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Abstract. Results obtained using a waveguide model of the
AKR generation in thin plasma cavities are presented. Taking
into account the occurrence of low frequency plasma motion
in the regions of the AKR generation, we have considered
a wave escape from a thin plasma cavity with adiabatically
slowly varying width, and show that there can exist local-
ized regions of instability from which the extraordinary X-
mode waves, growing in time, can be radiated outwards. It
has been found that waves, propagating quasi-tangentially to
the source frontiers, have the maximum growth rate and es-
cape outward most efficiently, which is in accordance with
experimental observations.
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1 Introduction

The electron cyclotron maser instability (Wu and Lee, 1979)
is widely accepted to be the fundamental mechanism respon-
sible for generation of the terrestrial auroral kilometric radi-
ation (AKR) and similar radio emissions from the solar sys-
tem planets having their own magnetic field: Jupiter, Saturn,
Uranus, and Neptune (Zarka, 1998; Farrell et al., 2004).

The AKR is strongly polarized emission mainly propa-
gating as the extraordinary X-mode waves (Panchenko et
al., 2008). According to the Viking spacecraft observations,
AKR sources are thin cavities oriented tangentially to the au-
roral oval and aligned with the background magnetic field
(Louarn and Le Qúeau, 1996a; Ergun et al., 1998). They
have a small latitudinal width (10 km–100 km) as compared

with their longitudinal extent (∼2000 km). Plasma of AKR
sources is tenuous with electron population essentially com-
posed of energetic particles with a horseshoe velocity dis-
tribution (Ergun et al., 2000). The free energy that drives
the cyclotron maser instability is associated with a positive
slope∂f/∂p⊥ in the horseshoe distribution. A peculiar fea-
ture of the electron distributions observed inside the sources
is an accumulation of particles with high transverse energies
of the order of several KeV but low parallel velocities. AKR
sources are separated from the denser and colder surrounding
plasma by sharp density gradients with typical length scale of
a few hundred meters.

Taking into account the above-mentioned experimental re-
sults, Louarn and Le Quéau (1996b) were the first who sug-
gested the plane waveguide model of the AKR generation
in thin plasma cavities (Fig. 1). Using this model, a general
dispersion relation was obtained for wave generation in an
arbitrary direction relative to the magnetic field (Burinskaya
and Rauch, 2007).

It was found that there is a preferential direction of wave
excitation in the plane transverse to the background mag-
netic field, namely, in the vicinity of the y-axis tangen-
tial to the source frontiers. This fact is completely consis-
tent with experimental data. Observations made onboard the
Viking spacecraft have revealed that the AKR radiating di-
agram is anisotropic in the plane perpendicular to the geo-
magnetic field, and radiation is preferentially emitted quasi-
tangentially to the source frontiers (Louarn and Le Quéau,
1996a). The recent analysis of Cluster observations of the
AKR emissions has shown that the AKR angular beaming
pattern is narrowly confined to a plane containing the mag-
netic field vector at the source and tangent to a circle of
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Fig. 1.Geometry of the AKR source model.

constant latitude (Mutel et al., 2008). Therefore, it seems that
the waveguide model is a good tool for studying of AKR
emissions generated inside thin cavities.

However, there is a long-standing problem in studies of
cyclotron maser instability in a localized space region with
a reduced density: how the radiation generated below the
cutoff frequency of the external cold plasma would escape
from a source or, in other words, gets onto the branch of the
cold plasma dispersion. The most plausible hypothesis is that
plasma and magnetic field inhomogeneities, as well as time
dependent processes, are of primary importance in the under-
standing of the AKR escape from a source region. The role
of magnetic field gradients was qualitatively discussed by
Louarn and Le Qúeau (1996b), and some interesting quanti-
tative estimates were made by Cairns et al. (2008), but a com-
prehensive analysis of this problem has not been performed
yet. Taking into account that low frequency waves commonly
exist in the AKR generation region (Lund, 2010), we develop
a nonstationary waveguide model and show that incorpora-
tion of time-dependent processes into the waveguide model
enables the AKR emissions generated inside a cavity to es-
cape from it. In this paper, a thin plasma cavity with adia-
batically slowly varying width is considered. Our objective
is to find solutions in which the extraordinary X-mode waves
growing inside a source can be directly connected to the ex-
ternal X-mode waves attributed to the cold plasma disper-
sion.

2 Model of the waveguide with slowly varying width

We use a model shown in Fig. 1 in which the AKR source
is considered to be a plane waveguide that has the widthL

along the x-axis and is infinite in the y- and z-directions. The
z-axis is directed along the background magnetic field. Un-

der the assumption that plasma parameters vary on a char-
acteristic spatial scale much greater than a source width, the
plasma inside and outside a source can be treated as homoge-
neous. Because of the complexity of the dispersion relation
for a horseshoe distribution, a ring distribution of the form
f (vz,v⊥) = (2πv⊥0)

−1δ(v⊥−v⊥0)δ(vz−v0) is taken inside
a source. Here,v0 is the directed electron velocity along the
magnetic field. Although such a distribution function is ide-
alized, it takes into account relativistic effects and does not
significantly modify the results obtained with the use of more
realistic distributions, as was shown in Le Quéau and Louarn
(1989). It is suggested that the plasma outside a source is
cold. The width of transition layer between the low density
hot plasma inside the source and the external denser cold
plasma is assumed to be much less than the wavelength of the
excited waves. The ions are presumed to be immobile and to
play the role of a neutralizing background. Since relativistic
effects play a key role in cyclotron maser instabilities, the rel-
ativistic dielectric tensor elements are used. For the investiga-
tion of the wave generation and its propagation in an arbitrary
direction inside a source with a finite extension, it is neces-
sary to consider the general asymmetric structure of electro-
magnetic fields inside a source, as shown in Burinskaya and
Rauch (2007) where the relevant dispersion relation is found
from the continuity conditions for electromagnetic field com-
ponentsHz, Ez, Hy, Ey at the waveguide frontiers. As may
be expected, solutions to the dispersion equation constitute
a discrete family of waveguide eigenmodes, each of which
can be assigned an integern = 1+ kxL/π , whereL is a
source width andkx is a wave vector component in the x-
direction. For eachn value, the real and imaginary parts of
wave frequency are found by numerically solving the disper-
sion relation as functions of wave vector componentsky and
kz. The results obtained in Louarn and Le Quéau (1996b),
Burinskaya and Rauch (2007) have shown that the real parts
of the refractive index calculated for the eigenmodes with a
positive value of the growth rate are less than unit inside a
source region, and more than unit outside a source. Using
the terminology for the cold plasma, it is possible to say that
the internal part of these solutions is similar to the X-mode
waves, and the external part is similar to the Z-mode waves. It
worth to note that there is an additional branch of the disper-
sion relation in a homogeneous relativistic plasma with hot
electrons characterized by the same parameters as the AKR
source plasma (Louarn and Le Quéau, 1996b; Cairns et al.,
2008). This branch with a negative group velocity takes place
in a limited range of wave numbers, and connects together,
two branches similar to the X-mode and Z-mode waves. In
the cold background plasma outside of a source region two
branches corresponding to the X-mode and Z-mode waves
are far apart on a dispersion relationship diagram.

In the present paper, we consider a waveguide with adi-
abatically slowly varying width, and numerically solve the
dispersion relation on the condition that the number of par-
ticles inside a waveguide, as well as the magnetic flux and
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Fig. 2. Real and imaginary parts of the external index as functions
of the dimensionless half-width of the source for the eigenmode
n = 12 with different values ofky normalized toω0/c and marked
on the top part of this figure. The type of lines corresponding to
defined values ofky is the same for top and bottom curves.

the first adiabatic invariant, is constant. In what follows, we
present results for the range of parameters adapted to the
AKR generation region at altitudes where the electron gy-
rofrequencyfc = 200 kHz. The electron energy and density
inside the source region are taken∼4 KeV and 1 cm−3, re-
spectively, and the background plasma density outside the
source is∼5 cm−3. The solutions of the dispersion equation
are shown in Fig. 2 as the waveguide half-width dependence
of the real and imaginary parts of the external refractive index
Next = koutc/ω, wherec is the speed of light,kout andω are
a wavenumber and a frequency of the waves outgoing from
a source. Calculations are made for the eigenmodesn = 12
with kz = 0 and different values ofky normalized toω0/c

(ω0 is the electron cyclotron frequency in the background
plasma). The values ofky are marked on the top part of this
figure, and the type of lines corresponding to defined values
of ky is the same for top and bottom curves. The source half-
width is normalized toc/ω0, and is varied between 60 and 55
in dimensionless units corresponding to 15 km and 13.75 km
in dimensional values for the plasma parameters mentioned
above. Calculations were performed beginning with the di-
mensionless half-width equal to 60 when the real part of the
external index is greater than unity for all solutions. In other
words, there is a leakage only of Z-mode waves from the
source. Since the source width is reduced, the real part of
the external index rapidly decreases for the waves propagat-
ing nearly tangentially to waveguide frontiers,ky > 0.9, and
a contraction smaller than one percent gives the chance to
leak for these waves outside of the X-mode waves,Next < 1.
In Fig. 3 the real part of the external index is shown against
the angle of wave propagationθ between the y-axis and a
wave vector for the moment of time when a dimensionless
source half-width was narrowed toL/2 = 59.4. When a 2 %

Fig. 3. Real part of the external index as a function of the angle
of wave propagationθ between the y-axis and a wave vector of
the outgoing waves for the moment of time when a dimensionless
source half-width is equal to 59.4.

Fig. 4. Growth rate normalized toω0/c as a function of the dimen-
sionless half-width for the eigenmoden = 12 with different values
of ky normalized toω0/c and marked on the plot.

reduction in width is achieved, the real part of the external
index becomes smaller than unity for all eigenmodes under
consideration. With a further width narrowing, the imaginary
part of the external index vanishes and its real part smaller
than unity tends to unity, and it is possible to say that there
is a leakage of the X-mode waves on the branch of the cold
plasma dispersion.

The results obtained in the frame of the stationary waveg-
uide model have shown that there is a limiting value of

ky found fromc
√

k2
x + k2

y + k2
z = ωc for the growing eigen-

modes (ωc is the electron cyclotron frequency inside a
source). The growth rate of cyclotron maser instability rises
with increasingky if ky is smaller than its limiting value,
and rapidly reduces to zero ifky is close to it (Burinskaya
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Fig. 5.Real and imagine parts of the external refractive index versus
the dimensionless source half-width for eigenmodes with different
n. Light solid lines correspond to the eigenmodesn = 4 with dif-
ferentky: left ky = 0; right ky = 0.98. Dotted lines correspond to
n = 12: left ky = 0; right ky = 0.94. Dash-dotted lines correspond
to n = 33: leftky = 0; rightky = 0.5.

and Rauch, 2007). The limiting value ofky is proportional
to ωc/c. Therefore, the small increase of the magnetic field
inside a source due to its width contraction can lead to pro-
nounced changes in the growth rate of waves withky close
to the limiting value. The growth rate normalized toω0/c as
a function of the dimensionless half-width is shown in Fig. 4
for the eigenmoden = 12 with different values ofky normal-
ized to ω0/c. It is clearly seen that, during the waveguide
contraction, the growth rate of the waves propagating very
close to the y-axis (ky > 0.9) rises steeply at the initial stage
and remains the greatest upon further width compression.

The results shown in Figs. 2–4 are obtained for the eigen-
moden = 12. For comparison, in Fig. 5 the real and imagine
parts of the external refractive index are shown versus the
dimensionless source half-width for three eigenmodes with
differentn. Light solid lines correspond ton = 4 with differ-
ent ky: left ky = 0; right ky = 0.98. Dotted lines correspond
to n = 12: left line ky = 0; right line ky = 0.94; and dash-
dotted lines ton = 33: leftky = 0; rightky = 0.5. It is appar-
ent from this figure that the results obtained for the eigen-
modesn = 4 andn = 12 are very close to each other. From
our calculations, it follows that eigenmodes withn < 15 and
ky > 0.9 are the first that can escape from the source as the
X-mode waves, and the width contraction on the order of 5 %
provides a leakage of all waves generated inside the source
essentially on the branch of the cold plasma dispersion.

3 Discussion

We have considered a wave escape from a thin plasma cavity
with adiabatically slowly varying width. It has been shown
that it is possible to have a localized unstable region inside a
cavity, from which outward propagating X-mode waves are
generated because of the increasing of the magnetic field and
plasma density inside the source region. For the parameters
used above, it is enough to increase the magnetic field inside
a cavity due to its contraction by some percent and, the main
part of waves generated inside a source would leak out on
the X-mode branch of the cold plasma dispersion. It has been
found that waves propagating quasi-tangentially to the source
frontiers have the maximum growth rate and most efficiently
escape outward, which is in accordance with experimental
observations. Waves inside the source region grow in ampli-
tude due to the development of the electron cyclotron maser
instability, and as a consequence, amplitudes of the outgoing
waves are also increased. The bandwidth of emitting waves
depends on the degree of width compression, and its value
is determined as the range of frequencies generated between
two moments of time: the first must be taken when a leakage
of the X-mode waves becomes possible, and the second is a
final point of width contraction depending on amplitudes of
low frequency waves in the region of AKR generation. It has
been found that, during a width contraction, the intensity of
the escaping radiation increases due to the increasing growth
rate of cyclotron maser instability. During a width expansion,
the intensity of the outgoing waves decreases. It is interesting
to note that a similar correlation between the AKR power and
low frequency oscillations of the magnetic field has been ob-
served (Uozumi et al., 2011). For more detailed comparison
with experimental data, it is also necessary to take into ac-
count the magnetic field and plasma inhomogeneities in the
region of the AKR generation. Mutel et al. (2008) estimated
the wave refraction outside the source by the denser magne-
tospheric plasma using the cold plasma dispersion. However,
for the calculations of wave generation and propagation in-
side a source region, as well as their exit from a cavity, it
is necessary to use a dispersion relation for the relativistic
plasma with hot electrons, because a wave propagation in the
presence of a distribution unstable to a cyclotron maser in-
stability may be significantly different from that in a stable
plasma (Cairns et al., 2008). The problems of the AKR gen-
eration and propagation in an inhomogeneous plasma in the
presence of low frequency oscillations are under our current
investigation. The main point to be taken from the present pa-
per is that the existence of low frequency waves may play a
key role in the AKR escape from the region of its generation.
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