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Abstract. Magnetic field lines are quantum objects carrying quantum®g = 2r# /e of flux and with the magnetic fields
one quantumbg = 2/ /e of magnetic flux and have finite in the flux tubes being of opposite direction, merging of the
radiusAy. Here we argue that they possess a very specifidlux tubes annihilates a total of precisely two flux quanta,
dynamical interaction. Parallel field lines reject each other.A® = 4x#/e. There is nothing mysterious about this fact of
When confined to a certain area they form two-dimensionalmerging. It is a purely classical process. No quantum elec-
lattices of hexagonal structure. We estimate the filling factortrodynamics has to be called for. Once the flux tubes do get
of such an area. Anti-parallel field lines, on the other hand, atinto contact over the anti-parallel lengil along the field
tract each other. We identify the physical mechanism as beindjnes, they will necessarily spontaneously merge and annihi-
due to the action of the gauge potential field, which we de-late. For a magnetic field of strength the radius of a field
termine quantum mechanically for two parallel and two anti- line is given by

parallel field lines. The distortion of the quantum electrody-

namic vacuum causes a cloud of virtual pairs. We calculatetm =/ ®o/7 B. 1)

the virtual pair production rate from quantum electrodynam-

ics and estimate the virtual pair cloud density, pair currentThis allowed an estimate of released power in a single ele-
and Lorentz force density acting on the field lines via the pairmentary merging event ty ~ 4z Biil |/ woe, being propor-
cloud. These properties of field line dynamics become im-tional to the magnetic field strength and the parallel contact
portant in collisionless reconnection, consistently explaininglength. We also demonstrated that, because of the finite field
why and how reconnection can spontaneously set on in théhne cross-sectiomr A2, the annihilation process and the re-

field-free centre of a current sheet below the electron-inertialeased power are sensitive functions of the angle under which
scale. the field lines get into contact.

Keywords. Space plasma physics (Magnetic reconnection)

2 Implications for collisionless reconnection

1 Introduction The micro-scale field-line merging and flux quantum annihi-
lation processes raise the non-trivial question of how mag-
In a recent communicatiofffeumann et a]2011 we devel-  netic field lines can be brought into mutual contact. This

oped the microscopic concept of magnetic field lines as bequestion is part of the more general problem of the mech-
ing central to the problem of collisionless reconnection. Thisanism of interaction between magnetic field lines.

concept was based on the well-established quantum mechan- During the past few decades, observations as well as
ical principle @haronov and Bohm1959 Landay 1930 numerical simulations unravelled many of the macro-scale
that in a magnetic field8 the magnetic flux is quantised. properties of reconnection. It was proposed that reconnection
We demonstrated that, on the elementary level of two fieldtakes place in the so-called “ion diffusion region” (though
lines (or elementary flux tubes) with each one carrying onethere is not any remarkable diffusion present here), which is
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1516 R. A. Treumann et al.: Collisionless reconnection

the volume of ion-inertial radius < Aj = ¢/w;j surrounding  various conditionsvhen reconnection has already set on and
the reconnectiorX-point (; is the ion plasma frequency). continues to take placeThis approach is well justified un-
lons become non-magnetic, decouple from the magnetic fieldler the assumption that some unspecified mechanism gener-
B, follow their inertia and, in addition, become accelerated ates the seeX points. Such mechanisms have been based
in any electric field that would be present, e.g. the cross-on magnetic fluctuations or the action of some electromag-
tail convection electric field, in the case of the magneto-netic instability (e.g. whistlers, kinetic Alen waves, or the
spheric tail. No convincing mechanism has been identifiedWeibel modes proposed freumann et aj2010.

yet that would be capable of causing reconnection on the In the Appendix, starting from the field-line microscopic
scale of the “ion diffusion region”. Electrons remain mag- concept Treumann et al.2011), we investigate the sub-
netised, freeze the magnetic field to their cyclotron orbitsmicroscale mechanism of the interaction of elementary flux
and transport it convectively across the “ion diffusion re- tubes for the two cases of parallel and anti-parallel mag-
gion”. In this way they cause Hall currents (cf., eSpn- netic field lines. This mechanism requires reference to quan-
nerup 1979. The physics of reconnection is thereby de- tum electrodynamics. There we show that on the scales of
ferred to the electron-inertial scale “electron diffusion” re- non-magnetic electrons below the electron cyclotron radius
gionr < Ae = c/we around theX point (with we the electron  r < r,e~ /T, /B2 the field lines carrying flux elements or-
plasma frequency) where the electrons become non-magnetiganise in a lattice of hexagonal pattern (see Big) with

as well. Since they cease to transport the magnetic field inattice constant/. This lattice is “frozen” to the electron cy-
this region, the question raised is how the magnetic field carclotron orbit.

be transported further into the very centre of the current sheet When the electrons approach the boundary of the electron
in order to get into close contact with the oppositely directedinertial region near the centre of the current sheet and de-

field and magnetic flux and reconnect. magnetise (see Fig), their gyroradius increases to become
larger than the electron inertial scale. At this instant, the lat-
2.1 Field line transport tice of magnetic field lines explosively dews, the field lines

become released, and the lattice structure dissolves (undergo-
The present communication is devoted to the investigationing phase transition similar to two-dimensional lattice melt-
of this question as a pre-requisite to the understanding ofng in solid state physics, cf., e.guang 1987).
macro-scale reconnection in view of its geophysical appli- From now on, the field line dynamics is determined by the
cation. Details are given in the Appendix. The obvious non-repulsive forces between the parallel field lines and stresses
triviality of this question relates to the fact that, under non- which result from a possible local bending of field lines. For
driven reconnection conditions, there is no known classicalstraight field lines we ignore the latter. Then the released field
process which acts to transport the magnetic field inwardines from the dissolved lattice are pushed inward into the
into the current sheet in order to bring the oppositely directedfield-free region of the current sheet by the repulsive forces.
field lines into mutual contact. This is immediately transpar- Here, they meet field lines of opposite direction, which en-
ent. Under driven conditions, in the presence of convectivetered the neutral current layer from the other side of the cur-
field transport into the current sheet, the field will accumu-rent by the same mechanism. The oppositely directed ele-
late at the electron inertial scale boundary until the magnetianentary flux tubes now experience attractive forces, become
pressure becomes large enough to push some magnetic fiektcelerated toward each other in order to approach quickly
lines further inwardBaumjohann et al2010. This accumu-  and, when coming into close contact, collide and annihilate
lation has so far not been accounted for in any of the Harristhe flux quanta stored in them over a certain parallel length
current sheet models used in initiating reconnection. Macro-.
scale consequences of such driving have been investigated by
Pritchett(2009 with the help of sophisticated and carefully 2.2 Transition to reconnection
performed numerical simulations.

In the absence of driving, to which most reconnection Since many a number of field lines are added to the neu-
models and simulations refer, simulations usually circum-tral layer, it is clear that a large number of field lines par-
vent the transport problem by either imposing, globally or lo- ticipate in merging and annihilation, adding up to macro-
cally, an artificial resistivity — or any other kind of dissipative scale reconnection-flux tubes and causing the different in-
mechanism — in the current sheet (implicitly referring to the ferred macro-scale effects reconnection offers under the var-
respective original models ¢farker 1958 Petschek1964 ious external plasma conditions. In this way, the dynamical
or simply impose brute force se&dpoints in order to initiate  interaction of field lines provides the wanted consistent pic-
reconnection (the method describedgiler et al, 2002 and  ture of spontaneous onset of reconnection.
widely used by the PIC community). All these attempts do
not explain the onset of reconnection as a fundamental phys- 1o a conservative review, s@skamp(2000. A recent criti-
ical process. They, instead, properly account for the variousgal, though very concise account of the available reconnection mod-
macro-scale effects of reconnection which may occur undeels is given inBaumjohann and Treumarfg2012).
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Fig. 1. Three meso-scale flux tubes encountering the electron inertial region at the centre of a (symmetric) current layer which separates two
plasmas with anti-parallel fields. The (blue) field above the curfgmbints into the plane, the (red) field below the current points out of the

plane. Above and below the electron inertial layer the field is frozen to the electrons (not shown) forming a lattice structure. When entering
the electron inertial region, the lattices break off and dissolve as the fields become released from the frozen-in state. Under the action of the
repulsive gauge fields they seek to achieve larger distances whereby entering the central region. Meeting field lines of different polarity from
the other side, they feel attractive gauge forces (indicated by green lines), approach each other and annihilate (yellow stars). The distribution
of merging centres is statistical. Merged field lines relax and join up to produce macro-scale reconnection effects: jets etc.

In view of a possible observational confirmation of the tified as free-space electromagnetic radiation of frequency
sub-microscale merging of field lines and cause of re-fem, i.e. high-frequency electromagnetic radiation in vac-
connection, one is currently bound to spacecraft measuredum. Since it is expected that in reconnection in a current
ments which, unfortunately, cannot resolve any of the subdayer very many field lines merge, this will cause an elec-
microscales under question. Indirect evidence is the only wayromagnetic radiation spectrum in a fairly broad frequency
of experimentally checking the reality of our theory. This ev- range:
idence may be given by observation of wAw radiation
processes in the three different stages of merging in the chain/Ap < fem < ¢/Am. ©)
of reconnection: initial single field line merging, followed by
inclusion of dielectric effects, mass loading by electrons, andRewriting this expression yields:
finally the already known macroscopic stage of mass loading . N
by ions. The first two interesting stages are sub-microscalez—— < Jfem< (102 - 103) (Bn1)2  GHz (4)
(Treumann et a].2011). They occur when the curvature ra- ¢

dius r¢c of the merged field lines is shorter than the Debye where the lower limit is determined by the velocity raio—

length ve/c and the electron inertial scale length= ¢/we, andBnt
is in nT. This can also be written as:
Am <Tc < AD. 2)
3Qe ®—10° Z GH 5
As long as this holds, the merged and strongly kinked field /7= < Jem < (1 - )(BnT) z ®)

line relaxes like in vacuum. This field line relaxation is iden-

X ) . . . 3 2 _ . . .
2\Wave observations related to reconnection are sparse, low freWhere Te is in units of 10°mec® =511eV. This indicates

guency examples can be foundliaBelle and Treuman(1988, that the emission band is quite_ far above the_ local plqsma
Baumjohann et a(1989 1990, Treumann et a(1990 andBale et ~ frequency. Each of the merged field lines contributes to it by
al. (2002. emitting afalling tonein the electromagnetic spectrum.
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1518 R. A. Treumann et al.: Collisionless reconnection

Once, however, the curvature radius reaches the Debyaction in question can be repulsive or attractive. Repulsive
length, dispersion of the electromagnetic waves changes dui@teraction is found between parallel field lines and, if the
to modification of the dielectric properties, and the emit- magnetic field is confined to a certain spatial volume of finite
ted radiation becomes cut off at the plasma frequency. Tharea, causes a hexagonal lattice structure of the field. On the
short wavelength, high-frequency radiation escapes from th@ther hand, attractive interaction occurs between anti-parallel
reconnection site and enters the surrounding magnetisefield lines. The combination of repulsion and attraction is the
plasma, where its polarisation properties come into play.main reason why field lines can enter into the centre of a
One may expect that the original emission would be non-neutral current layer separating plasmas of opposite magnetic
polarised, i.e. emission is isotropic. Hence, in the magnetisedield direction, and is thus the basic cause of sub-microscale
plasma it will split to equal amounts into right and left-hand field line merging. In principle, it solves the problem of re-
polarisations. This produces a mixture of high frequency L-connection on the quantum level.

O-mode and R-X-mode radiation. The discussion given in this communication clarifies the

So far it is not yet clear whether or not the initial radi- main physics with only a limited amount of reference to the
ation will indeed be isotropic. The degree of polarisation full quantum electrodynamics instrumentation of magnetic
will depend on the merging mechanism of single field lines, field line dynamics. The gauge field external to a magnetic
which will to some degree also be affected by thesion of field line is capable of creating a small number of virtual
the magnetic field line flux tube (which might be substantial electron-positron pairs which live on the “borrowed” time
because of the finite radius of the field lines), which deter-of quantum mechanical uncertainty. These pairs contribute
mines the polarisation of the radiation. Possibly the torsionsto a weak though finite Lorentz force between elementary
and thus the polarisations, are different on both sides of thenagnetic flux tubes, which for parallel field lines is repulsive
current sheet, however, which would make a distinction forand for anti-parallel field lines is attractive. This is the basic
emission of radiation on either side of the reconnection site quantum physics of field line interaction.

The related questions are open to investigation. Macroscopically observed reconnection effects come to
At later stages, when the curvature radius exceeds the eletirth when many a number of field lines become involved,
tron inertial scale, the electrons become magnetised, and thmerge, relax and become ultimately mass loaded. The result-
fluctuations propagate in the whistler or Z-mode bands. Ob4ing chain of processes for two anti-parallel field lines has

servation of the form of radiation in relation to reconnection been described in an earlier pap&rgumann et al.2011).
signals the sub-microscopic mechanism of field line merging.Involvement of a very large number of merging field lines

Reconnection itself is identified to be a sub-microscalein some particular location requires a proper statistical ap-
phenomenon. It can be understood on the basis of the quamproach.
tum concept of magnetic field lines and their interaction via The macroscopic effects of reconnection will be rather
their external gauge fields. Macroscopic reconnection therdifferent for different external conditions in the interacting
becomes an intrinsically three-dimensional phenomenon: th@lasmas and different parameter settings. However, the sub-
interaction of many merging (sub-microscale) anti-parallel microscale cause of merging and reconnection is quite gen-
field lines forming large numbers of reconnection specks. Aseral and independent of the macro-scale settings. It involves
a by-product, it also makes clear why spontaneous reconattracting magnetic field lines of opposite direction in or-
nection is a statistical phenomenon which occurs in smallder to penetrate into the centre of the neutral current layer
patches resembling turbulent (or patchy) reconnection. and for coming into mutual contact, a problem which has

been treated in the present communication. Under collision-
less conditions, this kind of attraction is independent of any
3 Conclusions external macro-scale differences.

The present communication just resolves the problem of field

line transport in the electron inertial region inside the currentAppendix A

sheet under non-driven conditions. This is just a pre-requisite

of the problems related to macro-scale reconnection. It sugField line concept

gests, however, that the ultimate understanding of the micro-

physics of reconnection probably requires inclusion of mag-Magnetic field lines carry single flux quantgy = £ &g =

netic field line dynamics, i.e. the dynamics of magnetic flux £2n% /e, defined by elementary constants of nature, the

quanta®g. Merging and annihilation of such flux quanta is quantum of actiork and the elementary chargeThus,®g

possible only by direct contact of anti-parallel sections of theitself is a constant of natufeThe existence of magnetic flux

field-line flux tubes. guanta was experimentally confirmed yn Klitzing et al.
This can be understood as being due to the interaction 0{1980 spectacular discovery of the Quantum Hall Effect.

field lines via their external gauge fields. Most of the space

between field lines is void of any magnetic fields. The inter-  3Note thate is the renormalised charge in quantum field theory.

Ann. Geophys., 30, 1515t528 2012 www.ann-geophys.net/30/1515/2012/
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The flux can be positive or negative, depending on the di-where&; = pi/Zme, and p, is the perpendicular electron
rection of the magnetic fieleeB. Each magnetic field line  momentum. This number is not completely conserved, how-
being a flux tube of radius ever, during one electron gyration. Gyration takes titvie~

27 /wce during which a field line may escape to the environ-

Am = &, (A1) ment. The uncertainty QVee ~ A&, /hiwce IS obtained from
nB the uncertainty relatiod&, At ~ h to amount to only

the “magnetic length” ofLandau(1930. He inferred this

length from the quantum-mechanical motion of an electronANce~ 1. (A3)

in a homogeneous magnetic field, finding that the perpendic- quri | ) h b ¢ th
ular electron energyLzhwce(njL%) would be quantised, Hence, during one electron gyration, the number of the

With wee = eB/me the non-relativistié: electron cyclotron many adiabatically trapped field lines in the electron gyra-

X tion cross-section either lost or added to the frozen-in mag-
frequencyme electron rest mass, and= 0, 1, .... One easily

recognises that the “magnetic length” corresponds to the gyﬂetIC flux is of the ordenNee = O (1) only. Under frozen-in

g : . 27 conditions, this number forms an electron gyration flux tube
roradius of an electron in the lowest Landau level (LLL), i.e. . .
. . " and is convected together with the electron across the plasma.
the gyroradius of an electron of very low energy. Its coinci-

dence with the field-line radius implies that gmallest gyro- -The frozen—l_n mfign_etlc field lines are faralle_l to each other
within mutual inclination angles & 6 < 57, being unable

cross sectioran electron could possess in a given magnetic -
P 9 9 to undergo mergingTreumann et al2011). The angular de-

field B, is the cross-section of a magnetic flux tube of one . . . . .
: . ) . viations may be caused by magnetic fluctuations of various
quantum of magnetic flugo, i.e. one field-line. Under space ~ . . . :
origin and are of no interest for the following. During con-

conditions near Earth, with magnetic fields of the order Ofvection of the plasma, aNce frozen-in field lines are carried

1< B <10°nT, this energy is very small, 183 < < : >
~e 9y Y ~ ELLL ~ across the plasma. Referring to the reconnection site, they are

10-8eV. At electron temperatures of the order of 1€Ve . .
; . carried toward the centre of the current sheet in the process
in space, the low Landau levels will be empty. Thermal Lan- . LV

of reconnection when the electrons cross the “ion diffusion

dau levels (TLL) occupied by thermal electrons have quan-__ "~ L :
0 . region” but have not yet entered the electron inertial region
tum numbers centred aroung | = 10'% and forming ther- . . .
in the centre of the reconnection site.

mal continua.

Hence, one distinguishes between the respective low en-
ergy and thermal energy regimes. The former is the stronglyappendix B
coupled regime of the Quantum Hall Effect. Strong coupling
means that electrons and magnetic field quanta are closelgjeld line topology and lattice
tied via the Laughlin wave function of the electrohs(gh-
lin, 1983 which extends the Landau solution to many elec- The first interesting point is that the value of the above num-
trons. In this low-energy regime, electrons are forced to oc-ber N¢¢ is slightly over-estimated by the naive assumption
cupy Landau levels. Electrons in the lowest Landau levelof dense packing of field lines. Quantisation of flux distorts
plus flux quanta form a fluid consisting of quasi-Fermions the continuous distribution of magnetic fields. Parallel field

or “composite electrons” with effective charge=¢/3 and, lines (flux tubes) exert repulsive forces on each other, seek-
for particular magnetic field strengths, lead to quantisation ofing to expand into space and separate as distant as possible
the Hall resistance. from neighboring field lines. This is due to the Lorentz force-

In the thermal regime, electrons become independent ofike interaction between the flux tubes and is well-known
flux quanta. Their dynamic scales, being of the order of thefrom classical field-line patterns like, for instance, those of
electron gyroradiusce > Am, grossly exceed the field-line dipolar or quadrupolar fields. Classically, the Lorentz force
scale, and the coupling between electrons and field lines besn a magnetic flux tube with field strengBy, exerted by
comes weak. On the other hand, on scatese below the  a neighbouring flux tube of field strengtBy, is given by
electron gyroradius the dynamics of magnetic flux quantaFi2 = —V(B1-B2)/2u0+ (B1-V)B2/up. The second term
is independent of the presence of electrons. In this regimeaccounts for the stresses produced by bending or twisting the
large numbersV¢e of flux quanta (field lines) are adiabati- flux tubes. In the absence of any bending only the first term
cally confined to the electron gyroradius and undergo mutuakurvives. Clearly, sinc® ~ 1/r%, with « > 0 some power,
short-range interaction. This number is proportional to theparallel field lines are subject to positive (repulsive), anti-
ratio of the gyration-to-field line cross-sections: parallel field lines to negative (attractive) forces.

This is illustrated in FigB1 for the case of two closely
(A2) spaced field lines which point into the plane. Putting one test-
electron in LLL state on the circumferende=r/in=1

“4Having in mind application to space problems like reconnec- Of each field line, the electrons gyrate clockwise, each pro-
tion at the magnetopause and in the geomagnetic tail, we do noflucing a circular line currenf = —Ip8(R — 1), with Ip =
attempt to treat the relativistic case here. ey/hwce/ mer2, ~ 10721 /wee/22, A. The two anti-parallel

N, . &L
ce )\,2 - h )
g m Wce
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Fig. B1. Repulsive interaction between two closely spaced parallel
field lines pointing into the plane and each carrying one electron in
its lowest Landau level, LLL. Electron gyration is clockwise and
confined to the circumference of the field line (red circles), produc-gjq g2 Repulsive interaction between confined parallel field lines
ing an_ti-parallel currentg red arrows). These currents give rise to generates a hexagonal lattice composed of elementary flux tubes
repulsive force¢” (blue arrows). and magnetic field lines, each carrying just one flux quariyre=

2 h/e. Every corner of a single hexagon is occupied by a field line,

as shown on the right (small black circles of radiyg). If field

lines are trapped, like in the frozen-in concept, then the number

currents. indicated by the red arrows. cause repulsive LorentOf field lines is roughly six times the number of hexagons which
! y ! P £an be fitted into the cross section of an electron cyclotron orbit.

forces between the parallel field lines of strengths per UNitrhe red circles indicate the repulsive quasi-potential barriers which
length F o 2u0l§/r ~ 10-%8 /wce/A3R. The forces be- g up around each field line as a result of the presence of the
come attractive for two anti-parallel field lines where the cur- mytually interacting gauge fields (see below). The circular shape of
rents flow parallel to each other. However, the field lines arethese barriers holds approximately for nearest neighbor interactions
located in vacuum, and no LLL electrons are available. Inonly. The gauge fields of each field line are confined to their own
this case the interaction is not obvious, as we will discuss incircle. The open triangular regions between the red circular barriers
detail below in Appendix C and D. are close to being free of any gauge fields.
For parallel field lines carrying one flux quantum only, and
being confined to a spatial cross-section like the gyration-
cross section of the electron, this subtle interaction cause$his yields the field-line filling factor:
a very particular arrangement of field-lines. Rejecting and
keeping themselves at distanees> Am from each other,in -~ _ St _ 21 ) (B2)
a homogeneous magnetic field, they create a lattice of fieldq S V3(d+2)?
lines consisting of hexagonal elements, with one field line in
the centre surrounded by six field lines in the corners of theThe distance/ between the field lines is determined by the
hexagon; every field line spanning its own hexagon with therepulsive force between the parallel field lines and is not easy
space between the field lines being void of magnetic fields to determine without any knowledge about the force between
This is shown in FigB2 and differs from the continuous field the field lines and the size of the volume of the plasma to
distribution in classical physics on the macro-scale. On thevhich it is confined. We delay this question to the discussion
sub-microscale, the quantisation of the magnetic flux causel the next section.
a lattice structure of the magnetic field. Assuming that the field lines are confined to the electron
The homogeneous field-line filling factor follows from gyro-cross section, the number of field lines in this cross sec-
comparing the cross sections of field line and hexagon. Thédion is determined dividing it by the surface of the hexagon,
latter consists of six triangles of side lengttis= d+2 where  finding that an electron cyclotron-cross section contains
d’ is the centre-to-centre distance between two neighbouring
field lines, and/ > 1 is the external vertical distance between N~ 27 Nee
the field lines, both in units ofy,. The field-line free surface V3(d +2)?2
of the hexagon (hexagon surfasg = 3v/3d'?A2,/2 minus _ _ _
the surfacessy = 372, contributed by the field line in the field lines. This, as a result of the repulsive force, is less

Because it depends only on the inter-field line distadice

the reduction factor holds for any arbitrary cross-section
in homogeneous fields. Measuring an average (for instance

dZ ) . .
Sempty= Si [2 V3 (7 4 1) _ 1} ‘ (B1) over the electron cyclotron-cross section) magnetic fi8ld

<SR
X

(B3)

the magnetic fieldB of a single field line contained in the

Ann. Geophys., 30, 1515t528 2012 www.ann-geophys.net/30/1515/2012/
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cross-section must be larger by the factor

o~ 22 d+2)2 (B4) 0

B 3
(BY 2w

Unfortunately, there is no obvious and simple independent ,,
determination of the “lattice constand”’ becausel is a dy- l

namical quantity which adjusts itself to Lorentz force equi- // T =
librium between the entire ensemble of field line flux tubes in (< '

the volume. Assuming tha/(B) ~ 10° yields a lattice con- \“\ : v
stant ofd ~ 15. If B/(B) ~ 10 this value reduces @~ 3 17 \\\‘ &l y

1

only. One may conclude that generally, the field concentrated
in one field line will be strong and the cross section small. 1

In a B ~ 1 plasma one has for the average magnetic field
1507

"

(B)? ~ 2uoNeTe obtaining for the magnetic field of one field

line B ~ /31oNeTe/2(d+2). This will hold approximately » A »
in the “ion diffusion region” until one enters the electron in- ¢ ° A
ertial range. Fig. C1. Superposition of the equi-gauge potential lines= const

of two parallel magnetic field lines (elementary flux tubes carrying
one flux quantumbgy = 27/ /¢). Equi-gauge potentials are exactly

Appendix C radial, emanating from their mother field line. The field lines are
) o ) shown in their cross sections and point out of the plane. They are
Field-line interaction separated in space by some distadic&he equi-gauge potentials

are clockwise numbered consecutively with the equi-gauge poten-
Classically there is no answer to the question of how the forceials of the right field line indicated by primes on the numbers. Since
is transmitted across the field-free space between the fielgotentials add the superposition of the equi-potentials, generating
lines. In the absence of LLL electrons, no field exists outsidethe dashed repulsive potential pattern in the space between the field
the field lines except for the gauge fiedd= V A which does lines, this indicates that the interaction between a pair of parallel
not directly contribute to any magnetic field. It is, in fact, field lines is subject to repulsion.
the gauge field which takes care of the absence of magnetic

fields ogts[de the field line, keeping exfterna@l space clean O]E)ne concludes that the gauge fieldis constant in the ra-
magnetic fields. To use a common terreld lines have no

hair dial direction — meaning that radii are gauge-field “equi-
We note in passing that the definition of the magnetic field potentials™as shown by the black radials emanating from the

) two circles representing field lines in FigL.
through the flux elemenbg and vector potentiad Analytically one adds up the two gauge fields(@) of

B A P (1) field line 1 andA»(9’) of field line 2. The angle$, 6’ are

C 2mhm WA, measured in the respective proper frames of field line 1 and
2, the origin of the latter being displaced along the x-axis by
the distancel from the origin of the former. The total gauge

field is a potential field which is additive, being the sum

implies that the magnetic vector potentidlof a magnetic
field line is related to the magnetic field strength as:

A _ CDO _ h / CDO /
ﬁ_\/ﬂ_‘/z (C2) A:Al(Q)j:Az(O):Z(Q:tG), (C4)
The right hand side of this expression is a constant, showingvhere the+-sign refers to parallel field lines, the-sign to
that the ratio on the left is quantised. anti-parallel field lines. The angt¥ is to be transformed into
) the proper frame of field line 1 such th#{0, r; d) becomes
Cl Gauge field geometry a function of distance (in unitsAm) between the field lines,

Even though it is intuitive, the classical argument of the a,”g'e" (in radians), ar_ld radlus(al_som unitskm). The angle
6’ maps to an angle via the relation

Lorentz force given before does not apply, at least not in the

conventional form. From the fact that, for a single isolated , R sing r

field line, VA has only an azimuthal component (see, e.g.tan T Rcow —1’ R= d’ (C5)
Aharonov and Bohm1959 Treumann et al.2011) with A

being proportional to the azimuthal anglejiven by which when used in the above sum yields the expression:
R sing

_ Am (C6
1—Rcos€)] d>2m (C6)

P ol _
Aoy =051 (C3) A(G,R)=Z[9 Ftan 1(
2 e

www.ann-geophys.net/30/1515/2012/ Ann. Geophys., 30, 151528 2012



1522 R. A. Treumann et al.: Collisionless reconnection

for the quantum-mechanically correct total gauge field in the
space external to the two field lines. TReandd dependence
of the second term in the brackets in EG6J destroys the
strictly radial pattern of equi-gauge potentials, with the main
region of interest being < 1.

The gauge field equi-potentials are obtained by holding ex-
pression C6) constant. This yields the equi-gauge equation:

_ tan(6 — A)
RO, A) = - (C7)
cose[tan(e —A) :l:tane]
A= 2—RA = const (C8)

)

Varying A and calculating? (9, A) for each fixed value oA
produces a pattern of equi-gauge potentials which now has
become dependent of radi&s This dependence is enforced
by the mere presence of another field line at distaneead.

Fig. C2. Superposition of the equi-gauge potential liles= const

. . . . . of two anti-parallel magnetic field lines. The field lines are shown
Clearly, if the distance between the field linés> r is large, in their cross sections with the left field line pointing out of the

e R<1, t.his patte.rn degenergtes to the original rad!al pat'plane and the right field line pointing into the plane being spatially
tern of one isolated field line, as is seen from EZ6) Again,  separated by some distan¢eThe equi-gauge potentials are again

the =+ signs apply to parallel and anti-parallel field lines. clockwise numbered consecutively. Because of the opposite direc-
) ) ) tion of the field in the right field line the primed equi-gauge poten-
C2 Equi-gauge potential construction tials are numbered anti-clockwise. Addition of the equi-gauge po-

tentials yields the dashed equi-gauge superposition pattern of con-

It is easy to geometrically construct the shape of the equimected equi-gauge potentials in the region between the field lines.
gauge potentials by superposition. This has been don&uch a pattern indicates attraction between the oppositely directed
schematically in FigeC1andC2for the two respective cases field lines mediated by the gauge fields.
of parallel and anti-parallel field lines; here we plot the equi-
gauge potentials for two (stretched) field lines in the perpen-
dicular plane under the condition that each field line would
be isolated in space and no other field lines would be presentight tube points into the plane. By having turned the right
In the parallel case the solitary patterns of both field lines areflux tube by 180 into the plane, the rotational sense and thus
of course identical, being numbered clockwise. In the anti-the counting of the equi-gauge potentials is reversed. When
parallel case they are numbered in opposite order (i.e. thesuperimposed with the equi-gauge potentials of the left flux
anti-parallel field line radials are numbered anti-clockwise).tube, the picture of the dashed lines is obtained in this case. It
Superposing the two gauge fields produces the dashed curvésobvious that now the equi-gauge potentials of the two flux-
in these figures. tubes connect and aattractive gauge-potential structure is

The important and intuitive observation is that for parallel obtained.
field lines half way between the two field lines, the superpo- Even though the physical implication of the repulsive and
sition of the gauge fields creates a separation barrier in thattractive equi-gauge potentials is not quite clear in the ordi-
gauge potential, which forces the superimposed gauge fieldhary quantum mechanical treatment given qualitatively here,
equi-potential field lines to deviate up to9om their radial ~ we can conclude that the interaction between two field lines
directions. This enforces a pronounced radial dependence a§ mediated by the presence of gauge fields. Parallel mag-
the gauge equi-potential field according to Egj7). The pat-  netic field lines cause repulsive gauge field potentials, while
tern is similar to the equi-potentials produced by two elec-anti-parallel field lines are subject to attractive gauge field
tric charges of equal sign causing repulsion of the chargespotentials. Clarification of the physical content awaits a treat-
Extrapolating to our case of two interacting parallel field ment in terms of quantum electrodynamics — i.e. the quan-
lines, we may conclude that it is thiepulsive action of the tum electrodynamic solution of the Aharonov-Bohm prob-
gauge fieldsbetween the two parallel magnetic flux tubes lem with two flux tubes. Anticipating the solution, we boldly
which keeps the parallel field lines on distance. It is this ac-conclude from the electrodynamic analogy that the physical
tion which is responsible for the generation of the hexagonaimplication confirms the expectation that parallel field lines
structural lattice order of the field shown in FB2. reject each other while anti-parallel field lines attract each

FigureC2 shows the plot of the equi-gauge potentials for other, even though the space between the field lines is void
the case when the magnetic fields are anti-parallel. In thiof any magnetic fields. It is, however, filled with gauge fields
case the left flux tube points out of the drawing plane, thewhich are responsible for the interaction.
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C3 Numerous field lines Appendix D

Equation C4) can be generalised to many field lines by sum- \vvacuum effects

ming over their respective anglésand accounting for their

varying distances from the origifi. Choosing one reference A heuristic argument about the force between the flux tubes
field line as the origin and the distanggto one of its neigh-  can be put forward as follows: The gauge field\ = A

bours as direction of the x-axis, one has: causes an electric potential:
tang! — Rsin(0 + a;) R’ p— di 0 U=—9A/3t (b1)
ane = Rcos(6 +ai) — Dy’ Td T (cf., e.g.Jackson1975 pp. 220-223) being of pure gauge

(C9) nature. It is clear that the gauge field around an isolated

field line is stationary, and/ = 0. In the presence of an-
Here, 0< «; < 27 is the angle the direction af makes with  other field line, however, information is exchanged between
the direction of the x-axis, i.e. the direction &f. The nor-  the field lines, requiring time. The gauge field becomes non-

malised total gauge potential field is the sum over all contri-stationary, acquiring time dependence; the equivalent in-
butions from the field lines: duced electrostatic potential is non-zero.

The electrostatic energy the gauge field acquires in this
. R sin(6 + q; i i inlyi i i i
A@.R) = 0 +tan? ( +0t|) . (C10) case is obtained multiplying with chargeThis also defines
Di

i — R cos(6 + aj) afrequencyw 5 via
For some Mo-dimensional di_stribl_Jtion of par'c_llﬁ}(D,a)_ ol = _e% _ sgn(i) Aoy, — wp= ﬁ %
or anti-parallelfy (D, ) field lines in space, this expression ot 0 ot
becomes: (D2)
AO.R) =0 — i/ dD da [ f (D) — iy (D, a)] x which suggests that the interaction between flux tubes is me-
’ e WA diated by the exchange of massless particles — photons — of
R sin(e +a) frequency given by the induced time derivative of the gauge
x tant R cosid (C11)  field.
- cos( +a) The time dependence of the gauge field in the Lorentz

an expression which cannot be easily inverted for equi-gaug&auge is taken care of by the wave equation/for

potentials. In a hexagonal lattice of lattice consténgen- 1 92A
erated by many parallel field lines one h@is=n anda =  V?A— 5 —— =0, (D3)
. cs ot
¢ /3. Thus: ) ) ) ) N
_ of which the solutiom\ is subject to the boundary conditions
fRU(D, o) —> 278(D — n)8(a — £m/3), (C12)  on the surfaces of the two flux tubes. These prescribe that
_ VA = A on both surfaces.
with n € R a natural number, =1, ..., 6, andfy (D,a) = 0. Formally, the potential caused by the gauge field gives rise

The most important effect in this case is expected to resulto a gauge-Coulomb force

from nearest neighbours implyimg= 1. The gauge field pat-

tern then repeats itself for any field line in the entire volume F = ¢eVU = —¢ BZA = _Zg_h%e’”)’
t 0 t

and is obtained from
6 R Sin(6 4 6n /3 which in the presence of another field line evolves a radial

~ sin(o +£x i ; i
Amn(6.R) =6 — Ztan‘l ( /3) . (C13) component, the'S|gn.0f which deper!ds on the mutual'orl

= 1-R cos(e +€n/3) entation of the field lines. Formally, field lines behave like

electric charges of valuenzi/ ®g. The forceF = dp/dr is

Oblique field lines introduce further complications which we the time derivative of a momentum= /k. However, there
do not consider. On the other hand, importing anti-parallelare no massive charged particles involved on which the force
field lines will destroy the lattice locally, causing lattice de- could act in the empty space between the field lines. Hence

(D4)

fects and topological reorganisation. the change in momentum
This theory is based on the notion of the additivity of the onh
gauge potentials spanned by each of the field lines. As longa p = —?VA(G ) (D5)

as there is no other known interaction between magnetic flux

quanta, superposition of the gauge fields is well justified. Itmust be experienced by the flux tubes only, where for two
will, however become distorted if some interaction potential field lines A (9, r) is given in Eg. C6). Ap causes acceler-
has to be included. For the time being no such interactiomation and displacement of the field line in the presence of
potentials are known, at least to our knowledge. another field line at distancé
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D1 Virtual pairs vacuum state

The problem consists in understanding how, in the absence

of any massive charged particles and the mere presence of (a) Parallel field lines
gauge fields, the force between two separate flux tubes is

transmitted across the field-free and matter-free space be-

tween field lines. The only possibility is the inclusion of the %T T*»
vacuum as an active medium. Field line interaction will be

understood only when referring to low-energy vacuum the-

ory.

The energy carried by the gauge field is of order: FT locally T%
restored
20 . vacuum
eU ~ hn~ 1071% ev, (D6)
which is small. Referring to Dirac vacuum with all negative (b) Anti-parallel field lines
energy states filled by Fermions, spontaneous pair creation of
real particles is impossible as it requires energies MeV, , T l .
or 6 ~ 1021Hz. One, however, withAe = 2mec? the en-

ergy of an electron-positron pair, observes from the energy-
time uncertainty relatiom\e At ~ h that this frequency cor-

responds to a time uncertainty:
locally restored

At ~7h/mec® ~ 1072 s, (D7) vacuum

Fig. D1. Topological distortion of vacuum by two field lines.
which allows for the creation of virtual pairs, living on “bor- (&) Two parallel field lines (bluet1) placed at small distance with
rowed” time uncertainty. Hence, the region of the gaugetheir gauge fields causing distortion of vacuum in space between
field gradient between the two flux tubes is filled with a field lines. The vacuum restores its state locally by pushing the two
cloud of pairs of virtual electrons and positrongach of field lines apart (black arrows) in opposite directiofig. Two anti-

. . . parallel field lines (bluet|) causing a sinusoidal distortion. The
:)heeirr:;; ?;epslsget:dfobryaag:)ntﬁér ?)r;?r’ 221::0?: epr?)lgzzgzﬁg nz? Ce;(r)]ri pvacuum state is restored by attraction when the field lines annihilate
’ . > over some parallel part locally.
ton wavelengthcAr ~ h/mec ~ 10-12m in the equivalent P P Y
gauge-electric field-VU in opposite directions, causing
screening currents. This is the vacuum polarisation effect,

well known from Quantum Electrodynamics (cf., eAgtchi- D2 Vacuum topology
son and Hey1993 Kaku, 1993 Berestetskii et a]1997, and
any other advanced text on QED). Modern field theory gives a topological interpretation of the

Here its effect is to screen the equivalent gauge electrigphysical vacuum as the (average) minimum-energy ground
field and to reduce the bending of the gauge equi-potentialstate of an interacting many-body system which is a symmet-
in order to restore straight radial gauge field lines of indepen-ical equilibrium. In our microscopic case we may assume a
dent magnetic flux tubes, either pushing the field lines somdlat vacuum equilibrium state on the scale of the field line flux
distance apart or causing attraction and annihilation of theubes. Putting one field line into vacuum distorts it locally,
anti-parallel flux, depending on the mutual directions of theadding the cylindrically symmetrical gauge potential which
field lines. In this way the force is transmitted to the mag- does not do any serious harm to the vacuum equilibrium state
netic field line by the presence of the virtual particle cloud, because it lacks any radial and time variations. The situation
which exists only in the region oV A # 0 and thus only is two-dimensional only. With two and more field lines, how-
when another field line is added. One realises that this is a dyever, the situation becomes different as shown in Big.
namical and thus time-dependent process. It ceases immedi- When two parallel field lines are put into the vacuum close
ately when the field lines get sufficiently far apart from eachto each other, the distortion of the vacuum by the gauge po-
other and the radial dependence of the inter-field line gaugéential causes humps in the vacuum field. These are the result
field disappears. Otherwise, when the field is confined fromof the creation of clouds of virtual electron positron pairs in
the outside, the field lines will be in dynamical equilibrium the regions of finite gauge potential gradients and the vir-
with the confining force, being continuously surrounded by tual particle fields and currents involved. The vacuum needs
a cloud of virtual pairs. — and acts — to restore the flat ground state. This is achieved
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by stretching the vacuum potential and pushing the humps As noted above, the external gauge potential of two (or
apart. Solving the quantum electrodynamical problem of thismore) isolated magnetic flux tubes causes an equivalent elec-
interaction is a formidable task. An attempt in this direction tric field by producing spatial gauge field gradiehtShese
is done below. correspond to a local electric field which necessarily po-
For a qualitative argument we refer to Figl, which larises the vacuum, even in our case of very weak fields. The
shows that the bending of gauge-field equipotentials isproduction rates of real pair$léisenberg and Eulef936
strongest near the two anti-parallel field lines close to theHeyl and Hernqvist19973 are low in weak fields and in-
straight line connecting their centres. The gradients are pererease exponentially with increasing field. The magnetic and
pendicular to this line and are parallel for the two field lines. electric fields which we are interested in are much less than
Hence, the clouds of virtual particles concentrate here andhe critical fields,|B| < Bgiit, |E| < Eciit, Where E is the
carry parallel virtual currents which interact repulsively. It is field caused by the external gauge potentialClearly, in
thus the repulsive force between the virtual current carried bythis case no real pairs can be generated. This has been ex-
the virtual particles generated in the vacuum by the two inter-plicated above several times already. Then the required vac-
acting field lines which exerts a force on the field lines. Underuum polarisation is produced by creatiormirtual electron-
the action of this force the two field lines separate in spacepositron pairs living on the short “borrowed” time (borrowed
the gauge potentials stretch radially out and the virtual parti-from quantum uncertainty), though being continuously re-
cles ultimately disappear. This action may be interpreted aproduced again and again and thus contribute to a quasi-
attributing a virtual (time-dependent) mak&, to the field  permanent cloud of virtual pairs.

lines, which is the total mass of the cloud of virtual particles:
D4 Virtual pair production rate

Defining ¢ =|E(r,0)|/Ecit, We can estimate the pair-
density production rate(¢) by referring to one of the above
papers, where the problem is solved for real pairs in quan-
where 2n. is the mass of the virtual electron-positron pairs, tum electrodynamics. There, it has been shoteigenberg
and the integration is taken over the volume of non-vanishingand Euler 1936 Schwinger 1951; Berestetskii et a.1997
gradient of the gauge potential field. The functifwi(x, p) Itzykson and Zuber1980 that the pair-density production

is the properly normalised distribution function of the virtual rate out of the vacuum in the presence of an electromagnetic

particles with momentunp at locationx. The inertia of the  field is defined as being proportional to the imaginary part:
virtual particle cloud thus attributes an inertia to the field line
and mediates a repulsive force acting between the field Iinesk(g)
Similarly, if two anti-parallel field lines are put into the
vacuum, the vacuum assumes a sinusoidal distortion (as is
schematically shown in the lower part of F1), which can  Of the (complex) interaction Lagrangedn= Lo + L' of the

be most simply relaxed by attracting and annihilating. electromagnetic field with the vacuum.can be expressed
through the electrodynamic Lorentz invariants:

Moy (t) = 2me / d3xd3pfn(x, p.1), (D8)

_ImL

== (D9)

D3 Briefing on the quantum electrodynamic approach

T—F, b =g BE _clEP (D10)
Calculation of this mechanism requires the full technique e - 210 2 '
of a distorted quantum electrodynamic vacuum theory. Th|s’C _ oy FopFo x E x B (D11)

will not be explicated here in detail. It has, for strong elec-

tromagngtig fields below ;he c_riltical_ electric field| < whereF,, is the covariant electromagnetic field tensor. In
Ecrit=mgc®/eh ~ 2.2 x 107"V m™*, originally been given gy case, where no magnetic field exists outside the flux tube,
by Heisenberg and Eulgd936. (The corresponding criti-  the second invariant, which is the magnetic field-aligned

cal magne_tic fields hgve strengtigri; ~ 4.4 x 101 T-_) Its  electric component, vanishes identically, yielding for the La-
quantum-field theoretical form was developed3phwinger  grangean:

(1951).5 Here we sketch the mechanism in view of appli-
cation to our problem without going into the details of its L(Z,K) = —%I. (D12)
complicated mathematics.

6Recall that one single flux tube does not give rise to such effects

SFor later refinements and application see, Bagestetskii etal.  if assuming that, locally, it can be considered an infinitely extended
(1997 andltzykson and Zube(1980. For a modern recount and string. Of course, magnetic fields have no divergence, and therefore,
application to very strong fields in pulsars and magnetars, showinghe flux tube or field line must at some location become bent and
that vacuum polarisation effects relax the condition on the uppemeturn either into itself to close or end up on an external source. Both
limit on the magnetic field strength allowing for the existence of will cause distortion of the vacuum at some place, which, however,
magnetars, sddeyl and Hernqvis{1997ab). is not felt locally if displaced sufficiently far.
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Calculating all these functions and solving for the imaginary This is, however, not yet the full story. Since no real pairs
part of the Lagrangean is possible in the two limits of large can be produced by the very small expected electric field
and small electric field ratios. In our problem we are inter-  strengths,| E|, which result from the presence of the de-
ested only in the very small ratio limjt <« 1. The calculation  formed gauge potential, it makes no sense to ask for the
is lengthy and subtle. We give here the main steps only. pair production rate. What is of interest, is the density of vir-
The expression fox simplifies substantially in the small tual pairs which have been generated at the end of the “bor-
¢ case, thought/(I, IC) is still a rather complicated integral rowed” time, Az, from uncertainty, Eq.[§7), as this will be
expression. For smajl, the pair production rate is to be taken the upper limit of virtual pairs which the equivalent electric

at field that is generated by the gauge potential can afford. This
1 number is obtained from the definition ©f¢) = dNpajrs/dt
«(0) Zﬂh,c(z 202 K o). (D13) N
This can be expresseH¢yl and Hernqvist1997ab) as: Npairs= /dnc(g). (D21)
K%C{%JT+2§[2Re7(§)—§(|n{+|n 4 +1)]— 0
« (¢) contains the electric field, which is given from E§.1)
_ §2[%n +8 |mj(§):| } (D14) by the gradient olJ as the time derivative of the gauge po-
tential A. Making use of this property, the integral can be
with 7(¢) defined as the integral: done, yielding for the number density of virtual pairs:
| i Noairs™ 7— | V[A(AL.1.0) = AQ.r, 0| (D22)
JE©) = /ds In {F[1+s(2— - 1)”. (D15) crit
0 ¢ Unfortunately, this form cannot be treated further. In order to

obtain an absolute upper limit of the virtual pair density, we
Since, in our caseg;, < 1 is a very small number, we can use simply multiply « (¢) by At, finding
the asymptotic expansion:
Npairs S 4 x 10°%¢. (D23)
T'(az+b) ~ \/Z(az)aﬂrb—%e—az, (a>0, largz <) This also yields a limit on the mass density of the pair cloud
(D16) ma, ~ 2meNpairs, Which is the mass density attached to the
magnetic flux tubes.
for the I'-function of complex argument. Taking the loga-  Estimating a reasonable value foris difficult. Obser-
rithm, integrating each term and carefully watching to take vations in space suggest that the electric field related to a
the lower limit of the integral to avoid divergence, we find Single field line must be very small, much less indeed than

for the real and imaginary parts of the integral: any reasonable field which thE x B convection veloc-
ity of magnetic plasma fluctuations would suggest. Convec-
Re7 ~ _} In <1+ i) (D17) tion electric fields in space are of the order-emvm1,
2 42 while lower limits on the electric fluctuations range around
1 1 1 102V m~L. In order to be on the safe side when having in
Im7 ~ “x [1_ In <1+ @)] —arctan_ - (D18)  mind that we want to apply this theory to reconnection in

magnetic fields of the order of O(10) nT, we boldly assume
Inserting into the expression for the pair production rate wethat |E| < 10-1°V m~1. This still yields a virtual pair den-
finally find for « (¢), up to second order ig, sity of

k@ ~ce(1- %;), ¢ <L (019)  Npars~10° m~3 (D24)

for the plasma sheet in the magnetospheric tail, correspond-
At these low values of, the pair-density productionrateisa ing to ~10-3cm~3, which is well below any observed

linear function ofs. The proportionality factor, plasma density in this region. These pairs are located only
2 310 2.4 7 31 in a small region close to each of the magnetic field lines,
C=mic®/8n?h* =4x 107 m~3s (D20)  however, mediating the field line dynamics on the inter-field

line scale. Any average density of such virtual pairs will be
even much less when averaged over the volume.
The electric current density carried by any such cloud of
rtual pairs is also small. It can be estimated as:

is a huge number (cf., e.gleyl and Hernqvist19973, indi-
cating that in stronger electric fields the production of pairs,
under conditions when the quantum electrodynamic theorxli
is applicable, is quite efficient. However, in our cases
extremely small, thus will be substantially reduced. J pairs ™ 2e NpairsVpairs, (D25)
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where the velocity is given b¥pairs® EAt, since the pairs  radius. Hence, the dynamics of magnetic field lines must nec-
become accelerated in the equivalent gauge electric field onlgssarily be treated quantum theoretically even from the con-
for the “borrowed” timeAt. As expected, this current density ventional viewpoint of application to particle physics. How-

is small, being of the order of ever, independent of this reasoning, it remains to be unclear
sg " whether the thermal wavelength argument holds at all for
J pairs~ 10 Am (D26)  field lines. In dilute plasmas on the field line scale there are

no particles involved, and hence field lines find themselves

in the vicinity of one field line. The presence of the current ,\bedded in vacuum.

gives rise to a small Lorentz force density:

F| ~ Jpairsx B~107% Nm=2 (D27)
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