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Abstract. The standard method of calculating the spectrumare not too variable, crude estimates of the spectra can be ob-
of a digital signal is based on the Fourier transform, whichtained by applying Fourier transform to the sample sequence
gives the amplitude and phase spectra at a set of equidistaas if the sampling interval would be constant.

frequencies from signal samples taken at equal intervals. In It is a common situation in geophysics, astronomy or bi-
this paper a different method based on stochastic inversiomlogy that sampling is made at unequal intervals. Since in-
is introduced. It does not imply a fixed sampling rate, andterpolation necessarily introduces some error in the signal,
therefore it is useful in analysing geophysical signals whichmethods have been developed which calculate the spectrum
may be unequally sampled or may have missing data pointsdirectly from the original samples even in such a case.

This could not be done by means of Fourier transform with- A usual approach to calculating the signal spectrum from
out preliminary interpolation. Another feature of the inver- unequally spaced samples is based on least squares fitting
sion method is that it allows unequal frequency steps in theof sinusoidal signals to the data pointBarning (1962
spectrum, although this property is not needed in practicesearched for the most important frequency by fitting sinu-
The method has a close relation to methods based on leaséoidals at various frequencies and choosing the frequency
squares fitting of sinusoidal functions to the signal. However,giving the best fit. The next step was to subtract the fitted
the number of frequency bins is not limited by the number of frequency from the signal and to repeat the search using the
signal samples. In Fourier transform this can be achieved byifference signal. In such a manner a few frequency com-
means of additional zero-valued samples, but no such extronents from the light curve of a star were obtained. A key
samples are used in this method. Finally, if the standard deidea of this method is to find the most distinctive frequencies,
viation of the samples is known, the method is also able totheir phases and amplitudes rather than the phases and am-
give error limits to the spectrum. This helps in recognising plitudes of the signal components at some pre-selected fre-

signal peaks in noisy spectra. guency bins.
Keywords. lonosphere (Auroral ionosphere) — Radio sci- A more advanced method was presented \fanicek
ence (Signal processing) (1969 and later developed byanicek (1971). This was also

based on finding frequency components in the order of im-
portance. In this approach the next frequency is found by
fitting simultaneously the amplitudes and phases of the pre-
vious frequencies and the trial frequency. The method was
The power or amplitude and phase spectrum of a signal i§|mp||f|ed by Lom,b (1979. lF was !ater shown bys-cargle
conventionally calculated by means of the Fourier transform.(198,3, tha}t Lomb’s 'method is equivalent to a periodogram
This can be done, if the signal is sampled at equal intervals. :%‘Od'f'ed in a certain manner. A fast algorithm for calcu-

1 Introduction

this is not the case, the Fourier transform can only be applie 1%239 thedperiodogram V\(/jas_devel_?pbe;d?nfss and :I;gé)icki
after resampling the signal by means of some interpolatio 9 and a program code is availablermess et a2007).

method (eisel 1978. If the lengths of sampling intervals It "as turned out that, with the computing power avail-
able in the present time, there is no need to search for the

main frequency components. Instead, one can choose a set

Correspondence toT. Nygrén of frequencies and make a simultaneous fit giving the ampli-
BY (tuomo.nygren@oulu.fi) tude and phase of each frequency component simultaneously.
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This formalism has been put in matrix form raymer  are coefficients which can be calculated when the angular fre-

(1998. qguencies and the sampling times are known. The amplitudes
In this paper an approach to the problem is made starta; andb; are unknowns which are to be determined.

ing from stochastic inversion based on Bayesian theory. The Equation 8) means that each sample value is a linear com-

work was originally independent of that Iraymer(1998, bination of the amplitudes of the sines and cosines of all fre-

but it was later noticed that this approach leads to a similaquencies. The samples can be arranged as@mponent

formalism. Itis clear that this must happen, because stochaszolumn vector

tic inversion with Gaussian errors leads to a generalized least

squares solution. A new finding is that the number of fre- igg

guency bins in the spectrum is not limited in the manner gen— — ] , (6)
erally believed, but the number of frequency bins can even :

be greater than the number of signal samples. However, this x(tn)

does notimprove the spectral resolution, which is determined,_ .

by the length of the sample sequence. The effect is rather irﬂ-helr GITOrS &s an error vector

terpolation of the spectrum just as interpolation is achieved in €1

Fourier transform by adding zero-valued samples to the end €2

of the time series. The difference is that the present method = | : |" @

does not need any additional zero-valued samples. If error

estimates of data values are known, the method also allows

the calculation of error estimates of the power spectrum forand the coefficients, anda, as a singlé2m —1)-component
all frequencies. This can be done also when subsequent dat®lumn vector

samples are not independent. Sampling a filtered signal may by
lead to such a sample sequence. by
2 Method ;,'
x=|" ®)
Consider a model of a time signedr) in terms of sinusoidal a§
oscillations atn angular frequenciesy,k =1,2,...,m with
different amplitudes and phases, i.e.
m am
x(1) =) _(axSiNwy! +by.Cost). (1) When the coefficients ;; andc;; are arranged as amx
k=1 (2m — 1) matrix
By sampling the signal at timesg, j = 1,2,...,n, we obtain
a sample sequende(t1),x(12), ..., x(t,)}, where Lewzceas ..o cum 512513 - S1m
N 1c22 23 ... Com 522823 ... S2m
x(tj) =) (axSinwyt;+ by COSvt)) + . @ A=|lcs2css .. coms32535 - Sam | ©)
=1 SRR PR S
Here sampling is considered as a measurement of the signal 1cn2 cn3 - Cnm Sn2 Sn3 -+ Snm

value ands; is the true measurement error (not an error es-

timate). Unlike in Fourier transform, only positive frequen- K

cies are considered here and, instead of a complex exponen-=A- X +¢. (10)

tial, the phases of the frequency components are express . . . . .

in terms of sines and cosines and their relative amplitudes(,?:éej ?:atllr?r;g)gr?;sst?csi?\\?;ri%;heb%%%zllr:igslt?r\:aenziz?mpemb-

Sincex(¢) may contain a DC component, it is reasonableto ' "
unknownsX and the errorg are taken as random variables.

choosavy =0. Then Eq.%) can be written as The method is well known (see e.g. Nggrat al., 1997) but,

all equations ) can be written as a single matrix equation

_p i b 3 for clarity, it is briefly reviewed here.
x(tj) = 1"'2(““/"‘ +hieji) e, ) Assuming that the measurement errors are Gaussian ran-
k=2 dom variables with zero mean and a covariance matrix

where _

, T=(e-e’), (11)
S jk = SINwitj (4)

q the conditional probability density of is
an
1 _ 4

Cjk = COSyt) 65) DEMoexp-SA-X-0" T AX-x)] (12
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where T indicates a transpose. The maximum point of 1. If the number of equations is equal to the number of

this Gaussian distribution is obtained by minimising the unknownsA is a square matrix (in our case this corre-
quadratic formA-X —x)” - £ 1. (A- X —x). The quadratic sponds taq2m —1) = n so thatn = (n+1)/2 andn must
form gets a minimum at be odd). Then the matrix equation has a unique solution
if det(A) # 0. If det(A) = 0, two different cases may ap-
X=Xo=0Q1.(AT. s h.x, (13) pear; eithex is or is not in the range d&. In the former
case the equation can have more than a single solution,
where since a linear combination of a given solution and any
QAT s-1A (14) yector in the ngll space A is also a splutlon. The'm it
is possible to find the shortest vectrin the solution
is the Fisher information matrix. In terms of these notations ~ Space. Whex is not in the range oA, the equation
as the shortest length of the vectdr of all possible least

squares solutions (this is the SVD solution).

1 _
D(X expf—=(X—Xo)7-Q- (X — Xo)]. 15
(Xx) ocexrl 2( 0" -Q:( ol (15) 2. If the number of equations is smaller than the number

This is a standard Gaussian multivariate distribution with a ~ ©f unknowns, the problem is underdetermined (in our

meanXg and a covariance matri9—1. Hence the statis- case(2m —1) > n so thatm > (n +1)/2). Formally, it
tically most probable values of the unknowns is given by is then possible to expamdl into a square matrix with
Eq. (13) and their errors are obtained from the covariance ~ additional rows of zeros and also to expandith ad-
matrix ditional zeros. This leads to dé&) =0, and then one
can find either the shorte3t in the solution space or
Tx=0QL (16) the shortesK of all possible least squares solutions.

If the data samples are statistically independent and their er- 3. If the number of equations is greater than the number of
rors have identical variances, Eq. (13) is simplified as unknowns, the problem is overdetermined, unlass
row-degenerate in such a way that the problem reduces

Xo=AT-A)"LAT.x. (17) to one of the above cases (in our c&8e — 1) <n so
and thatm < (n+1)/2). An overdetermined set of equations

has a solution only in the least squares sense.
Tx=0?AT.A)L (18)

) The solutions in Eq.X3) or Eq. (L7) cover all the above cases
If X is diagonal and the variance ef is al?, the quadratic  as long af) ! exists. Unless the number of data samples is

form in the exponential in Eq. (12) is very great, it is practical to choose such a high frequency res-
_ PR olution that the problem becomes underdetermined. It turns
A-X-0"-Z77 A-X-x)= out that this choice has an effect similar to expanding the
1 2 sample sequence by zero-valued samples when Fourier trans-
Z_z |:<ZA,~~,‘XJ~> —xi:| . (19)  formis used; it leads to interpolation of the spectrum.
i i j In conclusion, this formalism gives a compact recipe for

Minimising this gives the conventional least squares metho(fetermmmg the most likely values of the unknown ampli-

where inverses of variances are used as weights. ThUSUdesak andb; in Eq. (). The Fisher information matrix

Eq. (L3) is a solution of a generalized least squares method" &Y be close to singular so that it implies a use of regular-

which takes into account not only the variances of the mea—'zatlon' Then the inverse matrix can be obtained by

surement errors but also their covariances. This analysi§—1%©+m-)—17 (20)

shows the basic idea behind the least squares method: i

maximises the conditional probability of the unknonws if the wherex is a small number anldis a unit matrix. Actually, it

measurement errors have a Gaussian distribution. would be possible to expand the inversion method to include
Unlike the Fourier transform, the inversion solution con- some a priori information (see Nygnm at al., 1997), which

tains no relation between the number of data samples angould also help in regularizing unstable solutions. It seems,

the number of frequencies. By choosing the number of fre-however, that this is not needed in practice, and therefore it

quencies in such a manner that the number of equations iRas been omitted from the theory.

Eq. (10) is equal to, greater than or smaller than the number \When amplitudes; andb; are known, they can be used

of unknowns we obtain three different cases. These are besbr calculating the power of the frequency componepti.e.
understood by considering the solutioxi®f a general linear

equatione =A - X: Py =a?+b2. (21)
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1412 T. Nygén and Th. Ulich: Inversion spectrum

6000 are shown in Fig. 1 at a narrow frequency interval around the
+ 5000 frequency bins nominal frequency of 0.25. It is seen that the frequency res-
> 5000 | go0hmeaueney e olution given by 50 frequency bins give only a single point
2 A at the spectrum peak, whereas the other two spectra produce
8 4000 the line shape determined by the length of the sample se-
g 4 ? guence. The interpolating capability of the method is well
5 3000 o" "@ demonstrated. The figure also shows that the power scale
a F 1 of the spectrum is independent of the frequency resolution
T 2000 é & when scaling is made in the way discussed above. This re-
< sult also shows that, although it would be possible to use
£ 1000 3 ? non-equidistant frequency bins, there is no real need to that,
because the frequency resolution can be increased to fulfill
0 ! all needs.
.23 0.24

0 0.25 0.26 0.27 For further testing of the method, artificial signals com-

FREQUENCY posed of a set of sinusoidal signals at five frequencies were
_ _ _ _ generated. Figure 2 shows results of spectral analysis of sig-
Fig. 1. Power spectrum of a signal at three different resolu’[lons.nals at frequencies 0.015, 0.11, 0.235, 0.25 and 0.49 with

The frequency of the sinusoidal signal is one fourth of the sampllngrandom phases and respective amplitudes 0.5, 0.7, 0.5, 1.0
frequency, and the sample sequence consists of 100 samples. The

number of equidistant frequency bins within the frequency interval and 0.8. One. hundred sgmples are t'aken a_t equal intervals
0-0.5 is 50, 500 and 5000, respectively. and the sampling interval is used as a time unit. The top panel
shows the signal as a continuous line and the samples are in-
dicated by the markers. The middle panel shows the power

The amplitude and phase can also be calculated in an obviougPectral densities calculated from all samples by means of
way. One should notice that the power spectral density meankourier transform. For the Fourier transform, the sample se-
power per frequency interval, and therefore the power valuegluence is padded by 990 zero-valued samples to interpolate
given by Eq (21) do not direcﬂy give the power Spectrum_ the Spectra to 501 frequenCies ranging from 0to 0.5. The bot-
Consider, for instance, what happens if some frequency gridom panel shows the power spectral density calculated by the
is first chosen and the inversion is carried out. Then a densdpversion method. However, only the samples shown by the
grid is made by adding intermediate frequencies and the infilled dots in the top panel are used by the inversion method.
version is repeated. Now the power (i.e. the amplitudes) afl hus the samples shown by the open dots, which have been
the original frequencies will be smaller than in the first in- randomly chosen, are not used. Neither is any padding by
version, because a part of the power goes to the new frezero values made. The inversion spectrum is calculated at
quencies. This means that, if you simply plot the powersthe same 501 frequencies used in the Fourier analysis so that
of different frequencies given by Eq. (21) as a function of the number of frequencies is more than five times the number
frequency, the power scale will be different for different fre- of samples.
quency grids. However, the proper definition of the power In Fig. 2, the number of samples used in inversion anal-
spectrum involves the frequency step in such a way that th&/Sis is 90 so that 10% of samples have been dropped out.
energy of the spectrum is equal to the energy of the signalThese have been chosen randomly. The comparison of inver-
Here the power of the spectrum is defined as an integral ofion and Fourier spectra shows that the five spectral peaks are
the power spectral density. Then the power scale of the speclearly found by inversion. The effect of dropping random
trum will be independent of the frequency step, and we carSamples out is to create noise peaks at random frequencies.
compare spectra with different frequency grids. The fact that the peaks in the inversion spectrum are smaller
than those in the Fourier spectra must be due to the scaling
of the spectrum in the way discussed above. When the to-
3 Test results tal power is kept constant, a part of the power goes to noise
peaks and a smaller amount is left for the main peaks. If all
In order to demonstrate that the number of frequency binssamples are used in calculating the inversion spectrum, the
can be much larger than the number of samples, the inverresult is very similar to the Fourier spectrum.
sion method was tested using a single sinusoidal signal with Figure 3 shows two more examples of inversion spectra
unit amplitude. The sampling interval was taken as time unitfrom signals with the same frequencies and amplitudes. The
and the frequency of the signal was one fourth of the samphases are randomly chosen, and therefore the signals are
pling frequency. A short sequence of only 100 samples washot identical but this does not affect the Fourier spectrum.
used in calculating the spectrum. Three different equidistaniThus only the inversion spectra are shown. In the first ex-
sets of frequencies were chosen, consisting of 50, 500 andmple (two top panels), 25 randomly chosen samples out of
5000 points within the interval 0-0.5. The resulting spectrathe original 100 samples are dropped out and in the second
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Fig. 2. Top panel: Test signal composed of sinusoidal signals at frequencies 0.015, 0.11, 0.235, 0.25 and 0.49 and respective amplitudes 0.5
0.7, 0.5, 1.0 and 0.8. The phases are chosen randomly. The number of samples is 100 and they are indicated by markers. Middle panel
Power spectral density calculated from all samples in the top panel by means of Fourier transform. Bottom panel: Power spectral density
calculated from the 90 samples indicated by filled dots in the top panel.

example (two bottom panels) the number of dropped samplegvould be similar to that shown in Fig. 2. However, if only
is 41. The noise obviously increases with increasing numbethe incomplete data were available, Fourier transform could
of dropped samples. Even in these cases the five spectrainly be applied separately to the two pieces of the sample
peaks are reproduced, although a large fraction of the origsequence and, consequently, the spectral resolution would be
inal samples are not used in calculating the spectra. In thessentially worse. The inversion spectrum in Fig. 5 shows all
topmost example, however, the spectral peak the at the lowfive spectral peaks with no loss of spectral resolution. Still,
est frequency (0.015) is only slightly higher than the noisethe presence of the gap produces some noise, and the peak at
peaks so that it could be taken as noise. In the bottom exthe lowest frequency is close to the noise level.
ample the same peak is clearly higher than the noise peaks, Itis also interesting to investigate a case with no fixed sam-
regardless of the fact that the number of missing data pointgling time. Then a question arises what would be the high-
is higher. This reveals that the properties of the signal (ran-est frequency to be used in the inversion. A possible choise
dom phases) and the true sampling times (randomly chosewould be to take the shortest sampling interval as a time unit
set of signal samples) have random effects on the inversiomnd to extend the spectrum up to one half of its inverse. This
spectrum. may lead to mirroring of spectral peaks much in the same
The effect of random noise in the signal is portrayed inway as negative frequencies appear in Fourier transform.
Fig. 4. The top panel shows the signal and sample values obFigure 6 portrays an example where sampling times are ran-
tained by adding Gaussian random noise with standard devidomised to make long sampling intervals at some places and
ation of 0.3 to the true signal values. The Fourier spectrumvery short sampling intervals in other places. In this case
in the middle panel contains the true spectral peaks and weakourier transform could only be used after interpolation or
noise at random frequencies. The inversion spectrum is calby neglecting the uneven sampling interval and calculating
culated by dropping out 26 random samples from the originalthe transform as if the samples were taken at at equal spac-
sample sequence. The true spectral peaks are clearly visibiag. The top panel of Fig. 6 shows the signal and samples,
also in this case. The noise level is increased due to the gapome of which lie so close to each other that the respective
in the data. dots overlap. The middle panel shows the Fourier spectrum
In previous cases the missing samples are at random placesbtained by neglecting the uneven sampling interval and the
so that no long data gap is present in the sequence. Figure lBottom panel the inversion spectrum. The result indicates
shows an example containing a single gap of 25 sampleghat the Fourier spectrum is unable to reproduce the small
The Fourier spectrum from the complete sample sequencpeak at a frequency of 0.235. Also, a considerable amount

www.ann-geophys.net/28/1409/2010/ Ann. Geophys., 28, IRB-2010
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Fig. 3. Two examples similar to that in Fig. 2. The frequencies and amplitudes of the signals are the same as in Fig. 2, but the phases are
different. Thus the Fourier spectra are identical and are not shown. In the first example (two top panels) the number of dropped samples is
25 and in the second example (two bottom panels) 41.

of noise appears in the Fourier spectrum. The noise level irculating the highest frequency. Since the minimum sampling
the inversion spectrum is essentially lower and the peak at énterval is a bit shorter that 1/12th of a year, the maximum
frequency of 0.235 is better visible. frequency will be slightly higher than 6/year. The spectra
were calculated at 1200 frequencies distributed evenly from
zero to this maximum frequency. At an accuracy of four dig-
4 Spectra of ionosonde data its, this leads to a frequency step 0084 x 10~3/year.

The F- and E-layer critical frequenciésF2 andfoE from Figure 7 shows the F-region critical frequency in the top
the Sodanky ionosonde data were taken for testing the in-and the calculated inversion spectrum in the bottom panel.
version method with real observations. Sodagékglan auro- Only a single gap, indicated by the vertical grey stripe, is
ral site loacted at 622 N, 26°38 E. In addition, the F-layer present in the sample sequence. The top panel shows clearly
peak altitudehmF2 was calculated from the valuesfof-2, the solar cycle and annual variations. The spectrum is pre-
foE and M(3000)F2 (the maximum usable frequency for asented in logarithmic scale and it indicates a strong peak at
3000-km radio path, not shown), using the method presente®.09508/year (as taken from the calculated spectrum), cor-
by Bradley and Dudenefd973. The data come from the pe- responding to a period of 10.52 years. This is due to the
riod 1957-2006, which covers about 4.5 solar cycles. Hourlysolar cycle. The annual variation and its harmonics are in-
monthly medians averaged over 10:00-14:00 LT were usedlicated by the peaks at 1l/year, 2/year, 3/year and 4/year (as
in the analysis. Since months have different lengths, thisaken from the calculated spectrum, the annual peak lies at
leads to variable sampling intervals. The number of sample®.9958/year). Harmonics necessarily appear, because annual
is different for different parameters, but it is smaller than 590variation is not sinusoidal. An interesting feature is the pres-
in each case. The shortest sampling interval was used for caknce of two peaks around the annual variation. They lie

Ann. Geophys., 28, 1409418 2010 www.ann-geophys.net/28/1409/2010/
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Fig. 4. Same as Fig. 2 but random Gaussian noise with a satandard deviation of 0.3 has been has been added to the samples. The number
dropped samples is 26.
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Fig. 5. Same as Fig. 2, but the inversion spectrum is calculated from a sample sequence with a gap of 25 samples in the sample sequence.

at frequencies 0.9058/year and 1.0909/year. The frequenchiere, too. A difference is that the annual variation is now
of the first peak departs from the frequency of the annualmore pronounced than the solar cycle variation, a fact which
variation by 0.09008/year and that of the second one hyis also seen in the top panel. Unlike in the castob®, there
0.09508/year. Hence the frequency differences are close ts no indication of mixing with the solar cycle.

the frequency of the solar cycle, and an obvious explanation )
of the phenomenon is non-linear mixing between the solar Figure 9 portrays the F layer peak altitudeF2 and the
cycle and the annual variation. corresponding spectrum. Now the data have even more gaps

than in Fig. 8. This is due to the method applied in calculat-
Similar results for the E-layer critical frequency are seening hmF2; it puts some restrictions on the valuedai and
in Fig. 8. In this case there are more gaps in the data, butoF2 which can be used by the method. Even in this case the
the number of frequencies in the spectrum as well as the frespectrum clearly shows the solar cycle and the annual varia-
quency resolution are the same. Both the solar cycle andion with its two harmonics. There is also non-linear mixing
the annual variation together with its harmonics are visiblewith the solar cycle variation but, surprisingly, the side peaks

www.ann-geophys.net/28/1409/2010/ Ann. Geophys., 28, TRB-2010
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Fig. 6. Same as Fig. 2, but sampling times are randomised. The Fourier spectrum is calculated from all samples as if the sampling interval
would be equal, but the true sampling times are used in calculating the inversion spectrum.
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Fig. 7. Top panel: The F layer critical frequenfgF2 from 1957-2006, as observed by the ionosonde at Sodarikyland. The data points
are mean values at 10:00-14:00 LT from the middle day of each month. Bottom panel: The inversion spectrum calculated from the data in
the top panel. The whole spectrum consists of 1200 frequencies and the frequency resoImexslB_3/year.

appear on both sides of the first harmonic of the annual variAlthough the noise level is quite high, the annual and semi-
ation rather than the annual variation itself. The reason forannual variations are still visible. The high noise level is also
this is not understood. seen in the top panel.

Finally, Fig. 10 shows an example of a spectrum of real
data sequence with very long gaps. The data consists of thg Discussion
values ofhnF2 obtained from Sodankglionograms using
real height analysis. The data covers the years 1958-1994 he examples shown in this paper demonstrate the power
but real heights have not been determined from times of theof the inversion method in calculating spectra from data se-
gaps in the figure. The sampling step is variable but closequences with unequal sampling intervals, randomly missing
to 30 days. Again, the results show the solar cycle variationdata points or even long gaps. Comparisons with Fourier
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