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Abstract. A linear approach to the phenomenon of irregular
amplitude modulation of beam-driven Langmuir waves, de-
veloped in a previous paper, is extended to explain periodic
modulation as well. It comes about by beating of the fastest
growing mode of the instability with beam-aligned plasma
oscillations. They are naturally generated in a uniform do-
main of beam–plasma interaction prior to the onset of the
instability. Particle-in-cell (PIC) simulations support the re-
sults of the linear analysis.

Keywords. Space plasma physics (Waves and instabilities)

1 Introduction

Amplitude-modulated electron-beam-driven Langmuir
waves have been observed by many spacecraft under differ-
ent space plasma conditions during the last three decades
(Gurnett et al., 1993; Hospodarsky et al., 1994; Kellog et al.,
1996; Kojima et al., 1997; Pottelette et al., 1999; Sigsbee
et al., 2010). The observed Langmuir envelopes show a
considerable variety. Most of them are highly structured
and have an irregular, random time variation with wave
localizations of temporal scales ranging from 100ω−1

pe to

1000ω−1
pe (ωpe electron plasma frequency). Occasionally,

however, the modulation appears coherently and the wave
packets repeat their shape almost periodically in time.
During such intervals the power spectrum of the longitudinal
electric field exhibits a twin peak structure nearωpe.

The irregular Langmuir envelope modulation has been
clearly reproduced in a series of particle-in-cell (PIC) sim-
ulations of electron-beam–plasma interaction (Omura et al.,
1996; Muschietti et al., 1996; Matsukiyo et al., 2004; Usui et
al., 2005) and in electrostatic Vlasov simulations (Umeda,
2006; Silin et al., 2007; Daldorff et al., 2011; Sauer and

Sydora, 2012), but the simulations do not reveal the physi-
cal nature of the phenomenon. Coherent modulation and the
associated double peak have as yet not been explained, nei-
ther theoretically nor in terms of numerical simulations.

In a previous paper (Baumgärtel, 2013, hereafter referred
to as B1), a simple linear model of the gentle beam–plasma
instability has been developed that turned out to be capable of
explaining primary characteristics of the irregular type of the
modulation. The model, however, fails in describing coherent
modulation.

The present brief report is motivated by the aspect to re-
move this limitation and to complete the linear model to be-
come applicable to the periodic Langmuir envelope modula-
tion as well.

In Sect. 2 the beam–plasma system is examined in terms of
a simple fluid description, and a linear mechanism is pointed
out, which may be responsible for the change from chaotic to
periodic modulation. In Sect. 3 this mechanism is combined
with the field calculation in B1, and its effect on the modula-
tion is demonstrated. Section 4 presents PIC simulations that
provide the chance to check the linear model.

2 Beam-aligned plasma oscillations

We start with a look at the initial phase of the weak beam–
plasma instability from a fluid point of view. Consider a situ-
ation where a uniform electron background at rest of density
ne is penetrated by a thin electron beam of densitynb and
velocity Vb. In absence of spatial gradients (i.e.,ne andnb
constant), the dynamics of the two separate electron continua
is described by the simple system
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dve

dt
= −

e

me
E (1)

dvb

dt
= −

e

me
E (2)

dE

dt
=

e

ε0
(neve+ nbvb). (3)

After eliminatingve andvb, this system shrinks to the equa-
tion

d2E

dt2
− ω2

pe E = 0 (4)

for plasma oscillations whereωpe is built from the total elec-
tron densityn0 = ne+nb. This does not imply, however, that
all electrons need to oscillate coherently. If we impose the
initial conditionE(0) = 0,ve(0) = 0,vb(0) = Vb, we find af-
ter some algebra the solution

E(t) = −
me

e

nb

n0
Vb ωpe sinωpet (5)

ve(t) = −
nb

n0
Vb (cosωpet − 1) (6)

vb(t) = Vb + ve(t). (7)

That is, the system oscillates with the plasma frequency
around the initial state with an amplitude controlled by the
product of beam density and beam velocity. This solution
suggests that an electron beam, present in a uniform plasma,
is associated with plasma oscillations of amplitude

E0 =
me

e
ωpevthe

nb

n0

Vb

vthe
. (8)

The spatially uniform field of this beam-aligned plasma os-
cillations was pointed to by Omura et al. (1996). These au-
thors, however, considered it as unrealistic solution of the
system without physical meaning and cancelled it from their
analysis.

The electric field in Eq. (8) is expressed in units of
me/e vtheωpe. To get a value in V m−1, we refer to a plasma
with n0 = 4 cm−3, Te = 10 eV, which givesme/e vtheωpe ≈

1.8 V m−1. Combined with the beam parameters used in
B1 (nb/n0 = 0.05, Vb/vthe = 7), we getE0 ≈ 630 mV m−1.
Note that the oscillation occurs before the beam–plasma in-
stability sets in. Because of its fluid character, this phe-
nomenon is not restricted to the initial phase but persists even
in the later period of the instability after saturation when the
beam has entered the plateau stage. Both density and bulk
velocity of the beam are not affected by the flattening of the
beam velocity distribution; i.e., the condition for the oscil-
lation is maintained for a longer time. As a consequence,
the plasma oscillation (k = 0, ω = ωpe) may interfere with
waves excited by the instability. According to kinetic dis-
persion theory, the frequency of the wave with the greatest
temporal growth is generally slightly downshifted fromωpe.

This downshift varies relatively weakly with the beam ve-
locity but is sensitive to variation of the beam density. For
beam densities lower thannb/n0 = 0.01, there is practically
no downshift. In cases where the frequency of the dominat-
ing mode is separated fromωpe and its saturated amplitude
is comparable to the field strength of the plasma oscillations,
one may expect a beating scenario of two waves with a small
difference in frequency. The beating process results in a peri-
odic time variation of the field envelope at a certain location
associated with a double peak in the power spectrum. To es-
tablish such a scheme, a relatively dense beam is required
to be involved. With decreasing beam density the two peaks
tend to merge.

It should be mentioned that the field strengthE0 in Eq. (8)
results from an idealized one-dimensional situation of spa-
tially uniform ensembles of background and beam electrons.
In a real space plasma, embedded in a magnetic field, such
a condition would only be approximately realized. That is,
the field strength in Eq. (8) should rather be considered as an
upper limit of what may be reached.

3 An example for the appearance of a double peak

The formalism developed in B1 can easily be extended to
include the plasma oscillations. One needs only to add the
corresponding field to the right-hand side of Eq. (5) in B1,
which then reads

E(x, t) =
1

2π

∞∫
−∞

E(k)exp[−iω(k)t + ikx] dk (9)

+ E0 exp[i(ωpet + ϕ)]

with ϕ an arbitrary phase. The spectral functionE(k) was
defined in Eq. (4) of B1 as

E(k) =

[ Er(k) exp[γ (k) tg] for γ (k) > 0

Er(k) elsewhere.
(10)

Here,γ (k) is the growth rate of the instability predicted by
the dispersion relation (see Fig. 1 of B1),tg the growth time,
andEr(k) the wavenumber spectrum of the thermal longi-
tudinal high-frequency noise.ω(k) is the dispersion law for
the Maxwell-plateau distribution shown in Fig. 2 of B1. The
integration interval in Eq. (9) naturally shrinks to positivek,
because the beam amplifies only Langmuir waves propagat-
ing in its own flow direction.

Since the additional field is uniform, the spatial structure
of E(x, t) is not affected, except that the average at a fixed
time is given by the momentary value ofE0exp[i(ωpet +ϕ)]

rather than zero. The effect of the beam-aligned plasma os-
cillation on the temporal modulation pattern is illustrated in
Fig. 1. A higher beam velocity (Vb/vthe = 15) has been used
here, which creates a stronger amplitudeE0 = 1.3 V m−1 of
the plasma oscillations. This field strength is comparable to
the peak values of the field represented by thek-integral. As
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Fig. 1. Influence of beam-aligned plasma oscillations on the Lang-
muir wave modulation. Temporal representation of the amplitude-
modulated field at a fixed positionx/λD = 1000 (top) and related
power spectrum (bottom); box length 3000λD. Beam velocityVb =

15vthe, beam densitynb = 0.05n0, amplitude of the plasma oscilla-
tion E0 = 1.3 V m−1. Note the well-developed twin peak with sig-
nals atωpe and a value slightly above the frequency of the fastest
growing beam-driven mode.

Fig. 2.The same as Fig. 1 but in absence of plasma oscillations. The
double peak has disappeared, and the modulation enters an irregular
type.

expected, the interference of the plasma oscillations with the
instability-generated Langmuir waves results in a more co-
herent modulation in time representation. The waveform ex-
hibits the beat-type pattern of two modes slightly differing in
frequency, indicated by the double peak in the power spec-
trum.

Although an almost periodic amplitude modulation is
clearly reproduced, the separation of the two peaks is smaller
than what should be expected. For the parameters used here
(nb/n0 = 0.05, Vb/vthe = 15), the frequency of the fastest
growing mode isω/ωpe ≈ 0.89; i.e., the left peak should be
downshifted fromωpe by 1ω ≈ 0.11ωpe. The splitting of the

Fig. 3.Time evolution of the electron velocity distribution function,
averaged over the simulation box, in a PIC simulation carried out
with parameters listed in Table 1.

Table 1.PIC simulation parameters.

Beam density nb = 0.05no
Beam velocity Vb = 15vthe
Beam temperature vthb = vthe
Simulation box length 3000λD
Total number of electrons 1 507 902
Time step 0.025ω−1

pe

Final time 1000ω−1
pe

Number of grid points 1024

two peaks in Fig. 1, however, reaches only about half of that
value. Thus, in this respect the linear model does not agree
with kinetic dispersion theory as well as one might hope.

For comparison, Fig. 2 displays the temporal modulation
in the artificial case that plasma oscillations are absent, for
otherwise the same parameters. The almost periodic struc-
ture has disappeared and is replaced by irregular modulation.
Similar results for a lower beam velocityVb/vthe = 7 have
been shown in Fig. 5 of B1.

4 PIC simulations

In this section PIC simulations of the gentle beam–plasma
instability are presented for the same beam parameters as
used in Fig. 1. The motivation is to test the results of the lin-
ear theory by a nonlinear treatment. The simulation param-
eters are listed in Table 1, based on the natural normalizing

www.ann-geophys.net/31/633/2013/ Ann. Geophys., 31, 633–638, 2013
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Fig. 4.Temporal representation of Langmuir amplitude modulation
as result of a PIC simulation. Beat-type waveform at the position
x/λD = 1000 (top) and corresponding power spectrum (bottom).
The twin peak results from the beating of the fastest growing beam-
driven Langmuir mode and plasma oscillations. The latter are seen
starting att = 0. The minor peak nearω/ωpe≈ 1.7 indicates the
second harmonic of the dominant wave. The minor peak nearω = 0
results from nonlinear interaction of the dominant wave with plasma
oscillations.

quantitiesn0, ωpe, λD, andvthe. The code does not distin-
guish between background and beam electrons, and periodic
boundary conditions are imposed. The electric field for ac-
celeration of the electrons has been calculated with the help
of an implicit momentum method (Langdon, 1985) based on
the current Eq. (2). It keeps a tolerable degree of energy con-
servation. Figure 3 illustrates the evolution of the electron
velocity distribution function showing shapes at the start and
for two later times. As well known for the gentle beam insta-
bility, the beam distribution is rapidly flattened and does not
undergo further deformation with growing time. The tempo-
ral amplitude modulation is illustrated in Fig. 4. It displays
the field variation with time at the positionx/λD = 1000 and
the associated power spectrum. The field is here in units
of me/e vtheωpe. In the reference plasma it corresponds to
≈ 1.8 V m−1; i.e., the field is on average two times stronger
than predicted by linear theory (Fig. 1). The time variation of
the longitudinal field exhibits clearly the structure of a reg-
ular string of wave packets. The scenario shown in Fig. 4
is consistent with the beating of plasma oscillations and the
dominant mode of the instability, the frequency of which is
indicated by the left peak in the power spectrum. It exhibits
a downshift of4ω ≈ 0.13 ωpe in better agreement with ki-
netic dispersion theory. Note the plasma oscillation released
by the finite initial current, seen at the very beginning of the
field evolution, prior to the onset of the instability.

The second run has more the character of a numerical
experiment and starts from an artificial current-free state.
This is achieved by a slight drift of the background electrons

Fig. 5.The same as Fig. 4, but with a current-free state at the begin-
ning of the simulation, arranged by a small drift of the background
electrons in negative direction. The modulation renders chaotic by
the absence of the initial current.

Fig. 6. Comparison between spatial power spectra of beam-
generated Langmuir waves in the linear model (top) and in the PIC
simulation (bottom). Both spectra peak nearkλD ≈ 0.075, the wave
number of the fastest growing mode.

against the beam direction such thatneve(0)+nbVb = 0. The
results are displayed in Fig. 5. In comparison to Fig. 2 the
coherent modulation has disappeared and the variation of the
field envelope comes about only by the superposition of the
broad range of unstable waves excited by the instability, as
described in B1. The resulting modulation pattern enters an
irregular structure.

Although the focus in our analysis is on temporal mod-
ulation, we compare in Fig. 6 the power spectrum of spa-
tial field profiles obtained in the linear model and in PIC

Ann. Geophys., 31, 633–638, 2013 www.ann-geophys.net/31/633/2013/
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simulations. After the growth period they change little with
time. In both cases the spectrum peaks nearkλD ≈ 0.075,
the wave number of the dominating unstable Langmuir wave
for the beam parameters used here. Differences appear in the
fall-off with growing wave number. While the linear model
predicts a steep decrease, the PIC simulation produces a mit-
igated slow-down. This may indicate that unstable shorter
wavelength modes reach higher saturated amplitudes than al-
lowed in the linear model.

The results of linear theory and PIC simulations show
qualitative similarity. The lack of quantitative agreement, es-
pecially for the period of the modulation and the field am-
plitude, can possibly be ascribed to the serious simplifica-
tions made in the linear model for the processes occurring
during the growth phase of the instability. One of them is
the assumption of an abrupt change of the beam distribution
to a plateau, which forces a common saturation time for all
growing modes regardless of their wave number. Neverthe-
less, we may conclude that the PIC simulations support the
linear analysis with respect to both the random and the regu-
lar appearance of the amplitude modulation.

An inspection of the two most pronounced double peaks
observed by Hospodarsky et al. (1994) (their Fig. 5) and
Sigsbee et al. (2010) (their Fig. 3d) reveals peak separations
of 4ω = 0.13ωpe and4ω = 0.08 ωpe, respectively. Corre-
sponding beam parameters are not well known, but these val-
ues fit into the theoretical picture developed above for dense
electron beams withnb/n0 ≥ 0.05.

5 Summary

Langmuir waveforms observed in space plasmas show a con-
siderable variety. Most of them exhibit an irregular structure,
consisting of wave periods of variable length, and exhibit a
single peak nearωpe in the power spectrum. Occasionally
the waveform is almost coherently modulated and has the
form of a string of wave packets with nearly the same time
scale. In this report a linear model to describe irregular Lang-
muir wave modulation, developed in a previous paper (B1),
is completed to include periodic modulation as well. This is
achieved by a combination of the random modulation mech-
anism and beam-aligned plasma oscillations. These oscilla-
tions appear simultaneously with the beam, prior to the onset
of the instability, presupposed the interaction region keeps a
sufficient degree of homogeneity. In cases when the ampli-
tudes of plasma oscillations and the fastest growing beam-
driven mode are comparable, a beat-type waveform may de-
velop where two modes of slightly different frequency in-
terfere with each other. This results in two distinct signals
(double peak) in the power spectrum. The two peaks are well
separated, however, only for beams with a relative density of
at least a few percent.

In order to check the linear model by a nonlinear code, PIC
simulations have been carried out with the same parameters.

The results support the predictions of the linear approach,
in particular the occurrence of beam-aligned plasma oscilla-
tions.

The fact that no indications of this simple phenomenon
have been seen in former simulations of the gentle beam–
plasma instability may have the reason that in general lower
beam densities were in the focus or an artificial current-free
plasma was preferred to start the simulation. In both cases
coherent Langmuir amplitude modulation does not occur and
double peaks are absent in the power spectrum.

We may conclude that the linear dispersion model ac-
counts for basic features of the Langmuir modulation, in-
cluding both the irregular type and the formation of coher-
ent structures in which wave packets repeat their shape al-
most periodically. This gives evidence that the modulation of
Langmuir waves occurs primarily without nonlinear mecha-
nisms and thus can be seen with weak electric fields.
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