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Abstract. The effect of the wind shear on the roll structures
of nonlinear internal gravity waves (IGWs) in the Earth’s at-
mosphere with the finite vertical temperature gradients is in-
vestigated. A closed system of equations is derived for the
nonlinear dynamics of the IGWs in the presence of temper-
ature gradients and sheared wind. The solution in the form
of rolls has been obtained. The new condition for the exis-
tence of such structures was found by taking into account the
roll spatial scale, the horizontal speed and wind shear param-
eters. We have shown that the roll structures can exist in a
dynamically unstable atmosphere.

Keywords. Electromagnetics (wave propagation)

1 Introduction

The energy transfer from the Earth’s lithosphere to the at-
mosphere and ionosphere is a fundamental problem of geo-
physics and applied research. Internal gravity waves (IGWs)
play an important role in such a process. For example, IGWs,
propagating upward from the Earth’s surface to the upper at-
mosphere and ionosphere, are able to carry a large amount
of energy and momentum. These waves are crucial in atmo-
sphere convection, generation of atmospheric turbulence and
may affect global circulation. IGWs and related nonlinear
structures are widely observed in the upper and lower lay-
ers of the atmosphere as well as in the lower ionosphere, (see
Fritts and Alexander, 2003; Swenson and Espy, 1995; Picard
et al., 1998; Lu et al., 2009; Mitchell and Howells, 1998;
Šindelá̌rová et al., 2009, for details).

The properties of IGWs strongly depend on the vertical
temperature gradient. IGWs and atmosphere are convectively
unstable when the square of the Brunt–Väisälä (buoyancy)
frequency

ω2
g = g

(
γ − 1

γH
+

1

T0

dT0

dz

)
(1)

is negative. Hereg is the gravitational acceleration,γ the
ratio of specific heats,H the reduced height of the atmo-
sphere, andT0 the temperature. From Eq. (1), it follows that
atmosphere layers with negative super-adiabatic temperature
gradient, i.e.,∣∣∣∣ 1

T0

dT0

dz

∣∣∣∣> γ − 1

γH
,

are convectively unstable. In the presence of sheared winds,
the development of the dynamic (Kelvin–Helmholtz) insta-
bility generally occurs when the Richardson number

Ri =
ω2
g

U ′2
(2)

is smaller than some critical value, which depends on the
velocity profile of the wind. HereU is the wind velocity
andU ′

= dU/dz is the wind shear. The necessary condition
for the dynamic instability of steady, plane-parallel flow is
Ri < 0.25 (Dutton, 1986). The atmosphere parameters, and
instability excitation, depend on season and altitude. Obser-
vations of the mesopause region (i.e., 80–105 km) show that
the probability of convective and dynamic instability ranges
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from 1 to 2 and from 3 to 10 percent, respectively (Sherman
and Che, 2006; Zhao, 2003). The amplitude of IGWs propa-
gating upward throughout the various regions of the Earth’s
atmosphere and ionosphere grow with height and become
unstable due to parametric instability as a result of resonant
wave–wave interaction. Such parametric generation of large-
scale zonal structures by high-frequency finite-amplitude
IGWs has been investigated recently byHorton et al.(2008)
andOnishchenko and Pokhotelov(2012). The existence of
the nonlinear IGWs in the form of two-dimensional small-
scale vortices (i.e., roll-type structures) has been reported by
Kaladze and Tsamalashvili(1997) and Stenflo and Shukla
(2009). Recently,Onishchenko et al.(2013) have shown that
the finite temperature gradient can substantially modify the
condition for the existence of vortex-type structures obtained
in previous works.

Of particular interest in the studies of IGWs is to inves-
tigate the influence of the wind shear on the nonlinear dy-
namics of high-frequency IGWs, which have the intrinsic fre-
quencyω in the range|ωg|> |ω| � |f |. Here,f = 2�sinφ
is the Coriolis parameter,� the Earth rotation rate, andφ the
latitude. In the present paper, we investigate the nonlinear
structures associated with these waves.

The paper is organized as follows. In Sect. 2, we derive
the reduced set of nonlinear hydrodynamic equations that de-
scribe the behavior of IGWs and illustrate the effect of shear
wind in such an atmosphere. In Sect. 3, we investigate the
solution of these equations in the form of convective cells.
Our conclusions are found in Sect. 4.

2 Reduced hydrodynamic equations

The nonlinear dynamics of high-frequency IGWs will be
studied in the local Cartesian coordinate system(x,y,z),
where thez axis coincides with the vertical direction. The
equation of momentum conservation and the transport equa-
tion for potential temperature read as follows:

ρ
du

dt
= −∇p+ ρg, (3)

d2

dt
= 0, (4)

where

2= p1/γ /ρ

is the potential temperature,ρ the density,p the atmosphere
pressure,u the fluid velocity, d/dt = ∂/∂t+u · ∇ the advec-
tive (Euler) time derivative,g = −gẑ the gravitational accel-
eration vector, and̂z the unit vector along thez axis. The
system of Eqs. (3) and (4) describes inviscid fluid motions.

The dynamics of IGWs in the presence of windU(z) will
be studied in the(x,z) plane (i.e., in two-dimensional ge-
ometry). The flow velocity can be represented in the form
u = (u+U(z),0,w), whereu= −∂ψ/∂z, w = ∂ψ/∂x and

ψ(t,x,z) is the stream function. The pressurep, density
ρ and potential temperature2 are represented in the fol-
lowing form: p = p0(z)+ p̃(t,x,z), ρ = ρ0(z)+ ρ̃(t,x,z),
2=20(z)+ 2̃(t,x,z), wherep0(z), ρ0(z) and20(z) are
the equilibrium pressure, density and potential temperature,
while p̃(t,x,z), ρ̃(t,x,z) and 2̃(t,x,z) are corresponding
perturbations.

From the momentum conservation in Eq. (3), we arrive at
the following equation:

d

dτ

(
∇

2ψ +
dlnρ0

dz

∂ψ

∂z

)
−

(
U ′′

+
dlnρ0

dz
U ′

)
∂ψ

∂x

+J (ψ,∇2ψ)= −
∂χ

∂x
+

1

ρ2
0

J (ρ̃, p̃), (5)

where d/dτ = ∂/∂t +U · ∂/∂x, ∇
2
= ∂2/∂x2

+ ∂2/∂z2,
U ′

= dU/dz, U ′′
= d2U/dz2, J (a,b)= (∂a/∂x)∂b/∂z−

(∂a/∂z)∂b/∂x is the Jacobian andχ = gρ̃/ρ0. From the
transport equation for potential temperature in Eq. (4), one
can obtain

dχ

dτ
−ω2

g

∂ψ

∂x
+ J (ψ,χ)= 0. (6)

In the hydrostatic approximation, the equilibrium pres-
sure decreases exponentially with height:p0(z− z0)=

p0(z0)exp[−(z− z0)/H ], wherep0(z0) is the pressure at a
reference levelz0, H = c2

s/γg is the reduced height of the
atmosphere andcs = (γp0/ρ0)

1/2 is the sound speed. Let us
assume that the equilibrium temperatureT0 and densityρ0
depend on altitude asT0(z−z0)= T0(z0)exp[−(z−z0)/LT ]

andρ0(z− z0)= ρ0(z0)exp
[
−(z− z0)/Lρ

]
, whereLT and

Lρ are the temperature and density scales. The relation be-
tweenLT andLρ (i.e., 1/Lρ = 1/H − 1/LT ) can be eas-
ily obtained from the equation of state for an ideal gas,
p(ρT )−1

= const. Next, let us find the solutions of Eqs. (5)
and (6) in the following form:

ψ = ψ̂(t,x,z)exp

(
z− z0

2Lρ

)
, (7)

and

χ = χ̂(t,x,z)exp

(
z− z0

2Lρ

)
. (8)

After substituting the Eqs. (7) and (8) into Eqs. (5) and (6),
the equations for̂ψ(t,x,z) andχ̂(t,x,z) become

d

dτ

(
∇

2ψ̂ −
1

4L2
%

ψ̂

)
−

(
U ′′

−
U ′

Lρ

)
∂ψ̂

∂x

+ J (ψ̂,∇2ψ̂)= −
∂χ̂

∂x
, (9)

and

dχ̂

dτ
−ω2

g

∂ψ̂

∂x
+ J (ψ̂, χ̂)= 0. (10)
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Equations (9) and (10) constitute the full set of reduced
equations that describe the nonlinear dynamics of IGWs with
spatial scales smaller than 2Lρ in the atmosphere with finite
wind shear. In the limit of negligible wind effects and temper-
ature gradients, Eqs. (9) and (10) coincide with those derived
previously byKaladze and Tsamalashvili(1997) andStenflo
and Shukla(2009). This set of equations also conserves the
wave energy integral,∂E/∂t = 0 where

E =

∫
ρ0

[
(∇ψ)2 +

ψ2

4L2
ρ

+
χ2

ω2
g

]
dxdz. (11)

The system of Eqs. (9) and (10) can be reduced to the fol-
lowing equation:

d2

dτ2

(
∇

2ψ̂ −
1

4L2
%

ψ̂

)
−

(
U ′′

−
U ′

L%

)
d

dτ

∂ψ̂

∂x
+ω2

g

∂2ψ̂

∂x2

+
d

dτ
J (ψ̂,∇2ψ̂)−

∂

∂x
J (ψ̂, χ̂)= 0. (12)

For perturbations in the form̂ψ =9(z)exp(−iωt+ ikxx)
and for |U ′′

| � U ′/L% Eq. (12) becomes the Taylor–
Goldstein (TG) equation (e.g.,Dunkerton, 1997):

9 ′′
+

(
U ′′

U − c
+

ω2
g

(U − c)2
− k2

x

)
9 = 0, (13)

where9 ′′
= d29/dz2 andc = ω/kx is the horizontal phase

wave velocity. The role of the vertical wind shear on IGW
absorption, reflection, refraction and entrapment at model
boundary conditions in the atmosphere layer, described
by the TG equation, has been investigated previously by
Dunkerton(1997) and Yuan and Fritts(1989). In the neu-
trally stratified atmosphere, when the square of the Brunt–
Väisälä frequencyω2

g = 0, the TG equation reduces to the
Orr–Sommerfeld (or Rayleigh) equation (e.g.,Onishchenko
et al., 2008) describing Kelvin–Helmholtz instability. By
assuming the atmospheric perturbations in the formψ̂ =

ψ̂k exp(−iωt+ikxx+ikzz), the Fourier transform of Eq. (12)
gives the dispersion relation(
k2

+
1

4L2
ρ

)
ω̂2

+ kx

(
U ′′

−
U ′

Lρ

)
ω̂ = k2

xω
2
g, (14)

whereω̂ = ω− kxU is the wave frequency in the reference
frame moving with the wind andk2

= k2
x + k2

z , andk(x,z) are
the(x,z) components of the wave vectork.

In the shortwave limit approximationk2L2
ρ � 1 and by as-

suming thatU ′′
= U/L2

U , whereLU is the characteristic spa-
tial scale of the wind shear from Eq. (14), one can obtain the
condition for instability of IGWs:

H

LT
>
γ − 1

γ
+
γ

4

U2

c2
s

H 4

L4
U

1

k2
zH

2
. (15)

Note that this condition has been obtained by presum-
ing thatLU � Lρ (i.e., the characteristic spatial scale of the
wind shear is much smaller than density scales). The inequal-
ity in Eq. (15) is the condition of stability of IGW in the
Earth’s atmosphere with the shear wind. From Eq. (15) it fol-
lows that in such an atmosphere the threshold of instability
of IGW wave increases, due to the presence of the second
term on the right-hand side.

3 Convective cells

In this section we derive the stationary solutions of the non-
linear Eqs. (9) and (10) in the reference frame moving, with
the velocityv along thex direction. Let us introduce the new
variableη = x− vt . By substitutingη into Eqs. (9) and (10),
Eq. (9) becomes

(U − v)
∂

∂η

(
∇

2ψ̂ −
1

4L2
%

ψ̂

)
+

(
U ′′

−
U ′

Lρ

)
∂ψ̂

∂η

+J (ψ̂,∇2ψ̂)+
∂χ̂

∂η
= 0. (16)

Making use of the respective particular solution of
Eq. (10),

χ̂ =
ω2
g

U − v
ψ̂, (17)

from Eq. (16) we obtain

(U − v)2
∂

∂η

(
∇

2ψ̂ −
1

4L2
%

ψ̂

)
+ (U − v)

(
U ′′

−
U ′

Lρ

)
∂ψ̂

∂η

+(U − v)J (ψ̂,∇2ψ̂)+ω2
g

∂ψ̂

∂η
= 0. (18)

By introducing the differential operatorJ1[a,b] =

(∂a/∂η)∂b/∂z− (∂a/∂z)∂b/∂η, the Eq. (18) can be written
in the following form:

J1[∇
2ψ̂ −3ψ̂,ψ̂ + (U − v)z] = 0, (19)

where

3=
1

4L2
%

−
1

U − v

(
U ′′

−
U ′

Lρ

)
−

ω2
g

(U − v)2
. (20)

Here we consider thatU − v = const and3= const.
In case, when wind velocity and wind shear are assumed

to be zero (i.e.,U ,U
′

,U
′′

→ 0), Eqs. (19) and (20) reduce to
those obtained byKaladze and Tsamalashvili(1997), Sten-
flo and Shukla(2009), andOnishchenko et al.(2013). An
equation similar to Eq. (19) has been studied analytically and
numerically previously (e.g.,Onishchenko et al., 2008). The
authors of this paper have shown that this equation yields
a solution in the form of quasi-periodical, in the horizontal
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Fig. 1. The roll normalized velocity (v−U)/cS as a function of the dimensionless parameters H/L, H/LT , normalized wind velocity
U/cS and the characteristic spatial scale of the wind shear H/LU .
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plain, vortex streets (the so-called “cat’s eyes”) and dipole
vortices.

We are interested in the solution of Eq. (19) in the form
of the vortex structures (convective cells) such as dipole vor-
tices or vortex streets with incompressible flow,∇ · v = 0,
and finite vorticity,(∇×v)y = −∇

2ψ+U ′. Vortex structures,
elongated along the axisy, have the form of rolls. In the outer
region of the rolls, we have

∇
2ψ̂ −3ψ̂ = 0. (21)

The solution of Eq. (21) is localized in space if3> 0. For
numerical estimates we approximate the second derivative in
the formU ′′

= U ′/LU , whereLU � Lρ . Next, from Eq. (21)
one obtains the equation for the roll velocityv, i.e.,

[
1−

1

4

(
L

Lρ

)2
]
(U−v)2+

L2U ′

LU
(U−v)+L2ω2

g = 0. (22)

Note that Eq. (22) includes the characteristic spatial scale
of the roll L=3−1/2 and atmosphere parametersH , LT ,
the Brunt–Väisälä frequencyωg, wind velocityU and wind
shearU ′. From Eq. (22) it follows that, in the stably stratified
atmosphere without sheared wind, the characteristic scale of
the rolls should beL < 2Lρ . In the shallow atmosphere with

sheared wind, the vortex structures exist if

Ri <
1

4

L2

L2
U

(
1−

1

4

L2

L2
ρ

)−1

(23)

is satisfied, and therefore the roll structures can originate
only in a dynamically unstable atmosphere. The inequality
(Eq.23) can be represented as

H

LT
>
γ − 1

γ
−
γ

4

U2

c2
s

H 4

L4
U

L2

H 2
. (24)

Comparison of Eqs. (15) and (24) shows that these in-
equalities coincide with the substitutionk2

z = −1/L2. One
can see from the condition in Eq. (24) that, by neglecting
the shear wind (i.e., ifU = 0 andLU → ∞) in the convec-
tively unstable atmosphere, the roll structure may exist if
ω2
g < 0 for super-adiabatic temperature profile, i.e.,H/LT >

(γ − 1)/γ (seeOnishchenko et al., 2013).
The estimations of characteristic vertical temperature and

wind profiles in the nocturnal mesopause region (80–105 km)
have been obtained during long-term lidar observations (e.g.,
Sherman and Che, 2006; Zhao, 2003). The authors have
found that temperature profile possesses near-adiabatic lapse
rate,H/LT > (γ − 1)/γ , in this region. The mesosphere at
altitudes 80–82 km was convectively unstable,Ri < 0. In
the layer at altitudes 90–93 km, maximum winds and wind
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shears were observed for all seasons except summer. The
winter wind shears were larger than those observed in other
seasons; 35 % of the winter profiles at this altitude contained
wind shears exceeding 40 m s−1 per kilometer. Such large
shears, when coupled with the sufficient negative tempera-
ture gradient at this height, often push the local atmosphere
into dynamic instability,Ri < 1/4.

The solutions of Eq. (18), for two different cases – with
and without presence of the wind shear – are plotted in Fig. 1.
The normalized minimal roll velocityv/cs as a function of
H/LT in the atmosphere without wind shear forH/L= 3,
4 and 5 is shown in Fig. 1a. For calculation, the ratio of
specific heats has been chosen to beγ = 1.4. Figure 1b, c
and d show that the dependences of the minimum absolute
value of the relative velocity of rolls for the values of the
atmospheric parameters are close to those observed bySher-
man and Che(2006) andZhao(2003), and the wind shear
can significantly change the condition of the existence of the
roll structures. Also, from inequality (Eq.24), it follows that
the roll structures can exist in the convectively stable atmo-
sphere with a sub-adiabatic temperature profile. The verti-
cal dashed triple-dotted line (see Fig. 1.) corresponds to the
equality,H/LT = (γ −1)/γ , and separates the convectively
stable atmosphere region with positive Richardson numbers
(left side) from the convectively unstable atmosphere with
negative Richardson numbers (right of the line). From this
figure it is seen that, in the convectively stable atmosphere
with sheared winds, the roll velocity in the wind reference
frame is negative while in the convectively unstable atmo-
sphere it is positive (the direction of roll speed coincides with
the direction of wind). In the convectively unstable atmo-
sphere, the roll velocity weakly depends on the spatial scale
of the rolls and on the parameterH/LT .

4 Conclusions

The present theory generalizes the recent study ofOn-
ishchenko et al.(2013), in which the roll-type vortex struc-
tures have been studied without taking into account the shear
winds in the atmosphere with vertical temperature gradients.
Onishchenko et al.(2013) have shown that vortices of IGWs
with spatial scaleL smaller than the reduced heightH can
originate only in a convectively unstable atmosphere. In this
paper we have demonstrated that the wind shear is important
for the formation of the roll structure. Also, we have shown
that the obtained set of nonlinear equations in the quasi-
stationary case can be reduced to the equation that yields
a vortex solution. The relation that connects roll parameters
(spatial scaleL and horizontal speedv) with atmosphere and
shear wind parameters has been derived. We have found that
roll-type vortex structures of the IGWs can exist in the dy-
namically unstable atmosphere.
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