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magnetospheric pulsations (e.g. Thorne, 2010) which are
generated by large-scale disturbances such as the Kelvin–
Helmholtz instability on the flanks of the magnetosphere
(Shprits et al., 2008a, and references therein), buffeting of
the magnetosphere on the day side, or by convective injections of protons on the night side. Evidence for local acceleration as a source of relativistic electrons was found by storm
modelling (Summers et al., 2002). Later, Chen et al. (2006)
conducted an analysis of the radial profiles of phase space
density (PSD) distributions of energetic electrons using combined satellite measurements and found evidence for both the
external (radial transport) and internal (wave–particle interactions) processes acting simultaneously. The study established a peak in the radial PSD profile inside the outer radiation belt, consistent with a local acceleration source. Further
studies (Shprits et al., 2007) demonstrated the importance of
the local stochastic acceleration of particles by their interaction with VLF waves, in particular chorus waves, during
magnetic storm recovery.
Wave–particle interactions can transfer energy from one
part of the energetic particle distribution to another, resulting in local particle acceleration. Change of the pitch angle
resulting from wave–particle interactions can lead to the precipitation via the loss cone. Thus plasma waves can cause
both flux enhancement and depletion.
Electromagnetic ion cyclotron (EMIC) waves are excited
in the Pc 1–2 range (period 0.2–10 s) just below each plasma
ion species gyrofrequency usually in the region of the magnetic equator (e.g. Fraser et al., 1996). It is commonly accepted that these waves are excited by anisotropic ring current ions injected into the inner magnetosphere during substorms (Summers and Thorne, 2003; Li et al., 2007) or by
aforementioned changes in the plasma distribution function
produced by lower frequency waves (e.g. Fraser et al., 1992;
Thorne, 2010). EMIC waves propagate and grow around
the dense plasmasphere region near the plasmapause (Fraser
and Nguyen, 2001), cyclotron-resonate with radiation belt
ions and Landau-resonate with outer radiation belt electrons
(Horne and Thorne, 1990, 1994) scattering both species into
the loss cone. Thus they are believed responsible for both radiation belt depletions and ring current ion losses (e.g. Fraser
et al., 2010). They provide possibly the dominant mechanism
for scattering electrons into the loss cone in the inner magnetosphere (Shprits et al., 2008b). While there are many reports of EMIC waves observations based on the spectra of
observed turbulence, this study is devoted to the determination of the dispersion relation of EMIC waves directly from
multi-point Cluster observations.
Since the initial analytical work (Stix, 1962; Smith and
Brice, 1964) identifying the dispersion surfaces for ion cyclotron waves, there have been numerous theoretical works
on ion cyclotron dispersion relations. It is now known that
significant numbers of heavy ions such as He+ and O+ exist in the inner magnetosphere, and so the dispersion relations for multiple-ion plasmas in the presence of heavy
Ann. Geophys., 31, 1437–1446, 2013

ions have been theoretically calculated (Smith and Brice,
1964; Young et al., 1981; Swanson, 1989; Horne and Thorne,
1990). However, there has been relatively little experimental work to confirm the theory and ray tracing simulations
directly. Broughton et al. (2008) used the wave telescope
method to analyse ultra-low frequency (ULF) waves in the
plasma sheet boundary layer. This paper uses the cospectral/phase differencing method of k vector determination
(Balikhin and Gedalin, 1993; Dudok de Wit et al., 1995; Balikhin et al., 1997a) to calculate the frequency–wavenumber
relation directly and then compare it to existing EMIC wave
dispersion theory. This method assumes that in the plasma
rest frame (PF) a wave field can be represented as B(r, t) =
6ω B(ω) exp j (kr − ωt) + C, where C is the complex conjugate term. The PF frequency ω and the wave vector k are
related by the dispersion relation ω = ω(k). If two satellites
are separated by a vector R, the phase shift 1ψ between the
two measured time series at the observed frequency ω1 is estimated as
1ψ(ω1 ) = (k(ω1 )R) = |k(ω1 )||R| cos(θkR ).

(1)

Thus the phase shift is a function of the scalar product of k
and R. The result is a projection of k on R; to calculate the
full k vector, knowledge of its direction is required. In the
case of magnetic field measurements, the minimum variance
method (Sonnerup and Cahill, 1967) can be applied to identify the direction of the wave vector. This method has the limitation that it can only be used for circularly/elliptically polarised waves. Since EMIC waves are often left-hand circular
polarised at generation (e.g. Young et al., 1981), minimum
variance can be exploited in this study. Finally, knowledge
of the wave vector for any observed frequency ω1 “enables
the determination of the wave dispersion using the Doppler
relation: ω1 = ω+kV 0 (V 0 is the plasma bulk velocity)” (Balikhin et al., 1997a). The phase differencing techniques have
been exploited and enabled identification of wave modes in
various regions of geospace such as foreshock, shock front
and the magnetosheath (Balikhin et al., 1997b; Chisham
et al., 1999; Walker et al., 2004).
2

Instrumentation

The Cluster satellites were launched in 2000 into a polar orbit with period of 57 h, apogee outside the bow shock or deep
in the magnetotail (depending on the season) and perigee in
the inner magnetosphere. The mission consists of 4 spacecraft flying in a tetrahedral formation, allowing simultaneous
multi-satellite measurements to resolve spatial and temporal
effects. The Cluster fluxgate magnetometer (FGM) instrument (Balogh et al., 2001) provides measurements of magnetic fluctuations for the events studied in the present paper at a sampling frequency of 22 Hz, making it suitable for
EMIC wave analysis. The Cluster ion spectrometry (CIS)
instrument (Rème et al., 2001) provides measurements of
www.ann-geophys.net/31/1437/2013/
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Fig. 1. Plasmapause crossing on 30 March 2002 as viewed from Cluster 1. Graphs, from top to bottom, show (a) energetic ion density
recorded by CIS, (b) ion velocity from CIS, (c) magnetic field strength from FGM, (c) magnetic field waveform spectra from STAFF and
(d) electric field waveform spectra from WHISPER. The inbound crossing is at 07:30, and the outbound crossing is at 08:45 UTC. EMIC
waves can be seen on STAFF, the fourth panel from 08:00 until 08:30 UTC.

ion moments (mass, density, velocity, temperature parallel
and perpendicular to the local magnetic field) for several ion
species. The STAFF search coil magnetometers (CornilleauWehrlin et al., 2003) provide waveform data of the magnetic
field sampled at 25 Hz. WHISPER (Décréau et al., 1997)
measures the electric field up to 80 kHz in active and passive
modes. The STAFF and WHISPER instruments form part
of the Wave Experiment Consortium (WEC) complex that
is controlled by Digital Wave Processing experiment (DWP)
(Woolliscroft et al., 1997).
3

Dispersion determination methodology

Time series data or Morlet wavelet spectral plots are analysed
for all four satellites for the duration of an event. Individual
wave packets are identified by the shape of their envelope.
By visual inspection it can in some cases be determined with
certainty that two wave packets observed on different satellites are in fact the same wave packet propagating from one
satellite to another. In these cases a histogram of the phase
difference as a function of frequency is calculated using the
Morlet wavelet transform. Each wave packet shows up as
a discrete frequency with an associated wave vector magnitude, which is simply 1ψ/|R|. There is a 2π ambiguity
www.ann-geophys.net/31/1437/2013/

which is due to a periodicity in phase difference and should
strictly speaking extend to ±∞. The correct 1ψ branch can
be identified from either time series data or dynamical spectrum plots, by observing which satellite first sees the wave
power rise over the noise level. For each wave packet, the
spectrum maximum represents a point on the dispersion relation graph. The procedure is repeated for all identifiable
wave packets to obtain a set of points, which are then plotted
onto a frequency–wavenumber graph. Doppler effects should
be taken into account, but in the case of the event studied in
this paper, the plasma velocity in the plasmasphere is about
an order of magnitude lower than the wave velocity. Doppler
effects are therefore insignificant.
Each wavenumber obtained in this manner is not the
wavenumber in the strict sense. Rather, it is the magnitude of
a vector projection of the k vector onto the inter-satellite separation vector R. To determine the full k vector, knowledge
of the wave direction is required. The wave vector direction
is obtained using minimum variance on the left-hand circularly polarised (LHCP) wave packets (Sonnerup and Cahill,
1967). Minimum variance analysis makes use of the Maxwell
equation that states that magnetic fields have zero divergence.
Thus the direction where the magnetic field varies least is assumed to be the direction of the wave vector. The true wave
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vector is then calculated as |k| = (1ψ/|R|)/θkR , where θkR
is the angle between the wave vector and the separation vector.
4

Cluster observation of EMIC waves on 30 March 2002

The emissions under study took place between 08:00:50 and
08:16:30 UT. Figure 1 displays an overview plot of (a) the
energetic ion density, (b) ion velocity, (c) the magnitude of
the magnetic field, (d) dynamic spectrum of the magnetic
field (STAFF), and (e) the dynamic spectrum of the electric
field obtained by WHISPER, as observed by Cluster 1 spacecraft during time period 06:00–12:00 UT on 30 March 2002.
During this time interval the Cluster spacecraft entered the
plasmasphere around 07:30 UT. This can be seen implicitly
by the sudden drop in plasma velocity and a rise in energetic ion density. The magnetic field dips as the spacecraft
approaches the equator, then rises again after the equatorial crossing as the spacecraft moves towards higher latitudes
with stronger magnetic field strength. The inbound plasmapause crossing can also be clearly identified by the rise in
the electron plasma frequency seen by WHISPER until it is
out of range of the instrument. The outbound crossing can be
seen at 08:45 UT as indicated by a corresponding rapid drop
in electron plasma frequency. Multiple EMIC waves were
encountered while the spacecraft were inside the plasmasphere. The EMIC waves can be seen on the STAFF dynamic
spectrum while the spacecraft were inside the plasmapause as
enhancements in the wave power in the 2–3 Hz range. During the time period of interest, the average separation vector between C2 and C4 was [−4, 26, −83] km, between C1
and C2 [−12, 47, 183] km and between C1 and C4 [−16,
73, 100] km in the geocentric solar ecliptic (GSE) reference
frame.
The four Cluster spacecraft crossed the magnetic equator at about 08:05 UT on 30 March 2002 at L ≈ 4.3 (Pickett
et al., 2010). The emissions were observed in the dusk/premidnight time sector (22:15 MLT) where there is a rather low
probability of EMIC instabilities at these L values (e.g. Anderson et al., 1992; Meredith et al., 2003). The event is welldocumented in previous research (Pickett et al., 2010; Omura
et al., 2010; Shoji et al., 2011; Grison et al., 2013). A polarisation analysis (Pickett et al., 2010) showed the occurrence of
mostly left-hand circularly polarised (LHCP) waves of distinct frequencies separated by spectral stop bands – a typical feature of EMIC waves observed in the post-noon sector
(e.g. Young et al., 1981; Horne and Thorne, 1994). Figure 2
shows a Morlet wavelet spectrogram from FGM on Cluster 1
for the time period 08:00–08:20, with wave energy first seen
at around 1.5 Hz rising to about 3 Hz, and about 12 min into
the event, energy below ≈ 1 Hz (the local helium ion gyrofrequency He+ ) with reduced energy at the gyrofrequency itself.

Ann. Geophys., 31, 1437–1446, 2013

The time series of magnetic field data of all 4 satellites
were analysed, to identify the time intervals during which
the same wave packets were observed simultaneously by at
least two spacecraft so the phase differencing methodology
could be used to calculate the magnitude of the k vector. Figure 3 shows one example of magnetic waveforms for a series
of wave packets. It is clear from the amplitude envelopes of
some of these wave packets (as highlighted by the black box)
that the same waves are observed on satellites C1 and C4.
The phase shift for each wave packet is visually noticeable
and corresponds to the propagation delay from one satellite
to the other. In total, 21 such wave packets were analysed.
Since the satellites were separated mainly along the z axis
in the GSE reference frame, the mostly field-aligned equatorial wave packets were usually observed to propagate with a
small angle (< 15◦ ) between the wave vector and separation
vector θkR . This meant that there was a clearly identifiable
phase difference 1ψ (Fig. 4). Equation (1) was applied to
calculate the projection of the k vector on R.
The wave vector was projected onto the magnetic field
vector to calculate the angle θBk . The results indicated mostly
field-aligned propagation, as was expected of the equatorial
EMIC waves. Figure 5 shows a hodogram from the same
wave packet as highlighted in Fig. 3. For easier viewing of
the hodogram, only a segment of the original wave packet
was used. The hodogram is obtained by transforming the
magnetic field time series from GSE coordinates onto the
variance frame, and allows the determination of wave polarisation. The circular polarisation is clearly visible in the
bottom panel where the direction of minimum variance is directed out of the page. All wave packets used in this study
were found to be left-hand circularly polarised. The method
employed by Fowler et al. (1967) was used to confirm polarisation further. After about 08:15 UTC, linearly polarised
wave packets appeared as the constellation moved away from
the magnetic equator, as predicted by theory and previous
observations (e.g. Young et al., 1981; Horne and Thorne,
1994). Minimum variance on the linear wave packets was
not performed due to the limitations of the (Sonnerup and
Cahill, 1967) method mentioned earlier. In theory it would
have been possible to use the minimum variance free method
described by Balikhin et al. (2000) to calculate the full k vector. However, this method requires the same wave packet to
be observed on 4 satellites. Unfortunately, none of the wave
packets identified were observed on all 4 spacecraft simultaneously.
For the 14 circularly polarised wave packets (listed in Table 1), the relation between frequency and wave vector is
summarised in Fig. 6. The x axis, labelled K, corresponds
to the wave vector magnitude |k| multiplied by the proton inertial length ωcpi , while the y axis, labelled X, is the wave frequency normalised by the proton gyrofrequency H+ . Conventions are taken from Young et al. (1981). Following the
methodology of Omura et al. (2010), the plasma composition

www.ann-geophys.net/31/1437/2013/
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Fig. 2. Frequency–time wavelet spectrogram of ULF waves observed on 30 March 2002, on Cluster 1 (By component of magnetic field)
from FGM. The colour bar is in arbitrary units representative of relative power spectral density. An area of reduced wave energy can be
seen around 1 Hz at the local He+ corresponding to a stop band. The white lines, from top to bottom, represent H+ , He+ and O+
respectively.

Fig. 3. Time series data of fluxgate magnetometer (FGM) instrument on board Cluster 1 (blue), Cluster 2 (red), Cluster 3 (black) and Cluster 4
(magenta) showing wave packets 49 s after 08:00 UTC. By axis shifted +5 nT for Cluster 3 and −5 nT for Cluster 4 for better viewing. The
black rectangle is around the 2 simultaneous measurements which were compared.

www.ann-geophys.net/31/1437/2013/
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Table 1. Cluster satellite pairs, starting and ending times for each
wave packet. Often segments of the wave packets were used in
the analysis, rather than whole wave packets. This was done where
noise or other waves contaminated sections of the wave packet time
series. In practice, only a few oscillations are necessary to determine
vector direction from minimum variance analysis.

Fig. 4. The joint frequency–1ψ spectrum of the By component of
the magnetic field, for the same wave packets as pictured in Fig. 3.
The colour bar is in arbitrary units representative of the relative
power spectral density as a function of frequency and phase difference. The periodicity of the spectrum corresponds to an ambiguity
of 2π n in the phase difference.

was assumed to be as follows: ne = 178/cc, nH+ = 144/cc,
nHe+ = 17/cc, nO+ = 17/cc. A very similar composition, but
involving energetic protons, was assumed by Shoji et al.
(2011) in a simulation involving the same time period as the
present study. The magnetic field magnitude averaged over
the time period 08:00:50–08:16:30 and all 4 spacecraft was
253 nT.
The theoretical cold plasma dispersion is taken from the
equation for the L mode (Stix, 1962), which corresponds to
field-aligned, left-hand polarised propagation:
2

N = L = 1−

2 
X ωpi
i

ω2

ω
ω − i i


.

(2)

In Eq. (2), N 2 is the refractive index (N 2 = k 2 c2 /ω2 ), ωpi
the plasma frequency of the charged particle species i, i
the cyclotron frequency of the charged particle species i, and
summation is over the electrons and each positive ion species
present in the plasma. i is the charge state and is −1 for
electrons and +1 for each ion species. In the calculation of
the cold plasma dispersion relation, the plasma was assumed
to contain only three species of ions (H+ , He+ and O+ ). The
resulting theoretical dispersion surface branches can be seen
in Fig. 6 as solid curves. From Eq. (2) is can be seen that
in a multi-ion plasma a resonance will exist at each positive
ion species gyrofrequency. At these resonance points, the the
refractive index and wave vector will approach infinity. The
plotted analytical dispersion curves reflect this.
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Sat 1

Sat 2

Start time

End time

C1
C1
C1
C1
C2
C2
C2
C2
C2
C2
C2
C2
C2
C2

C4
C4
C2
C2
C4
C4
C4
C4
C4
C4
C4
C4
C4
C4

08:00:58
08:01:12
08:08:41
08:08:45
08:12:17
08:12:26
08:12:30
08:12:33
08:12:40
08:13:08
08:13:12
08:15:43
08:15:57
08:16:16

08:01:05
08:01:17
08:08:43
08:08:48
08:12:19
08:12:29
08:12:33
08:12:36
08:12:44
08:13:12
08:13:15
08:15:51
08:16:05
08:16:25

Discussion and conclusions

The points in Fig. 6 in general follow the theoretical dispersion curves for cold plasma with the assumed ion composition. Two branches are evident, above and below the helium
ion gyrofrequency. As the dispersion surface approaches the
H+ resonance, the normalised |k| approaches infinity as ω+
H
approaches unity. In practice collecting data near this point
may be difficult: as the wavenumber approaches infinity, the
phase velocity approaches zero and so the same wave packet
may be seen on two satellites with a significant delay, making matching and phase difference calculations inaccurate.
The results in Fig. 6 correspond well with the cold plasma
approximation where left-handed waves cannot propagate
in the stop band; this is also confirmed by the FGM data
(Fig. 2).
Potential limitations of the methodology are summarised
as follows. The cold plasma dispersion relation as outlined in Stix (1962) assumes completely field-aligned wave
propagation. The phase differencing method employing
wavelet transforms generates an area of high signal in frequency/phase space from which the maximum is taken as the
data point value. It is possible that the true phase/frequency
values do not correspond to that maximum. Plasma composition calculations are only estimations based on the cut-off
frequency and cyclotron frequencies. The method used by
Omura et al. (2010) assumes that helium and oxygen ions
exist in equal proportions in the plasma. This is required to
make the algebra a system of two equations with two unknowns. While CIS data show that energetic oxygen and helium ions do exist in similar proportions, total oxygen and
www.ann-geophys.net/31/1437/2013/
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Fig. 5. Hodogram representation of a fragment of the same wave packet as in Fig. 3 seen from the Cluster 4 fluxgate magnetometer data.
Bmax , Bint and Bmin signify maximum, intermediate and minimum variance eigenvectors respectively. The bottom panel shows the wave
projected along the axis of minimum variance (coming out of the page). The red cross marks the beginning of the time series. Left-hand
circular polarisation is clearly visible.

Fig. 6. Frequency vs. wavenumber relation plot of wave packets
observed during the event. The bold line marks the helium ion gyrofrequency. The crosses signify individual wave packet observations overplotted with error bars in frequency and wavenumber. The
solid curves are different branches of the cold plasma dispersion relation for the aforementioned plasma composition.

helium ion numbers are not necessarily equal. Assuming the
cold plasma approximation at all ignores the role played
by warm ions. While this is a valid assumption for a lowbeta plasma regime such as encountered in this event, warm
plasma effects can significantly modify dispersion surfaces
www.ann-geophys.net/31/1437/2013/

in general (Silin et al., 2011). Extraneous magnetic pulsations over the same time period as the wave can contaminate the minimum variance analysis and introduce uncertainty in wave vector direction, which in turn may result in
an erroneous θkR and an uncertainty about the wavenumber.
The magnetic field strength varies slightly for the duration of
the event, while the Morlet wavelet spectral plot makes precise identification of the cut-off frequency problematic. The
above errors in turn cause uncertainty in calculating plasma
composition. The plasma electron resonant frequency is out
of range of the WHISPER instrument, meaning that the total
electron density has to be computed indirectly (Pickett et al.,
2010, and references therein). Despite these limitations the
results fit the theoretical data fairly well. Estimated inaccuracies are represented by error bars in Fig. 6.
The assumption that EMIC emissions cannot propagate in
the stop band only holds for low plasma beta regimes. Work
by Silin et al. (2011) suggests that, under high-beta conditions, EMIC waves can be excited anywhere in the stop band.
The cold plasma approximation then breaks down, and the
dispersion should be calculated using the full dispersion relation. Such an estimation requires a detailed knowledge of not
only the densities of each species but also knowledge of the
full distribution function of each of the species. The method
described in this study can be used to derive the dispersion
function empirically for any conditions from observations,
providing the wave vector can be determined. As such it can
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be a useful tool to validate theoretical dispersion functions
under unusual plasma regimes.
For the first time multiple satellite measurements have
been used in conjunction with the phase differencing method
to compare directly the experimental and the theoretical dispersion relation of EMIC waves just below the H+ gyrofrequency. The evolution of normalised wave frequency with
wave vector is similar to the analytical results obtained under the linear dispersion theory for L mode waves. Some discrepancies are probably due to the difficulty in ascertaining
exact ion ratios.
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