launched from a lati-
tude of 15◦ for four resonance harmonics:(a)N = 1, (b) N = −1,
(c) N = 2, and(d) N = 0. The curve of wave-normal angle along
the ray path is shown in black. Here,(a)–(c)are indicated by the top
color bar (102–105 keV) and(d) are indicated by the bottom color
bar (1–103 keV).

the dominant resonances for interactions with whistler-mode
waves (e.g., Shprits and Ni, 2009; Ni et al., 2013). Note that
|N |> 2 can also occur for resonances with very high-energy
electrons, while their contributions are relatively small com-
pared to the resonance harmonics considered in this study. In
addition, the cyclotron resonant energies (Fig. 3a, b and c)
are color-coded by the top color bar ranging from 102 keV
to 105 keV, while the Landau resonant energies (Fig. 3d) are
color-coded by the bottom color bar of 100–103 keV. It is
clear that resonant electron energies for the cyclotron reso-
nances are much higher than those for the Landau resonance.

As shown in Fig. 3, resonances between energetic
electrons at various equatorial pitch angles and artificial
ELF/VLF whistlers at 1 kHz have a number of interesting
features along the ray path. First, the resonance for a fixed
harmonic does not occur continuously along the ray path.
Specifically, resonances for harmonicsN = 1 and 2 occur
when wave-normal angle is above 90◦, and the other two res-
onance harmonics occur when the normal angle is below 90◦.
Note that we have assumed that the electrons move in one di-
rection with respect to the positivez axis. Second, resonant
electron energy increases sharply (up to 100 MeV) as the arti-
ficially triggered waves approach the magnetospheric reflec-
tion points, indicated by the approach of the wave-normal an-
gle to 90◦. The major reason is that high wave-normal angle
∼ 90◦ reducesk// substantially and consequently elevates the
resonant energy. In contrast, resonant energies are relatively
low (∼ 100 keV to∼ MeV) at the magnetic equator where the
wave-normal angle deviates considerably from 90◦. Third,
resonant electron energy shows a strong dependence on the
order of resonance harmonic. Resonant energy is highest for
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N = 2, always above MeV as shown by the Fig. 3c, and be-
comes lower forN = −1,1, and 0. Unlike the cyclotron res-
onances, the Landau resonance (N = 0) seems to occur only
for E <∼ 10 keV electrons along the major trajectory of ar-
tificial ELF/VLF waves, as shown in Fig. 3d, while for larger
pitch angle the resonance can occur at higher electron en-
ergies. Also note that, as the waves propagate outward, the
resonance energy becomes gradually smaller at the equator,
while the normal angle progressively approaches 90◦. An ex-
planation can be that during outward propagation to higher-L

shell, smaller ambient magnetic field and electron density in-
creases the refractive index and subsequently the value ofk//,
which lowers the resonant electron energies for all resonance
harmonics.

4 Test particle simulation results

To investigate in detail the effect of resonant interactions
between artificially generated ELF/VLF whistler waves and
energetic electrons in the plasmasphere, instead of adopt-
ing the quasi-linear theory that assumes a broadband and
incoherent wave field with small wave amplitude, we per-
form test particle simulations to evaluate the electron diffu-
sion driven by HF heating triggered waves at a single fre-
quency. This approach is different than the method of Inan
et al. (2003). Our study is also different from Kulkarni et
al. (2008) that modeled the potential electron precipitation
signatures produced by ground-based single-frequency (10–
40 kHz) VLF sources based on the methodology of Bort-
nik et al. (2006a, b). As an important complement, here we
perform comprehensive test particle simulations to acquire
the details of pitch angle and energy changes when reso-
nances occur between high-energy electrons and artificial
(<5 kHz) ELF/VLF whistlers and quantify corresponding
rates of pitch-angle scattering and energy diffusion. The ma-
jor focus is directed towards tracing the temporal variations
of electron pitch angle and kinetic energy under the impact
from localized artificial ELF/VLF waves atL= 3. Thus we
use a homogeneous background magnetic fieldB0 = B0ez

with B0 as the dipole field strength andez as unit vector. The
discussion of this simple assumption is deferred to Sect. 5.
Then electron trajectories are calculated by solving the gen-
eral, the fully relativistic Lorentz equation:

dx

dt
=

p

γm
, (3)

dp

dt
= q

[
Ew +

p

γm
× (Bw+B0)

]
, (4)

wherep is the electron momentum,m and q is the elec-
tron mass and charge, respectively. Note that the sign of the
charge is contained inq. The artificial ELF/VLF emissions
are whistler-mode waves, and the wave magnetic and elec-
tric fields with wave-normal vectork = k (sinψ,0,cosψ) are
given by

Figure 4. Electron resonant energies as a function of wave fre-
quency at the magnetic equator ofL= 3 for four resonance har-
monics when the electron pitch angle is fixed as 30◦. The red spots
mark the resonant energies for four specified wave frequencies (i.e.,
0.5, 1, 2, and 4 kHz.)

Bw = exB
w
x cos8− eyB

w
y sin8+ ezB

w
z cos8, (5)

Ew = −exE
w
x sin8− eyE

w
y cos8− ezE

w
z sin8, (6)

whereez is along the direction of background magnetic field,
andex andey are the unit vectors within the equatorial plane,
completing the right-hand coordinate system. Wave fieldBw

i

andEw
i can be calculate whenBw

y is given (Tao and Bortnik,
2010).8≡

∫
k ·dr −

∫
ωdt is the wave phase angle. Follow-

ing Tao et al. (2011), we use an ensemble of 200 electrons
with identical values of initial pitch angle and energy, but
having initial gyro-phases (the angle betweenν⊥ andex) dis-
tributed uniformly between 0 and 2π to investigate the en-
semble and the averaged effect of wave-induced resonance.
Considering the ray tracing results shown in Figs. 2 and 3,
we select the location ofL= 3 inside the plasmasphere and
the wave-normal angle as 100◦ for theN = 1, 2 resonances
and as 80◦ for N = −1, 0 resonances in the following calcu-
lations, which is different from Inan et al. (1984) that only
considered wave propagation along the magnetic field lines
and Inan et al. (2003) that set the wave-normal angle as 45◦.
In addition, according to the previous in situ observations of
HF heater-generated ELF/VLF whistler waves (Platino et al.,
2006; Piddyachiy et al., 2008),Bw

y is taken to be nominally
10 pT for all the following simulations.

With all these parameters available at the equator ofL= 3,
we compute the resonant electron energies as a function of
wave frequency (100 Hz–4 kHz) for the resonance harmonics
N = −1, 0, 1, and 2, the results of which are shown in Fig. 4
for fixed pitch angle of 30◦. The red spots mark the resonant
electron energies corresponding to four wave frequencies
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Figure 5. Results of resonant diffusion of an ensemble of electrons
having the same initial pitch angle 30◦ and different energies to
resonate with artificial waves at 1 kHz for four resonance harmon-
ics. Top: changes of pitch angle (left) and kinetic energy (right) of
15 randomly selected electrons for theN = 1 resonance. Bottom:
changes of1α2 (left) and1E2 (right) averaged over all 200 elec-
trons for four resonance harmonics,N = −1, 0, 1, and 2. Note that
initial electron energy varies with resonance harmonic to satisfy the
resonance condition and consequentlyTgyro also varies with reso-
nance harmonic.

(i.e., 500, 1000, 2000, and 4000 Hz), the ray paths of which
are illustrated in Fig. 2. It is apparent that resonant electron
energy decreases with increasing whistler wave frequency
for the cyclotron resonances (N = −1, 1, and 2) but increases
with wave frequency for the Landau resonance.

We first concentrate on the cases of waves at a fixed fre-
quency of 1000 Hz. Based on the Eqs. (3)–(6), we simulate
the trajectories of 200 electrons with the same initial pitch
angle (fixed as 30◦) and the same initial energy in each run.
The initial electron energy is selected to satisfy the resonance
condition 2) for interactions with 1 kHz whistler waves at
the equator ofL= 3. As shown in Fig. 4, the initial elec-
tron kinetic energy for test particle simulations is taken as
601.58 keV, 836.91 eV, 495.55 keV, and 1.3084 MeV for the
resonance harmonicN = −1, 0, 1, and 2, respectively. The
test particle simulation results are presented in Fig. 5. As an
example, the top panels show the temporal changes of pitch
angle and kinetic energy for 15 randomly selected test elec-
trons in the ambient magnetic field combined with the elec-
tric and magnetic field of artificial whistler waves at 1 kHz.
The initial electron energy is chosen as 495.55 keV to satisfy
the resonance condition forN = 1. When looking at the vari-
ations of pitch angle and kinetic energy separately, during the
simulation some electrons increase monotonically, some de-
crease monotonically, and some increase initially and then
decrease, indicating a stochastic process consistent with the

results of Tao et al. (2011). Specifically, within 1000 gyrope-
riods (∼ 0.062 s), change in electron pitch angle varies be-
tween±0.1◦ and change in electron kinetic energy varies be-
tween±0.03 keV. The change magnitudes (i.e.,1α = α−α0
and1E = E − E0) are also stochastic for the 200 test elec-
trons, resulting from random initial gyro-phases. The bottom
panels of Fig. 5 show the magnitudes of1α2 and1E2 av-
eraged over all 200 electrons, color coded for the four reso-
nance harmonicsN = −1, 0, 1, and 2. Note that to obtain the
optimal illustration of resonant wave–particle interactions,
while retaining the initial pitch angle at 30◦, initial electron
kinetic energies are different to satisfy the resonance condi-
tions for the four resonance harmonics, as given above. Since
the resonance can not last forever, we define the duration
from the beginning to the point where the diffusion effect
becomes negligibly weak as “resonance timescale”. Within
the period of resonance timescale,1α2 and1E2 due to
wave-induced resonance increases monotonically with time.
As shown in the plots,

〈
1α2

〉
or

〈
1E2

〉
(where〈. . .〉 denotes

averaging over all electrons) increases with time and demon-
strates a reasonably linear profile for the four resonance
harmonics. For resonant interactions with 1 kHz whistler-
mode waves around the magnetic equator ofL= 3, the res-
onance timescales are respectively 0.030 s for 601.58 keV
electrons at theN = −1 resonance, 0.063 s for 836.91 eV
electrons at the Landau resonance, 0.068 s for 495.55 keV
at theN = 1 resonance, and 0.034 s for 1.3084 MeV at the
N = 2 resonance. A more detailed discussion of the “reso-
nance timescale” is presented in Sect. 5.

Our results indicate an electron diffusion process result-
ing from resonant interactions with single-frequency whistler
waves triggered by HF ionospheric heating. It is neces-
sary and also straightforward to quantify the test particle
diffusion coefficients usingDTP

αα =
〈
1α2

〉
/21t andDTP

EE =〈
1E2

〉
/21t (e.g., Tao et al., 2011). Specifically, test par-

ticle diffusion coefficients are obtained by fitting in terms
of y = A+Bt to the temporal curves1α2 and 1E2

with DTP
αα(D

TP
EE)= B/2. The computed localized pitch-angle

diffusion coefficients (DTP
αα) are 3.17× 10−6 s−1, 5.20×

10−7 s−1, 6.67× 10−7 s−1, 2.03× 10−6 s−1, and localized
momentum diffusion rates (DTP

EE) are 2.08×10−9 s−1, 4.37×
10−12 s−1, 2.79×10−10 s−1, 3.46×10−9 s−1, for 601.58 keV
(N = −1), 836.91 eV (N = 0), 495.55 keV (N = 1), and
1.3084 MeV (N = 2), respectively. While the local diffusion
coefficients forN = −1 andN = 2 are larger, these compar-
isons are less meaningful since the resonant electron energies
for the four harmonics are quite different. The histograms
showing the number distribution of 200 test electrons with
respect to relative change in pitch angle and energy, that
is, 1α (left panels) and1E (right panels) are presented in
Fig. 6. On one hand, the 200 test electrons as a whole exhibit
stochastic behaviors in terms of random changes in electron
pitch angle and energy. On the other hand, the details of test
electron distribution are quite different with respect to each

Ann. Geophys., 32, 507–518, 2014 www.ann-geophys.net/32/507/2014/



S. S. Chang et al.: Resonant scattering of energetic electrons 513

−0.15 0 0.15
0

20

40

∆α (deg)

N
um

N=1

−0.08 0 0.08
0

20

40

60

∆E (kev)

−0.15 0 0.15
0

20

40

∆α (deg)

N
um

N=2

−0.08 0 0.08
0

20

40

∆E (kev)

−0.15 0 0.15
0

20

40

60

∆α (deg)

N
um

N=0

−0.01 0 0.01
0

20

40

60

∆E (kev)

−0.15 0 0.15
0

20

40

∆α (deg)

N
um

Pitch Angle

N=−1

−0.08 0 0.08
0

20

40

∆E (kev)

Energy

Figure 6. Corresponding to the bottom panels of Fig. 5, histograms
showing the number distribution of 200 test electrons with respect
to relative change in pitch angle and energy, that is,1α (left panels)
and1E (right panels), for the resonance harmonicsN = −1, 0, 1,
and 2.

resonance harmonic. ForN = −1 and 2, more test electrons
undergo large variations in pitch angle and energy during res-
onant interactions with artificially generated 1 kHz whistler
waves, consistent with the differences in local diffusion co-
efficients obtained based on test particle simulations.

In the calculations above, we have assumed a pitch an-
gle of 30◦ and performed the test particle simulation at the
equator. However, electron pitch angles can change in a wide
range when they move along the ambient magnetic field line,
and consequently the resonance can occur at any other lat-
itudes besides the equator as long as the energy and pitch
angle of the electron satisfy the resonant condition with
the present wave. Figure 7 shows the first-order resonant
wave frequencies as a function of latitude along the electron
bounce trajectory atL= 3, for 1 MeV electrons at the five
indicated equatorial pitch angles (i.e., 15◦, 30◦, 45◦, 60◦, and
75◦). Shown as color-coded curves, resonant frequencies in-
crease as the electron moves toward to higher latitudes. A
sharp positive gradient occurs near the magnetic mirror lat-
itudes – resulting from quickly increasing local pitch angle
and magnetic field strength with latitude. Comparisons be-
tween the five curves also indicate that electrons with smaller
equatorial pitch angles can resonate with waves in a broader
frequency band from a few hundred Hz to above 10 kHz, as
they can move to higher latitudes. In contrast, electrons with
larger equatorial pitch angle resonate with waves only in a
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Figure 7. First-order resonant wave frequencies as a function of
latitude along the bounce orbit of 1 MeV electron atL= 3, for the
five indicated equatorial pitch angle (i.e., 15◦, 30◦, 45◦, 60◦, 75◦).
Here, the vertical dotted line shows the resonant wave frequencies
for the five indicated equatorial pitch angle at the equator, while
the horizontal dashed line shows the resonant latitude for the five
indicated equatorial pitch angle when frequency is fixed as 1.5 kHz.

narrower frequency band. In addition, at a certain latitude,
electrons with larger equatorial pitch angles resonate with
higher-frequency whistler waves.

We now investigate the resonant interaction of artificial
ELF/VLF waves with relativistic electrons (1 MeV) at var-
ious pitch angles. Runs of test particle simulation are set up
in the same manner as for Fig. 5, but the frequency of gener-
ated whistler wave changes with initial pitch angle in order to
satisfy the resonance conditions with 1 MeV electrons when
we fix the resonant latitude at the equator (the resonant fre-
quencies are indicated by the vertical dotted line in Fig. 7),
or the resonant latitude changes with equatorial pitch angle
when we fix the wave frequency as 1.5 kHz (the resonant lat-
itudes are indicated by the horizontal dashed line in Fig. 7).
The simulation results are presented in Figs. 8–10.

Figure 8 shows the model temporal variations of elec-
tron pitch angle (first row) and kinetic energy (third row)
of 1 MeV electrons at the five initial pitch angles (i.e., 15◦,
30◦, 45◦, 60◦, and 75◦), resulting from the first order reso-
nance with artificial ELF/VLF waves at the equator ofL= 3.
Corresponding to the five initial pitch angles, the resonant
wave frequencies that are used as input into the test parti-
cle simulation codes are 388.35 Hz, 460.35 Hz, 627.55 Hz,
1029.1 Hz, and 2170.0 Hz. As in Fig. 5, we present the
wave-induced changes in pitch angle and energy of 15 ran-
domly selected electrons, which again represent a stochas-
tic profile in both domains. In principal, within 400 gyrope-
riods (∼ 0.037 s), changes in electron pitch angle and ki-
netic energy are largest for 1 MeV electrons with an initial
pitch angle of 15◦, between±0.5◦ and between±0.1 keV,
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Figure 8. Results of resonant diffusion of 1 MeV electrons having five initial pitch angles, from left to right, 15◦, 30◦, 45◦, 60◦, and 75◦, for
theN = 1 resonance: changes of pitch angle (first row) and kinetic energy (third row) of 15 randomly selected electrons, and1α2 (second
row) and1E2 (fourth row) averaged over all 200 electrons. The wave-normal angle is fixed as 100◦, but the wave frequencies vary with
initial electron pitch angle to satisfy theN = 1 resonance condition.

respectively. The temporal variations of
(
1α2,1E2

)
aver-

aged over all 200 test electrons are shown respectively in the
second and fourth rows. The resonant timescales are about
400 gyroperiods for all five cases, and they show clear dif-
fusion scattering in pitch angle and energy within the above
time duration. The changes in electron pitch angle and kinetic
energy, that is,

(
1α2,1E2

)
, are significantly initial pitch-

angle dependent. Qualitatively,1α2 and 1E2 are much
larger at pitch angles of 15◦ and 45◦ than the other pitch an-
gles.

To quantitatively evaluate the test particle diffusion rates
and investigate its pitch-angle dependence, we perform the
test particle simulation runs for a number of initial pitch an-
gles from 5◦ to 80◦ in steps of 5◦ at the equator. Correspond-
ingly, the wave frequency is carefully selected to initially
satisfy theN = 1 resonance condition with 1 MeV electrons.
The obtained profiles ofDTP

αα andDTP
pp (black curves) are pre-

sented in Fig. 9 as a function of initial pitch angle for 1 MeV
electrons. These test particle simulation results show that
(1) artificially generated single-frequency ELF/VLF waves
can drive efficient local pitch-angle scattering of MeV elec-
trons at a rate of∼ 10−4 s−1 at low-pitch angles near the

loss cone at the equator; (2) in contrast, momentum diffusion
by artificially generated single-frequency ELF/VLF waves is
minor, mainly due to the large ambient electron density in
the plasmasphere; and (3)DTP

αα roughly decreases with pitch
angle, whileDTP

pp tends to exhibit much smaller pitch-angle
dependence. The non-monotonic variations in the test parti-
cle diffusion rates may originate from the resonances with
artificial whistler waves at different frequencies, which may
change the values ofk// and then affect the wave–particle
interaction process.

In order to validate these test particle simulation results,
we use the UCLA Full Diffusion Code (FDC) (Ni et al.,
2008; Shprits and Ni, 2009) to compute the quasi-linear local
diffusion coefficients at the magnetic equator for quantitative
comparisons. The FDC outputs of local pitch-angle scatter-
ing rates and momentum diffusion coefficients are shown as
red curves in Fig. 9. Since the quasi-linear formulation deals
with broadband, continuous frequency spectrum, FDC re-
quires a Gaussian frequency spectrum and a Gaussian wave-
normal angle distribution as inputs. But the present test par-
ticle simulation approach focuses on monochromatic waves.
To make the comparisons as meaningful as possible, we set
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Figure 9.Comparisons of (top) pitch-angle diffusion rates and (bot-
tom) momentum diffusion rates obtained from test particle simu-
lations (blue curves) and quasi-linear formulation (red curve) for
1 Mev electrons at the equator. The wave-normal angle is fixed as
100◦, and the wave frequencies vary with initial electron pitch angle
to satisfy theN = 1 resonance condition at the equator.

up the wave spectrum with a half bandwidth of 0.1 Hz and
centered at the resonant wave frequency corresponding to
each considered pitch angle. The wave power is assumed to
be distributed over the wave-normal angles of 79.5◦ to 80.5◦

and peak at 80◦ (the fixed wave-normal angle adopted for the
test particle results in Fig. 9). For consistency, only the con-
tribution of theN = 1 resonance is considered in the FDC
evaluations. Despite certain difference in the absolute values,
the results of local diffusion rates obtained based on two dif-
ferent methods (i.e., test particle simulations and quasi-linear
formulation) agree well, showing identical trends of variation
with respect to initial pitch angle and similar magnitudes of
local scattering rates.

Figure 10 presents the profiles ofDTP
αα andDTP

pp (black
curves) as a function of initial equatorial pitch angle for
1 MeV electrons that resonate with a 1.5 kHz wave at differ-
ent latitudes. Note that the test particle simulations remain lo-
calized at the resonant latitudes and are performed in homo-
geneous background with the dipolar magnetic field strength
at the resonant latitude. The equatorial pitch angles are set
from 5◦ to 80◦ in steps of 5◦ but only those below 70◦ can
undergo resonances with 1.5 kHz whistler waves at the con-
sidered latitudes (as shown in Fig. 7). We also use the UCLA
FDC to compute the quasi-linear local diffusion coefficients
for each equatorial pitch angle at the corresponding resonant
latitude, which are shown as red curves to compare with our
test particle simulation results.

Similar to Fig. 9, the results in Fig. 10 show intense lo-
cal pitch-angle scattering and relatively weak momentum
diffusion, which further confirms that pitch-angle scattering
by artificially generated whistler-mode ELF/VLF waves can
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Figure 10. Same as Fig. 9, but the wave frequency is fixed as
1.5 kHz, and the resonant latitude vary with initial electron pitch
angle to satisfy theN = 1 resonance condition.

dominantly lead to the precipitation of high-energy electron
in the plasmasphere. Furthermore, our test particle simula-
tion results of local diffusion rates show good agreement
with quasi-linear diffusion coefficients, which, together with
Fig. 9, demonstrates the applicability of both methods to
quantify the resonant diffusion effect of artificial generated
ELF/VLF whistlers on high-energy plasmaspheric electrons.

5 Discussions

Since all test particle simulations in this study are performed
around a certain latitude (i.e., localized), the wave-normal
angle, the background magnetic field, and electron density
are assumed as constant in each run for the sake of sim-
plicity. As a matter of fact, bounce-averaging simulations
in the inhomogeneous magnetic field such as a dipole field
(Summers et al., 2007a, b; Tao et al., 2012) are more re-
alistic, in which electron bounce back and forth along the
magnetic field line and resonate with the single wave at cer-
tain latitudes. We caution that while our test particle sim-
ulation results (Figs. 9 and 10) show that artificially gen-
erated whistlers can induce efficient pitch-angle scattering
near the loss cone, it is insufficient to suggest similarly in-
tense electron-scattering loss when considering the bounce
motion of the electron in an inhomogeneous magnetic field.
The diffusion rates after bounce-averaging are expected to be
smaller than the local values (e.g., Summers et al., 2007b), as
single wave-induced resonance tends to occur at quite lim-
ited latitudes over the whole bounce period. Incorporating
realistic magnetic field model into our test particle code will
be the subject of our following studies to perform more ac-
curate and comprehensive investigations on the processes of
wave–particle resonant interactions and on the resonant dif-
fusion effect by artificially generated ELF/VLF whistlers.
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In the present study, we have introduced the term “reso-
nance timescale” as the time duration within which the res-
onant interactions between artificially generated monotonic
ELF/VLF waves and high-energy electrons can occur and
drive cumulative variations in electron pitch angle and ki-
netic energy. The definition of resonance timescale is simi-
lar to that of resonance time introduced by Helliwell (1967),
which was described as the time period when the electrons
are fully bunched. For realistic magnetic field the “resonance
timescale” is determined by the competition of wave field
and magnetic field inhomogeneity (e.g., Shklayr and Mat-
sumoto, 2009; Artemyev et al., 2013). Within the period of
a resonance timescale, the variations of pitch angle and ki-
netic energy (1α2 and1E2) due to localized resonance
are stochastic, which is consistent with the results of Tao et
al. (2011). Actually, this stochastic feature can be captured
by test particle simulations using either homogeneous or in-
homogeneous magnetic field. However, for the present study,
if the test particle simulation runs for enough time, the curves
of 1α2 and1E2 tend to show an oscillating profile in a
Hamiltonian manner for the time period far exceeding the
resonance timescale. We note that this periodicity of pitch
angle and energy variation is due to the homogeneity of the
chosen magnetic field. In addition, lack of nonlinear effects
is another disadvantage of the chosen homogeneous mag-
netic field. Since magnetic field inhomogeneity can account
for particle acceleration due to nonlinear interactions with
waves (Bell, 1984; Shklayr and Matsumoto, 2009; Artemyev
et al., 2012), our presented localized test particle simulations
do not include the nonlinear effects, which also need a care-
ful consideration by extending the model to inhomogeneous
background magnetic field in future studies.

Despite the above aspects for improvements, by a combi-
nation of ray tracing technique and test particle simulation,
this study is dedicated to calculation of the electron reso-
nant diffusion driven by monotonic artificial ELF/VLF waves
due to ionospheric modulation and shows intense localized
wave-induced resonant scattering of energetic electrons in
the plasmasphere. The results support the feasibility of ar-
tificial triggering of ELF/VLF whistler waves for removal
of high-energy electrons within the plasmasphere at low-L

shell. Moreover, our results show quantitatively good agree-
ment with quasi-linear diffusion coefficients, confirming the
applicability of both methods to evaluate the resonant diffu-
sion effect of artificial generated ELF/VLF whistlers.

6 Conclusions

In this study we have simulated the ray path of ELF/VLF
emissions in the inner magnetosphere by assuming that these
waves at different frequencies are already generated by mod-
ulated HF heating of the ionosphere. Following the relativis-
tic resonance condition, we have evaluated electron reso-
nant energies along the artificially triggered whistler waves.

Eventually, test particle simulations have been implemented
to investigate the effects of resonant-scattering high-energy
plasmaspheric electrons due to triggered ELF/VLF waves
at ∼ 500 Hz–4 kHz under various conditions. The wave-
induced rates of local pitch-angle scattering and momentum
diffusion are also quantified, which show good agreement
with the UCLA FDC quasi-linear diffusion coefficients. Our
major conclusions are summarized as follows:

1. The spatial extent ofL shell and magnetic latitude of
ELF/VLF waves due to modulated HF heating of the
ionosphere can be significantly controlled by generated
wave frequency and the magnetic latitude where they
are triggered initially. Ray tracing results also show that
artificially triggered whistler waves are highly oblique
in the magnetosphere. Along the ray path, artificially
triggered ELF/VLF waves can resonate with electrons
at energies from∼ 100 keV to∼ 10 MeV.

2. Changes in pitch angle and kinetic energy for a set of
test electrons due to resonant interactions with single-
frequency ELF/VLF waves are stochastic. Within the
period of resonance timescale, the averages of1α2 and
1E2 over all test electrons increase monotonically with
time, and demonstrate reasonably linear profile for both
cyclotron resonances and Landau resonance, the slopes
of which, however, show a strong dependence on reso-
nance harmonics.

3. Local pitch-angle scattering rates due to artificial,
monotonic ELF/VLF whistlers∼ 10 pT, obtained by
test particle simulations, tend to be large near the loss
cone, suggesting the feasibility of artificial triggering of
ELF/VLF whistler waves for removal of high-energy
plasmaspheric electrons. However, bounce-averaged
diffusion should be more realistic, which will be an im-
portant extension of this study. In contrast, momentum
diffusion of relativistic electrons is minor, mainly due to
high-cold plasma density of the plasmasphere.

4. Our test particle simulation results of diffusion rates
show good agreement with quasi-linear diffusion coef-
ficients, demonstrating the applicability of both meth-
ods to quantify the resonant diffusion effect of artificial
generated ELF/VLF whistlers on high-energy plasma-
spheric electrons, which should be true since the trig-
gered ELF/VLF emissions are generally weak and non-
linear effects are negligible.
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