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Abstract. Meteoroids traversing the E-region ionosphere
leave behind extended columns of elevated ionization known
as the meteor plasma trails. To accurately interpret radar
signals from trails and use them for diagnostics, one needs
to model plasma processes associated with their structure
and evolution. This paper describes a 3-D quantitative the-
ory of the electrostatic interaction between a dense plasma
trail, the ionosphere, and a DC electric field driven by an
external dynamo. A simplified water-bag model of the me-
teor plasma shows that the highly conducting trail efficiently
short-circuits the ionosphere and creates a vast region of cur-
rents that flow through and around the trail. We predict that
the trail can induce electric fields reaching a few V/m, both
perpendicular and parallel to the geomagnetic field. The for-
mer may drive plasma instabilities, while the latter may lead
to strong heating of ionospheric electrons. We discuss phys-
ical and observational implications of these processes.

Keywords. Electromagnetics (Plasmas) – Ionosphere (Elec-
tric fields and currents; Ionospheric disturbances)

1 Introduction

Meteoroids entering the Earth’s atmosphere with a hyper-
sonic speed leave behind a trail of dense plasma visible
to radars via specular and non-specular echoes (Baggaley
and Webb, 1980; Levitskii et al., 1982; Jones and Jones,
1990; Elford and Elford, 2001; Galligan et al., 2004; Hock-
ing, 2004), for review seeBronshten(1983); Ceplecha et al.
(1998). Specular echoes are produced by reflection of HF
or VHF waves from the large-scale electron density inho-
mogeneity associated with the plasma trail, largely when
the radar line-of-sight is perpendicular to the trail axis (e.g.
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Kaiser and Closs, 1952; Lebedinec and Sosnova, 1968; Poul-
ter and Baggaley, 1977; Jones and Jones, 1991). Non-
specular echoes result from Bragg scatter-off of smaller-
scale, magnetic-field-aligned plasma irregularities which de-
velop as a result of plasma instabilities (Chapin and Kudeki,
1994a,b; Oppenheim et al., 2000; Dyrud et al., 2002, 2004).
These plasma instabilities are driven by strong electric fields
induced within or near the plasma trail.

The majority of meteoroids are too small to be visible even
by sensitive optical equipment, so that radars often represent
the only available diagnostic tool. To accurately interpret
radar signals and use them for diagnostics, we need to under-
stand the plasma processes associated with trail dynamics. In
particular, we need to quantitatively describe the structure of
macroscopic electric fields and currents associated with the
trail drift and diffusion.

In Dimant and Oppenheim(2006a,b) we developed a 2-D
theoretical description of meteor plasma trail diffusion and
fields for arbitrarily dense trails that includes interactions be-
tween the trail and the background ionospheric plasma. In
those papers, however, we disregarded external electric fields
or neutral winds which are often present in the ionosphere.
A spatially homogeneous and shearless neutral wind, per-
pendicular to the magnetic field, is equivalent to a uniform
electric field in the neutral-wind frame of reference. The ef-
fect of this external electric field on the meteor trail was dis-
cussed byChapin and Kudeki(1994a), Chapin(1996), and
Oppenheim et al.(2000). However, these predominantly 2-D
treatments missed the full 3-D polarization of the trail and
effects associated with it.

In this paper, we develop a quantitative analytical 3-D the-
ory of interaction between a dense meteor plasma trail and an
external DC electric field, and discuss the physical and obser-
vational implications of this interaction. We summarize the
results here.

A meteor trail distorts an otherwise uniform electric field
due to the following. A dense plasma trail has a much
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Fig. 1. Schematic of the elongated ellipsoidal trail and successive coordinate transformations xi → X ′
j → Xk

(described in detail in Appendix A). Only the common magnetic field–trail axis plane is shown. The original

trail is shaded blue; θ is the angle between x1 and B; axis X ′
3 is along B. Rescaled along B by the small factor

of ε, Eq. (6), the trail is shaded yellow; χ is the angle between X ′
3 and X3; the final axes Xk are aligned with

the principal axes of the rescaled ellipsoid; ak and Ak are the semi-axes of the original and rescaled ellipsoids,

respectively.

x2-axis is directed perpendicular to both the trail axis and B, the x3-axis is perpendicular to the trail

axis and lies in the common B–trail-axis plane, where θ is the angle between B and x1, see Fig. 1.95

The external uniform DC electric field, E(0) = (E(0)
1 , E

(0)
2 , E

(0)
3 ), is perpendicular to B. We will

show that the most important component of E(0) lies in the x1x3-plane.

To describe the formation of the total electrostatic field, E = −∇Φ, where the electrostatic poten-

tial Φ includes both the external DC field and the polarization field caused by the highly conducting

trail, we will use electron and ion fluid equations combined with the quasineutrality condition. The

isothermal fluid equations for the diffusion regime include two inertialess momentum equations and

two continuity equations for electrons and ions. The quasineutrality condition makes the Poisson

equation for the electric potential unnecessary. This set of equations can be readily reduced to two

4

Fig. 1. Schematic of the elongated ellipsoidal trail and succes-
sive coordinate transformationsxi→X′

j
→Xk (described in detail

in Appendix A). Only the common magnetic field-trail axis plane is
shown. The original trail is shaded blue;θ is the angle betweenx1
andB; axisX′

3 is alongB. Rescaled alongB by the small factor
of ε, Eq. (6), the trail is shaded yellow;χ is the angle betweenX′

3
andX3; the final axesXk are aligned with the principal axes of the
rescaled ellipsoid;ak andAk are the semi-axes of the original and
rescaled ellipsoids, respectively.

higher conductivity than the ambient E-region ionosphere,
especially at night time. The component of a strong external
DC electric field along the trail axis induces a strong cur-
rent within the trail that cannot be closed in the ionosphere
and must stop at the trail edges. As a result, the trail edges
acquire net electric charges that partially cancel the external
electric field within the trail. At the same time, far from the
trail, the external electric field remains nearly undisturbed,
creating a large potential difference projected onto the trail
length. This leads to the formation of a transitional zone be-
tween the far ionosphere and the nearly equipotential me-
teor trail. This process looks similar to short-circuiting of
a capacitor by a high-conductance wire. Unlike a capacitor,
however, the ionospheric charge is distributed over a large-
volume, magnetized, quasi-neutral plasma with the voltage
sustained by the ionospheric dynamo (Kelley, 1989). In the
most typical cases, the external DC electric field is not fully
expelled from the trail.

The transitional zone between the two different plasma
density distributions contains spatially inhomogeneous elec-
tric fields which increase dramatically near the meteor trail
edges. These induced fields may drive plasma instabilities
which give rise to plasma density irregularities responsible
for non-specular radar echoes. Additionally, the field in-
duced near the trail edges can have a significant component
along the magnetic field. This field can energize electrons
dramatically.

Polarization electric fields near the trail edges give rise to
electric currents which flow from the ionosphere into the trail

on one side of the trail and flow out into the ionosphere from
the other side. This effect results in a net trail current which
complements the current loop associated with the trail diffu-
sion (Dimant and Oppenheim, 2006a). Unlike the induced
electric fields that decrease as the trail diffuses, the polar-
ization trail current stays roughly the same while the trail
density remains sufficiently large. Near the trail, the cur-
rents flowing in and out of trail may strongly heat the plasma
(mainly electrons), leading to a number of observable fea-
tures, including airglow. Also, strong plasma heating could
affect the rate of diffusion and may manifest itself in some
other unexpected ways.

The paper is organized as follows. In Sect.2, we formulate
the problem and give some description of model. In Sect.3,
we find the general solution of the potential around a highly
conductive 3-D ellipsoidal trail immersed in a homogeneous
ionospheric plasma with an external DC electric field. In
Sect.4, we find ionospheric currents flowing both through
the trail surface and within the trail, determine the internal
trail electric field, and close the entire solution. In Sect.5, we
estimate the electron heating in and near the trail. In Sect.6,
we briefly discuss our findings and make some predictions
regarding potentially observable physical effects caused by
the process under study. Section7 gives concluding remarks.
In Appendices A and B, we present some mathematical de-
tails.

2 Description of model

In this section, we describe a simplified model of a meteor
plasma trail and the surrounding medium that will enable us
to catch the major features of how the external DC electric
field polarizes the meteor plasma trail, resulting in distortions
and amplifications of the field in the near-trail ionosphere.
To this end, we assume a spatially homogeneous ionosphere
with a dense plasma trail and an external electric field with a
significant component along the trail. If the trail conductivity
were infinitely high then the polarized trail would entirely
expel the electric field. For the majority of real meteor trails,
however, this ideal case is not a valid approximation. We
consider then the more general and realistic case of finite trail
conductivity, when the trail still contains a significant electric
field.

Meteor plasma trails often extend over many kilometers
in length, while their diameter is several orders of magni-
tude smaller. In the course of relatively slow trail diffusion,
the trail length remains nearly constant, while its transverse
sizes vary from several meters to tens of meters or even
more until the dense trail effectively disappears. The dif-
fusion coefficient is inversely proportional to the neutral at-
mosphere density that decreases with increasing height, ap-
proximately following the barometric formula. Due to this,
the trail should have a trumpet-like shape with a larger trail
diameter at higher altitudes. However, to make an analytic
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solution possible, we assume cigar-like 3-D ellipsoidal shape
of the trail described below by Eq. (3).

We choose the following coordinate system: thex1-axis is
directed along the main trail axis, thex2-axis is directed per-
pendicular to both the trail axis andB, thex3-axis is perpen-
dicular to the trail axis and lies in the commonB–trail-axis
plane, whereθ is the angle betweenB andx1, see Fig.1. The
external uniform DC electric field,E(0)

=(E
(0)
1 , E

(0)
2 , E

(0)
3 ),

is perpendicular toB. We will show that the most important
component ofE(0) lies in thex1x3-plane.

To describe the formation of the total electrostatic field,
E=−∇8, where the electrostatic potential8 includes both
the external DC field and the polarization field caused by
the highly conducting trail, we will use electron and ion
fluid equations combined with the quasineutrality condition.
The isothermal fluid equations for the diffusion regime in-
clude two inertialess momentum equations and two continu-
ity equations for electrons and ions. The quasineutrality con-
dition makes the Poisson equation for the electric potential
unnecessary. This set of equations can be readily reduced to
two coupled nonlinear partial differential equations for the
common plasma density,n, and8:

∂tn+ ∇ · 0i = 0, (1a)

∇ · j = e∇ · (0i − 0e) = 0, (1b)

wherej is the total current density and the diffusion flux
densities,0e,i , are given by

0i ≈ − n
∇ (e8+ Ti ln (n/n0))

miνin
, (2a)

0e‖ ≈ n
∇‖ (e8− Te ln (n/n0))

meνen
, (2b)

0e⊥ ≈ n

[
νen∇⊥ (e8− Te ln (n/n0))

me�2
e

+
b̂ × ∇⊥ (e8− Te ln (n/n0))

me�e

]
. (2c)

Heren0 is the background ionospheric density;Te,i are the
electron and ion temperatures,me,i are the electron and ion
masses;�e,i=eB/me,i are the electron and ion gyrofrequen-
cies,νen��e andνin��i are the electron-neutral and ion-
neutral collision frequencies, respectively;e is the elemen-
tary charge; the subscripts‖ and⊥ pertain to the directions
parallel and perpendicular to the magnetic fieldB, respec-
tively; b̂ is the unit vector alongB. The first term in the
right-hand side (RHS) of Eq. (2c) describes the electron Ped-
ersen flux, while the second term describes the electron Hall
flux. In more general adiabatic processes, we would have
additional factorsγe,i in front of Te.i ln(n/n0). In obtaining
Eq. (2), we have used the fact that the effects discussed in
this paper are most pronounced at altitudes between 90 and
120 km, where electrons are magnetized, while ions are un-
magnetized due to frequent collisions with the neutral atmo-
sphere.

In this paper, for simplicity, we will use a water-bag model
of the meteor plasma trail, which assumes a given uniform
plasma density,nint, within a volume restricted by a given
boundary surface (e.g.Hysell and Drexler, 2006). We will
also neglect disturbances of the background plasma density
(Oppenheim and Dimant, 2006), assuming that beyond the
trail n≈n0. To make the analytical solution possible, we as-
sume a 3-D ellipsoidal, i.e., cigar-like shape of the plasma
trail,

x2
1

a2
1

+
x2

2

a2
2

+
x2

3

a2
3

= 1. (3)

We assume that the ellipsoid is extended along thex1-axis,

a1 � a3 ∼ (1 + ψ)1/2a2, (4a)

and this direction is not too close to that of the magnetic field,

sinθ � ε,
a3

a1
, (4b)

where we introduced useful dimensionless parameters

ψ =
νenνin

�e�i
, 20 =

(
meνen

miνin

)1/2

≈ 1.35× 10−2, (5)

and

ε = 20(1 + ψ)1/2 � 1, (6)

The widely used parameterψ represents the ratio between
the Pedersen mobility of magnetized electrons and that of
largely unmagnetized ions, while22

0 is the ratio between the
ion and electron mobilities along the magnetic field. Across
the E-region altitudes, the values of the collision frequen-
cies are such (e.g.Kelley, 1989; Schunk and Nagy, 2000)
that their ratio is approximately constant,νen/νin'10 (Di-
mant and Milikh, 2003; Dimant and Oppenheim, 2006a).
This provides an approximate constancy of20 along with
its numerical value specified in Eq. (5). At the same time,
the parameterψ decreases exponentially with increasing al-
titude, reaching rather small values at the top altitudes of me-
teor trail formation (for a model of altitude dependence ofψ ,
seeDimant and Oppenheim, 2004, Fig. 2). The smallness
of ε for anyψ within this range follows from both20�1
and20

√
ψ=νen/�e�1. Note that the aforementioned spe-

cific models ofψ and20 pertain to the undisturbed E-region
ionosphere. At the same time, this paper shows that a strong
induced electric field near the meteor trail can result in sig-
nificant electron heating and the corresponding local modifi-
cations ofνen. We discuss this effect and its implications in
Sects.5 and6.

To apply Eq. (1b) to the two uniform plasmas separated
by the ellipsoidal interface, we should make an anisotropic
coordinate transformation from the original,xi , to new co-
ordinates,Xk. The entire transformation consists of a num-
ber of sequential steps, described in detail in Appendix A.
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Fig. 2. Schematic diagram of current closure through the ellipsoidal trail (light-yellow shading). Vertical arrows

depict ionospheric currents directed mainly along X3, while horizontal arrows depict trail currents which flow

along X1.

The covariant electric field transforms according to Ei =
∑3

k=1(∂Xk/∂xi)EXk
, see Eqs. (80),

(79), and (81). while the current density transforms according to ji = det[∂Xk/∂xi]
∑3

k=1(∂xi/∂Xk)JXk
,

where det[∂Xk/∂xi] = n/N = ε and N is the plasma density in the renormalized coordinates Xk.

In these coordinates, the current density is given by Eq. (83).

In the renormalized coordinates Xk, the electrostatic potential obeys isotropic Laplace’s equation
3∑

i=1

∂2Φ
∂X2

i

= 0, (9)

while the coordinates are the principal axes of the rescaled ellipsoid, Eq. (3),

X2
1

A2
1

+
X2

2

A2
2

+
X2

3

A2
3

= 1, (10)

where, to the zeroth-order accuracy,

A1 ≈ a1 sin θ, A2 = a2, A3 ≈
ε a3

sin θ
. (11)

According to Eq. (4), the new semi-axes differ significantly,

A1 � A2 � A3. (12)

7

Fig. 2. Schematic diagram of current closure through the ellipsoidal
trail (light-yellow shading). Vertical arrows depict ionospheric cur-
rents directed mainly alongX3, while horizontal arrows depict trail
currents which flow alongX1.

First, we rotate the coordinate system in order to make one
of its axes parallel to the magnetic field. Second, to ad-
just for strongly different conductivities along and across the
magnetic field, we make an anisotropic scaling transforma-
tion. In the new coordinates, the equation∇·j=0 reduces to
Laplace’s equation for the electrostatic potential, but the 3-D
ellipsoid, Eq. (3), loses its simple canonical form. In order to
restore this form, we make a final small coordinate rotation.
All these transformations are performed in thex1x3-plane.
When the trail axis is perpendicular toB (θ=90◦) only the
scaling is necessary.

The entire transformations fromxi toXk and back are de-
scribed by Eqs. (A9) and (A14). To the zeroth-order accuracy
with respect to small parametersε anda3/a1, see Eqs. (6)
and (4), we have

x1 ≈
X1

sinθ
+
X3 cosθ

ε
, (7a)

x2 = X2, (7b)

x3 ≈
X3 sinθ

ε
, (7c)

and, vice versa,

X1 ≈ x1sinθ − x3 cosθ, (8a)

X2 = x2, (8b)

X3 ≈
εx3

sinθ
. (8c)

The covariant electric field transforms according to
Ei=

∑3
k=1(∂Xk/∂xi)EXk , see Eqs. (A12), (A11), and

(A13), while the current density transforms accord-
ing to ji= det[∂Xk/∂xi]

∑3
k=1(∂xi/∂Xk)JXk , where

det[∂Xk/∂xi]=n/N=ε andN is the plasma density in the
renormalized coordinatesXk. In these coordinates, the
current density is given by Eq. (A15).

In the renormalized coordinatesXk, the electrostatic po-
tential obeys isotropic Laplace’s equation

3∑
i=1

∂28

∂X2
i

= 0, (9)

while the coordinates are the principal axes of the rescaled
ellipsoid, Eq. (3),

X2
1

A2
1

+
X2

2

A2
2

+
X2

3

A2
3

= 1, (10)

where, to the zeroth-order accuracy,

A1 ≈ a1 sinθ, A2 = a2, A3 ≈
ε a3

sinθ
. (11)

According to Eq. (4), the new semi-axes differ significantly,

A1 � A2 � A3. (12)

We will use this fact in Sect.3 and Appendix B in order to
approximate complicated general analytical expressions.

Equation (9) is applicable to both the dense plasma inside
the ellipsoidal trail and to the tenuous background plasma be-
yond it. The boundary conditions on the interface separating
the two plasmas are: (1) continuity of the electrostatic poten-
tial (resulting in continuity of the tangential electric field) and
(2) continuity of the total current density normal to the inter-
face. The second boundary condition implies that there are
no surface currents, though the boundary surface can accu-
mulate significant surface charges that result in trail polariza-
tion and discontinuity of the normal electric field. There are
no surface currents because straight current lines within the
trail can only cross the ellipsoidal interface, but they never
flow strictly within it, as illustrated by Fig.2. The current
lines within the trail are straight because the electric field
there is uniform – the fact which we initially postulate and
then prove through a self-consistent solution.

In the background plasma sufficiently far from the trail,
the total electric field is dominated by the external electric
field, E(0). This field is perpendicular toB in all coordinate
systems, so that in theXi-coordinates it lies mainly inX1X2-
plane, and we will neglect its possible smallX3-component.
The external field represents an asymptotic boundary condi-
tion for Eq. (9) at sufficiently large distances from the trail.

Within the meteor plasma trail, where we denote all quan-
tities by the superscript “int”, we assume that the trail con-
tains an internal uniform electric field,Eint. This field will
remain unknown until we solve for the electric potential be-
yond the trail and close the entire solution in Sect.4. Later
we will show that the assumption of the uniform internal field
is automatically consistent with our original assumptions of
the water-bag model and the ellipsoidal interface. The uni-
form internal field corresponds to a potential with the linear
coordinate dependence,

8int
= −

3∑
i=1

Eint
Xi
Xi, (13)
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which is evidently a solution of Laplace’s Eq. (9). We will
use this fact in the next section.

3 Electric field beyond trail

In this section we determine the electric field in the regions
outside the trail. In Sect.3.1we obtain the general analytical
solution for the potential, while in Sect.3.2 we determine
the electric field on the ellipsoidal interface that separates the
dense plasma trail from the tenuous ionosphere.

3.1 General solution of potential

Here we obtain the general analytical solution of Laplace’s
Eq. (9) in the background plasma beyond the ellipsoidal trail.
On the ellipsoidal interface defined by Eq. (10), the electro-
static potential8 equals the linear potential of the trail given
by Eq. (13), while at large distances from the boundary ellip-
soid we have8≈8(0)(Xi), where8(0)(Xi) corresponds to
the external electric field,E(0),

8(0) = −

3∑
i=1

E
(0)
Xi
Xi . (14)

Solving Eq. (9) becomes much easier if we extrapolate8int

from Eq. (13) to the entire space and introduce the difference

18 = 8−8int, (15)

which should be a solution of Laplace’s Eq. (9) because both
8 and8int(Xi) are. For18, the original boundary problem
reduces to the problem of an equipotential ellipsoid in an ex-
ternal field1E(0)Xi ≡E

(0)
Xi

−Eint
Xi

. This problem is equivalent to
the well-known vacuum problem of an uncharged conducting
ellipsoid in a uniform electric field (e.g.Landau and Lifshitz,
1960, Sect. 4). The unique potential that satisfies Laplace’s
equation with the boundary conditions18=0 on the ellip-
soid surface and18→−

∑3
i=11E

(0)
Xi
Xi as |Xi |→∞, can

be represented as a linear superposition of partial potentials,

18 =

3∑
i=1

18(i), (16)

where each partial potential18(i)=0 on the ellipsoid surface
and18(i)→−1E

(0)
Xi
Xi as|Xi |→∞.

The conventional way of solving Laplace’s equation with
an ellipsoidal boundary is via the use of ellipsoidal coordi-
nates confocal with the ellipsoidal boundary (Landau and
Lifshitz, 1960). The three ellipsoidal coordinates are defined
as the three independent real roots of the cubic equation,

X2
1

A2
1 + u

+
X2

2

A2
2 + u

+
X2

3

A2
3 + u

= 1, (17)

for the unknownu. Since Eq. (12) requiresA1>A2>A3, we
order the three roots,u = ξ, η, ζ , according to constraints

ξ ≥ −A2
3, −A2

2 ≤ η ≤ −A2
3, −A2

1 ≤ ζ ≤ −A2
2

(18)

The coordinatesη andζ are always negative, whileξ is neg-
ative inside, positive outside, and equals zero on the ellip-
soidal interface described by Eq. (10). The mutually orthog-
onal surfaces of constantξ , η, andζ are ellipsoids and hy-
perboloids of one and two sheets, respectively. In terms of
the ellipsoidal coordinates, the renormalized Cartesian coor-
dinatesXi are given by

X1 = ±

√√√√(
A2

1 + ξ
) (
A2

1 + η
) (
A2

1 + ζ
)(

A2
1 − A2

3

) (
A2

1 − A2
2

) , (19a)

X2 = ±

√√√√(
A2

2 + ξ
) (
A2

2 + η
) (
A2

2 + ζ
)(

A2
1 − A2

2

) (
A2

3 − A2
2

) , (19b)

X3 = ±

√√√√(
A2

3 + ξ
) (
A2

3 + η
) (
A2

3 + ζ
)(

A2
1 − A2

3

) (
A2

2 − A2
3

) . (19c)

Beyond the ellipsoid diametral planes,Xi=0, each set of
ξ ,η,ζ , yields eight symmetric points corresponding to dif-
ferent signs ofXi .

The element of length in the ellipsoidal coordinates is de-
termined bydl2=h2

ξdξ
2
+h2

ηdη
2
+h2

ζdζ
2, where

hξ =

√
(ξ − η) (ξ − ζ )

2Rξ
, (20a)

hη =

√
(η − ζ ) (ξ − η)

2Rη
, (20b)

hζ =

√
(ξ − ζ ) (ζ − η)

2Rζ
, (20c)

and (foru = ξ, η, ζ )

Ru =

√(
u+ A2

1

) (
u+ A2

2

) (
u+ A2

3

)
. (21)

In the ellipsoidal coordinates,ξ, η, ζ , the boundary condi-
tions for18(i) become

18(i)
∣∣∣
ξ=0

= 0, 18(i)
∣∣∣
ξ→∞

→ −1E
(0)
Xi
Xi . (22)

Rewriting Eq. (9) in the ellipsoidal coordinates and multiply-
ing the result by(ξ−η)(η−ζ )(ζ−ξ)/4, we obtain

(η − ζ )Rξ
∂

∂ξ

(
Rξ

∂18(i)

∂ξ

)

+ (ζ − ξ)Rη
∂

∂η

(
Rη

∂18(i)

∂η

)

+ (ξ − η)Rζ
∂

∂ζ

(
Rζ

∂18(i)

∂ζ

)
= 0. (23)
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Fig. 3. Contours of equal potential (red curves) around an infinitely conducting ellipsoidal trail (shaded light

blue). The external electric field direction (shown by the black arrow) is parallel to the major ellipsoid axis. The

equipotential contours flow around the equipotential trail, resulting in build-up of strong electric fields near its

boundary.

Recalling Eqs. (15) and (16), we obtain the total potential

Φ =
3∑

i=1

(
−Eint

Xi
Xi + ∆Φ(i)

)
, (26)

where

∆Φ(i)(ξ, η, ζ) =
(Eint

Xi
− E(0)

Xi
)XiA

3
i

2Λi

∫ ξ

0

dξ

(A2
i + ξ )Rξ

, (27a)

Λi =
A3

i

2

∫ ∞

0

dξ

(A2
i + ξ )Rξ

. (27b)

The integrals in Eq. (27) can be reduced to canonical elliptic integrals, as described in Appendix B.

We have chosen the normalization in such a way that the constants Λi become dimensionless and

allow simple approximations given below by Eq. (32).

3.2 Electric field on boundary surface170

11

Fig. 3. Contours of equal potential (red curves) around an infinitely
conducting ellipsoidal trail (shaded light blue). The external electric
field direction (shown by the black arrow) is parallel to the major
ellipsoid axis. The equipotential contours flow around the equipo-
tential trail, resulting in build-up of strong electric fields near its
boundary.

We will seek the solution of the boundary problem for18(i)

in the form

18(i) = −1E
(0)
Xi
XiGXi (ξ), (24)

where the dimensionless functionsGXi (ξ) satisfy

GXi (ξ) →

{
0 at ξ → 0
1 atξ → ∞

. (25)

Now we make use of the fact that the potential−1E
(0)
Xi
Xi ,

linearly dependent onXi , is itself a solution of Laplace’s
equation. This allows us to eliminate all derivatives with re-
spect toη andζ in Eq. (23), making it an ordinary differential
equation forGXi ,

d2GXi

dξ2
+
dGXi

dξ

d

dξ
ln
[
Rξ

(
A2
i + ξ

)]
= 0.

Solving this equation with the asymptotic boundary condi-
tions given by Eq. (25), we obtain

GXi (ξ) =

∫ ξ

0

dξ

(A2
i + ξ )Rξ

/∫
∞

0

dξ

(A2
i + ξ )Rξ

.

Recalling Eqs. (15) and (16), we obtain the total potential

8 =

3∑
i=1

(
−Eint

Xi
Xi +18(i)

)
, (26)

where

18(i)(ξ, η, ζ )=
(Eint

Xi
−E

(0)
Xi
)XiA

3
i

23i

∫ ξ

0

dξ

(A2
i+ξ )Rξ

, (27a)

3i =
A3
i

2

∫
∞

0

dξ

(A2
i + ξ )Rξ

. (27b)

The integrals in Eq. (27) can be reduced to canonical elliptic
integrals, as described in Appendix B. We have chosen the
normalization in such a way that the constants3i become
dimensionless and allow simple approximations given below
by Eq. (32).

3.2 Electric field on boundary surface

Equation (26) describes the spatial distribution of the total
electric potential in the entire space beyond the trail. Fig-
ure 3 illustrates the solution for the extreme case of an in-
finitely conducting and hence equipotential trail. This fig-
ure shows that the surfaces of equal potential flow around
the trail and thicken dramatically near its edges. This means
that a significant electric field builds up near the ionosphere-
trail interface. In the more general case of a finite con-
ductivity trail, the electric field will partially penetrate into
the trail. Of principal interest for us is the electric field di-
rectly on the interface defined by Eq. (10), especially its in-
duced part,1E(i)Xj=−∂18(i)/∂Xj (here and below the su-
perscripts(i) denote the partial potentials and fields, while
the subscripts(j) denote different vector components). This
largest-amplitude field determines the ionospheric currents
that flow into or out of the trail. The electric field1E(i)Xj is
the solution for the boundary condition of the equipotential
trail, so that on the ellipsoidal interface this field must be
normal to it. It is easy to verify that the components of a unit
vector which is normal to an ellipsoidal surface of constantξ

are given byn̂j=Xj/(A2
j

√
P), where

P =
X2

1

A4
1

+
X2

2

A4
2

+
X2

3

A4
3

, (28)

so that the vector components of the normal electric field are

1E
(i)
Xj

=
Xj 1E

(i)

A2
j

√
P

. (29)

Here 1E(i)=−d18(i)/dn=−(1/hξ )∂18(i)/∂ξ is
the partial field amplitude andhξ is defined by
Eq. (20a). On the ellipsoidal interfaceξ=0, we have
d18(i)/dn

∣∣
ξ=0 =

(
2A1A2A3/

√
ηζ
)
∂18(i)

∣∣
ξ=0 /∂ξ . Ma-

nipulating with Eq. (19), we obtain ηζ |ξ=0 =A2
1A

2
2A

2
3P ,

where Xi are related by Eq. (10), so that

1E(i)=− (2/
√
P)∂18(i)/∂ξ

∣∣∣
ξ=0

. From Eq. (27a),

we obtain ∂18(i)/∂ξ
∣∣
ξ=0 =Ai 18

(i)
∣∣
ξ=0 /2A1A2A33i ,

so that

1E(i) =
(E

(0)
Xi

− Eint
Xi
)XiAi

A1A2A33i
√
P

. (30)
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Using Eqs. (26) and (29), we obtain the total vector field on
the boundary surface,

EXj

∣∣
ξ=0

= Eint
Xj

+
Xj

A2
jP

3∑
k=1

(E
(0)
Xk

− Eint
Xk
)XkAk

A1A2A33k

∣∣∣∣∣
ξ=0

. (31)

Now we simplify these general results using strong inequali-
ties given by Eq. (12). Assuming thatA2/A1 andA3/A2 are
small, according to Eq. (B7) from Appendix B, the integral
constants3i in Eq. (27b) can be approximated by

31 ≈ ln

(
4A1

A2

)
− 1,

32 ≈
A2

A1
, 33 ≈

A2
3

A1A2
. (32)

Furthermore, where

A2
3

A1
�
A2

3

A2
� |X3| ≤ A3, (33)

the two first terms in the RHS of Eq. (28) are small compared
to the last one,

P ≈
X2

3

A4
3

=
1

A2
3

(
1 −

X2
1

A2
1

−
X2

2

A2
2

)
. (34)

Equation (34) is invalid only on a narrow belt area around the
edge ellipse that lies in the plane,X3=0,

|X3| .
A2

3

A2
� A3 (35)

whose contribution to the entire current balance is negligi-
ble. The dimensionless parameters3i , given by Eq. (27b) or
approximately by Eq. (32), depend on the ratios of the ellip-

soid semi-axesAi . For 1EXj
∣∣
ξ=0

≡ EXj

∣∣
ξ=0

− Eint
Xj

∣∣∣
ξ=0

,

on most of the boundary surface, we obtain

1EX1

∣∣
ξ=0 ≈

A2
3X1

A2
1X3

|1EX|ξ=0 � 1EX2

∣∣
ξ=0 , (36a)

1EX2

∣∣
ξ=0 ≈

A2
3X2

A2
2X3

|1EX|ξ=0 � 1EX3

∣∣
ξ=0 , (36b)

1EX3

∣∣
ξ=0 ≈ |1EX|ξ=0. (36c)

Here, in accord with Eqs. (30), (32), and (34), the amplitude
of the electric field normal to the interface is given by

|1EX|ξ=0 =

3∑
i=1

|1E
(i)
X |ξ=0

≈
A3X11E

(0)
X1

A2X331
+
A3X21E

(0)
X2

A2X3
+1E

(0)
X3
, (37)

where1E(0)Xi ≡E
(0)
Xi

−Eint
Xi

. According to Eq. (36), beyond the
narrow belt area described by Eq. (35), the normal electric

field is directed mainly alongX3 because the equipotential
ellipsoid in theXi coordinates is flattened in this direction.
The contributions to|1EX|ξ=0 from the components of the
external electric field in the directions perpendicular to the
major trail axis,1E(0)X2,3

, are of the order of these compo-
nents at most. The contribution from the electric field com-
ponent along the trail axis,1E(0)1 , is, however, much more
significant. Unless the coordinateX1 is too close to the plane
X1=0,X1.A231�A1, the first term in the RHS of Eq. (37)
is ∼A1/A2�1 times larger than the two remaining terms.
Neglecting contributions from other components of1E(0)

and using Eq. (36c), we obtain on most of the trail surface
1EX|ξ=0≈|1EX|ξ=0X̂3, whereX̂3 is the unit vector along
X3 and

|1EX|ξ=0 ≈
A3X11E

(0)
X1

A2X331
. (38)

The effect of field amplification increases when approach-
ing the planeX3=0, and saturates on the narrow belt de-
scribed by Eq. (35), where one should use forP and1Ej
general Eqs. (28–30). The amplification factor is, to within
an order of magnitude,|1EX|ξ=0/1E

(0)
X1

∼X1/A331. Ac-
cording to Eq. (32), for A1/A3.1000,31 reaches∼7, so
that well beyond the planeX1=0, and especially when ap-
proaching the ends,X1=±A1, the amplification factor can
reach a few hundred. Note, however, that in the narrow belt
area around the planeX3=0, the normal electric field is no
longer nearly parallel to theX3-axis but, depending on the
specific location, can have any direction. Note also that we
disregard here the effect of field-induced electron heating on
ionospheric parameters near the trail (see the discussion in
the end of Sect.5).

In the original coordinatesxj , the boundary electric field,
1Ei |ξ=0, could be obtained by using Eq. (A12). More con-
venient, however, is to use the following approach. The field
1E=−∇

∑3
i=118

(i) is a covariant vector, so that its com-
ponents in the original coordinates,1Ej |ξ=0, are given by

1Ej |ξ=0 =

3∑
k=1

∂Xk

∂xj
1EXk |ξ=0. (39)

According to Eq. (29), we have

1EXk |ξ=0 =
Xk|1EX|ξ=0

A2
k

√
P

=
1

2

∂S

∂Xk

|1EX|ξ=0
√
P

, (40)

where we introducedS≡
∑3
k=1X

2
k/A

2
k. According to

Eqs. (3) and (10), on the ellipsoidal interface we have
S|ξ=0=1=

∑3
j=1 x

2
j /a

2
j , so that we can considerS as a scalar

function of coordinates, which remains invariant with respect
to coordinate transformations. As a result, we obtain from
Eqs. (39) and (40)

1Ej
∣∣
ξ=0 =

1

2

∂S

∂xj

|1EX|ξ=0
√
P

=
xj |1EX|ξ=0

a2
j

√
P

(41)
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whereP and |1EX|ξ=0 are functions of the renormalized
coordinates,Xk.

Equation (41) shows that in the original coordinates the
field 1Ej

∣∣
ξ=0 is orthogonal to the ellipsoidal interface (as

it must be). On most of the surface, the component along
the trail axis,1E1, is small, while the two remaining com-
ponents,1E2,3, are usually comparable. The components of
electric field parallel and perpendicular toB are given by

1E‖

∣∣
ξ=0

= 1E3|ξ=0 sinθ, (42)

(1E⊥)1 = −1E3|ξ=0 sinθ cosθ,

(1E⊥)2 = 1E2|ξ=0,

(1E⊥)3 = 1E3|ξ=0 cos2 θ, (43)

where, with allowance for Eqs. (8), (12), (34), and (38),

1E3|ξ=0 =
ε |1EX|ξ=0

sinθ
≈

εa3x1

a2x331
1E

(0)
X1
, (44a)

1E2|ξ=0 =
a2

3x2

a2
2x3

1E3|ξ=0 ≈
εa3

3x1x2

a2
2x

2
331

1E
(0)
X1
. (44b)

The fact that a significant part of the total polarization electric
field on the trail surface is directed along the magnetic field
is unusual even for the highly collisional upper D/lower E
regions (large-scale ionospheric electric fields are normally
perpendicular toB due to high parallel electron mobility).
We will use the boundary electric field in Sects.5 and6 when
estimating electron heating and the Farley-Buneman instabil-
ity threshold.

4 Internal fields and currents; closing of solution

In this section we consider electric fields and current within
the plasma trail. In Sect.2, we assumed a uniform elec-
tric field which leads to uniform internal currents. We will
demonstrate that this uniformity is consistent with a constant
density trail restricted by an ellipsoidal surface.

If the trail density is much larger than the background
plasma density, then the lengthy trail is polarized in such a
way that the internal current flows predominantly along the
major trail axisX1, J int

X2,3
�J ext

X1
. Using Eq. (A15) and ne-

glectingJ int
X2,3

compared toJ ext
X1

, we obtain

Eint
X2

≈ q̃Eint
X1
, (45a)

Eint
X3

≈

(
ψ

1 + ψ

)1/2

Eint
X2

cotθ, (45b)

where q̃≡q[1+ψ cot2 θ/(1+ψ)]−1 with q=σH/σP, see
Eq. (A7b). Equation (A15a) then yields

J int
X1

≈ (1 + q̃q)K intEint
X1
, (46)

whereK int is given by Eq. (A7a) with N=N int. For small
ψ cot2 θ when q̃≈q, Ohm’s law described by Eq. (46) cor-
responds to Cowling conductivity,σC=σP+σ 2

H/σP≈σ 2
H/σP.

A more general treatment of 3-D ellipsoidal clouds,
A2.A1, shows that the assumption ofJ int

X2
�J ext

X1
, and hence

Eqs. (45) and (46), are valid for sufficiently dense trails,
nint/next

�A2/A3∼2
−1
0 '70.

Using continuity of the current flow, we relate external
ionospheric currents that flow in and out of the trail through
the ellipsoidal interface with the internal trail currents. This
will allow us to find the still unknown internal electric field,
Eint, and hence to close the entire solution. Integrating
∇·J int

=0 over a trail cross-sectionSX23 in aX2X3-plane at
givenX1, we obtain

dI int
X1

dX1
= −J bound(X1), (47)

where

I int
X1
(X1) =

∫∫
J int
X1
dSX2,3 (48)

is the total trail current flowing alongX1, while

J bound(X1) =

∮
J bound
n dlX2,3 (49)

is the total external current flowing through the interface per
unit length alongX1. HereJ bound

n is the normal component
of the boundary current density outside the trail (set positive
when directed inward the trail and negative otherwise),lX2,3

is the length element of a closed boundary curve correspond-
ing to givenX1, and the loop integration is taken over this
curve. We assumed above that there are no no surface cur-
rents, see Fig.2, so that the normal current density,J bound

n , is
the same on both sides of the interface.

First, we find the internal current. Since both the
plasma density and internal electric field within the trail
are assumed uniform, the total trail current flowing along
X1, i.e., I int

X1
, is proportional to the trail cross-section,

SX23(X1)=π(1−X2
1/A

2
1)A2A3. As a result, we obtain from

Eqs. (46) and (48),

I int
X1

= π(1 + q̃q)

(
1 −

X2
1

A2
1

)
A2A3K

intEint
X1
. (50)

We will use Eqs. (47) and (50) in Sect.4. Because the in-
ternal and external currents on the trail boundary are coupled
by Eq. (47) we obtain

dI int
X1

dX1
= −

2π(1 + q̃q)A2A3K
intEint

X1
X1

A2
1

. (51)

On the other hand, for the RHS of Eq. (47), using Eqs. (49),
(38), (A6) and the fact that forA3�A2, Eq. (12), the 2-D el-
liptical integration path degenerates into two approximately
parallel lines nearly perpendicular toX3, we obtain∮
J bound
n dlX2,3 ≈ 2

∫ A2(1−X2
1/A

2
1)

1/2

−A2(1−X2
1/A

2
1)

1/2
J bound
X3

dX2.
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Here the integration limits correspond toX3=0, the factor 2
presumes two symmetric contributions of the external current
from both positive and negativeX3, see Fig.2,

J bound
X3

≈ Kext
A3X11E

(0)
X1

A2X331
, (52)

andKext is given by Eq. (A7a) with N=N0 . Recalling the
definition of1E(0)X1

≡E
(0)
X1

−Eint
X1

and expressingA3/X3 from

Eq. (10) as(1−X2
1/A

2
1−X

2
2/A

2
2)

−1/2, after integration over
X2 we obtain

dI int
X1

dX1
= −

∮
J bound
n dlX23

≈ −2πKext
(E

(0)
X1

− Eint
X1
)X1

31
. (53)

For self-consistency, it is important that both Eqs. (51) and
(53) yield the same (linear) dependence onX1. This implies
that the combination of the water-bag model with the ellip-
soidal interface automatically provides the uniformity of the
internal electric field (which we used above only as an as-
sumption). From Eqs. (45), (47), (51), and (53), we obtain

Eint
X1

≈
E
(0)
X1

1 + k
, Eint

X2
≈
q̃E

(0)
X1

1 + k
, |Eint

X3
| � |Eint

X1,2
|.

(54)

where

k ≈
(1 + q̃q)31A2A3

A2
1

(
N int

N0

)

≈
(1 + q̃q)31(1 + ψ)1/220a2a3

a2
1 sin3 θ

(
nint

n0

)
. (55)

In obtaining Eq. (55), we used Eq. (11). The internal elec-
tric field is determined by the external field componentE

(0)
X1

because only this component creates a large potential differ-
ence along the extended trail. The internal field component
along the trail,Eint

X1
, is always less thanE(0)X1

, while the trans-

verse component,Eint
X2

, which isq̃ times larger thanEint
X1

, can

be either larger or smaller thanE(0)X1
.

The physical mechanism behind the formation of the in-
ternal field is as follows. The external electric fieldE(0)X1

ini-
tially penetrates to the highly conducting trail and immedi-
ately gives rise to a strong Hall current alongx2. This current
quickly accumulates opposite charges on the opposite edges
of the dense trail. As a result, a strong internal field starts
building up in thex2-direction until it creates a sufficient Ped-
ersen current to counterbalance the Hall current. This, much
stronger, field gives rise to a secondary Hall current in the di-
rection perpendicular to bothx2 andB – a process equivalent

to the electrojet formation. Thex3-component of the sec-
ondary Hall current (ifθ 6=90◦) polarizes the trail in this di-
rection, resulting in a final current directed mainly along the
trail. The trail is long but restricted in thex1-direction, so that
the secondary Hall current polarizes the trail in this direction
as well. However, this polarization is smoothly distributed
along the trail length. It partially expels the major component
of the external field,E(0)1 , from the trail until the eventual
reduced field in thex1-direction provides a self-consistent
quasi-stationary closure of the trail current through the much
rarer ionosphere. The denser the trail is, the stronger field
expulsion is. Estimates show that the fields and currents will
develop with a fewµs, i.e., much faster than the meteor trail
evolution. This means that as soon as the extended trail starts
forming, it is already polarized with the quasi-stationary dis-
tribution of fields and currents.

Equation (54) gives the explicit expression for the internal
electric field,Eint

X , in terms of the external field,E(0)
X1

. This
closes the solution for spatial distribution of the electrostatic
potential and currents in the entire space, see Sect.3. In par-
ticular, using

1E
(0)
X1

= E
(0)
X1

− Eint
X1

≈
kE

(0)
X1

1 + k
(56)

and Eq. (52), we obtain on the trail-ionosphere interface the
major component of the external current density that flow in
or out of the dense trail,

J bound
X3

≈ Kext
kA3X1E

(0)
X1

(1 + k)A2X331
. (57)

For very dense trails wherek�q̃�1, the process of field
expulsion is so efficient that the total internal electric field
becomes much smaller than the external field. Observations
show that this type of dense trails occur frequently. Consider,
e.g., a purely vertical trail (θ=90◦) in the nighttime equato-
rial ionosphere, whereθ=90◦, q̃=q�1, andn0∼108 m−3.
According to Eqs. (55) and (A7b), dense trails require that
nint/n0�[(1+ψ)/ψ]

1/2a2
1/(31a2a3). This imposes a lower

restriction on the electron line density of a dense trail,
Nlin=πninta2a3. For altitudes below 95 km (ψ>1) and
π/31∼1, a dense trail must haveNlin�a2

1n0. Fora1∼1 km,
this requiresNlin�1014 m−1. While the majority of radar-
observed trails haveNlin∼1014 m−1, recent Jicamarca radar
observations show that trails withNlin∼1015 m−1 are com-
mon (E. Bass, private communication). At daytime, when
the typical background ionosphere density is about two or-
ders of magnitude larger, we obtain a much stronger restric-
tion, Nlin�1016 m−1. For higher altitudes (ψ�1), longer
trails, or smallerθ , very dense trails require higherNlin val-
ues. Trails withNlin∼1016 m−1 occur on some rare occa-
sions and evenNlin&1017 m−1 may appear.

For more typical, less dense trails that satisfyq̃&k�1, i.e.,
for a2

1n0/q�Nlin.a2
1n0, the component of the internal field
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along the major trail axis,Eint
X1

, is much smaller than the

corresponding component of the external field,E
(0)
X1

, while

the transverse component,Eint
X2

, and hence the total inter-

nal field, are larger thanE(0)X1
. For even lower-density trails

wherek � 1, i.e., forNlin�a2
1n0/q, the process of field ex-

pulsion becomes inefficient,Eint
X1

≈E
(0)
X1

, while the transverse

field remains large,Eint
X2

≈q̃E
(0)
X1

�E
(0)
X1

. We emphasize, how-
ever, that even the last case applies only to sufficiently dense
trails, nint/n0�70, as we discussed in the passage follow-
ing Eq. (46). For trails of a much lower density,nint/n0.70,
the transverse electric field decreases with trail density until
it gradually disappears asnint approachesn0. In this paper,
however, we are not interested in such low-density regimes.

The current densities and internal electric fields have been
expressed in terms ofE(0)X1

. To express them in terms of the

original E(0), we can apply Eqs. (A11) and (A12). Simple
reasoning shows thatE(0)X1

≈E
(0)
13 , whereE(0)13 is the full com-

ponent of the external field,E(0), in thex1x3-plane. Since the
external field is perpendicular toB, the first rotation to the
coordinate system aligned withB, results inE(0)

X′

1
=E

(0)
13 . The

compression of the coordinates alongX′

3 by the small fac-

tor ε does not affect the field becauseE(0)
X′

3
=−∂8/∂X′

3 = 0.

The final rotation through the small angleχ yields

E
(0)
X1

= E
(0)
13 cosχ ≈ E

(0)
13 (58)

with |E
(0)
X3

|=|E
(0)
13 | sinχ�|E

(0)
X1

|. One can derive Eq. (58)
directly from Eqs. (A11a) and (A12a) by expressing the
external electric field,E(0)

⊥B, as E(0)1 =E
(0)
13 sinθ and

E
(0)
3 =−E

(0)
13 cosθ . In particular, according to Eqs. (43),

(44a), (56), and (58), on the trail boundary the electric field
component parallel toB is given by

1E‖

∣∣
ξ=0 ≈

εka3x1E
(0)
13 sinθ

(1 + k)a2x331
, (59)

wherek is defined by Eq. (55).
Now we estimate the total current that flows through the

trail. Combining Eqs. (50), (54) and (58) with Eqs. (8), (11),
(A7), and the definition of̃q, we obtain

I int
X1

≈

(
1 +

ψ cot2 θ

1 + ψ

)(
1 −

x2
1

a2
1

)

×
π

√
ψ a2a3e n

intE
(0)
13

(1 + ψ)20(1 + k)B sinθ
. (60)

The trail current is proportional to the trail cross-section, so
that its maximum,I int

max, is reached at the trail center,x1=0.
For smallk, Eq. (55), the trail current is determined by the
external field which nearly fully penetrates into the trail. This
current grows in proportion to the trail plasma density. In

the opposite limit ofk�1, as we can obtain directly from
Eqs. (50) and (55), the maximum trail current is given by

I int
max ≈

πa2
1 sin2 θ

31

(
1 + ψ

ψ

)1/2 en0E
(0)
13

B

≈ 0.1A

(
1 + ψ

ψ

)1/2 sin2 θ

31

( n0

1010m−3

)
(61)

×
5 × 104 nT

B

(
E
(0)
13

1 mV/m

)( a1

1 km

)2
,

where we have normalized all dimensional parameters to typ-
ical numerical values to make practical calculations simple.
In this limit, the maximum current is independent of the trail
plasma density but is proportional to the background iono-
sphere density,n0. This is not surprising because fork�1
the external electric fieldE(0)13 penetrates into the trail only
weakly. This maximum trail current is determined by the
ionospheric currents collected from a large volume around
the nearly equipotential trail. It depends on the small scale
a2 logarithmically weakly, via31≈ ln(4a1 sinθ/a2)−1, see
Eqs. (11) and (32). There is no dependence ona3 because
the ionospheric currents that flow into and out of the trail are
dominated by electron currents parallel toB, so that only
the trail cross-section perpendicular toB plays a role. Equa-
tion (61) shows that for quite realistic trail and ionosphere
parameters,a1&3 km,n0&1010 m−3,E(0)12 &10 mV/m,ψ�1,
the total short-circuiting current through the trail can reach
many amperes.

5 Heating of near-trail plasma

The strong electric field induced in the near-trail region, es-
pecially its component parallel toB, can energize electrons.
Due to pitch-angle scattering caused by frequent collisions
with neutrals, such energization is efficiently spread over
all angles in the velocity space, resulting in nearly isotropic
electron heating. Indeed, for electrons with energies be-
low 2eV, the average fraction of electron energy loss dur-
ing one inelastic or elastic collision with neutrals,δen, is
small since in this energy range colliding electrons cannot
excite efficiently vibrational and electronic levels of neu-
tral molecules. At the same time, after the collisional im-
pact they easily change the direction of motion, so that the
electron velocity distribution becomes nearly isotropic with
the small mean directional speed,Ve≡|V e|∼δ

1/2
en vT e�vT e,

where vT e=(Te/me)1/2 (Gurevich, 1978). If the parallel
electric field is so strong thatVe substantially exceeds the
initial mean thermal speed,vT e0=(Te0/me)1/2, then, dur-
ing a short time∼(δenνen)−1, the electron population heats
up in such a way thatVe�vT e(Te) becomes valid. While
the angular velocity distribution of electrons becomes nearly
isotropic, their energy distribution can differ significantly
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from Maxwellian (Gurevich, 1978; Milikh and Dimant,
2003).

We will estimate electron heating assuming local energy
balance with no heat transport,

3

2

dTe

dt
= meνenV

2
e −

3

2
δenνen(Te − Te0). (62)

The first term of the RHS describes frictional heating, while
the second term describes collisional cooling against neutrals
with the temperatureTn≈Te0. Under stationary conditions,
taking into account electron heating by the electric field par-
allel to B only andmeνenV 2

e ≈j2
e‖/n0σe‖=meνenj

2
e‖/n

2
0e

2,
we obtain

1Te ≡ Te − Te0 =
2mej2

e‖

3δenn2
0e

2
, (63)

whereje‖=en01E‖/(meνen) is the parallel current density.
Combining Eqs. (6) and (59) with νen=�e20

√
ψ , we obtain

je‖
∣∣
ξ=0 ≈

k(1 + ψ)1/2a3x1

(1 + k)ψ1/2a2x331

n0eE
(0)
13 sinθ

B
. (64)

As a result, on the trail boundary, we have

1Te|ξ=0 =
2me(1 + ψ)

3δenψ

[
ka3x1E

(0)
13 sinθ

(1 + k)a2x331B

]2

≈ 7 × 10−3 K

(
E
(0)
13 sinθ

1 mV/m

)2
2.5 × 10−3

δen
(65)

×
1 + ψ

ψ

(
5 × 104nT

B

)2 [
ka3x1

(1 + k)a2x331

]2

.

Equation (65) shows that electron heating near the trail
can be quite significant, especially at larger altitudes
where ψ�1. Assuming, e.g.,ψ=0.01 (this corre-
sponds to an altitude'110 km at the geomagnetic equa-
tor and '107 km at high latitudes),x1'a1, x3.a3,
a1/a3=103, k| sinθ cosχ |/(1+k)31=0.1, and choosing
typical conditions for the equatorial E region,E(0)13 =5 mV/m,
B≈2.5×104 nT, we obtain1Te&7×104 K. At high latitudes
with much stronger electric fields, one would expect even
stronger heating effects. However, due to excitation of vi-
brational levels forTe&1 eV, nonlinear and nonlocal effects
associated with the temperature dependence ofνen and heat
conductivity, the maximum temperature should saturate at a
lower level. Note also that the elevated electron tempera-
tures, which can penetrate inside the trail, can result in faster
trail diffusion (but only for a restricted time because the heat-
ing reduces in proportion toa−2

2 ∝t−1). One more possible
effect of the short-time temperature elevation in the eV tem-
perature range could be an increased airglow in the nighttime
ionosphere. We discuss this in the next section. The strong

electric field induced around the trail can also heat ions, al-
beit not as dramatically as electrons because the ion isotropic
mobility in the upper D/lower E regions is2−2

0 ≈5500 times
less than the electron parallel mobility.

We should bear in mind, however, that the average frac-
tion of collisional energy loss,δen, and the electron-ion col-
lision frequency,νen (involved in parametersψ andk), are
temperature-dependent. The temperature dependence ofδen
is rather complicated and is sensitive to the shape of the
electron velocity distribution (Gurevich, 1978; Milikh and
Dimant, 2003). According to kinetic calculations,δen is
roughly constant betweenTe'2000 K andTe'104 K and
then starts increasing sharply at larger temperatures (Gure-
vich, 1978, Fig. 10). Due to this, we do not expect elec-
tron temperatures be well above 1 eV. At smaller temper-
atures, we can approximateδen(Te) by a constant value,
δen≈2.5×10−3. Further, due to the temperature depen-
dence of the electron-neutral collision frequency, strong elec-
tron heating can modify the ionospheric background plasma,
making the entire problem nonlinear and much more com-
plicated. For reasonable estimates, however, we can use the
above expressions with the undisturbed value ofνen. The
reason is that ionospheric currents responsible for heating are
determined by the charge conservation and the flow geome-
try of the current collection from a large volume of mainly
undisturbed ionosphere located well beyond the trail. To
some extent, this can mitigate the sensitivity of the currents to
local temperature variations. A more accurate self-consistent
treatment requires 3-D simulations which we plan to perform
in the future.

6 Discussion

Our analysis shows that sufficiently dense and long meteor
plasma trails in an external DC electric field result in a num-
ber of potentially observable features. The amplified elec-
tric field can drive plasma instabilities in the near-trail iono-
sphere, which complements similar effects within the trail
caused by the ambipolar fields associated with the trail diffu-
sion. The electric field near the trail can acquire a significant
component parallel to the magnetic field. Because this is the
direction of high electron mobility, the parallel electric field
can locally heat ionospheric electrons to the temperatures in
the 1 eV range. At nighttime, at sufficiently high altitudes
∼110 km, such heating may result in increased atmospheric
airglow. The dramatic redistribution of the electric potential
near the trail will drive currents that may exceed 1 A across
the trail, see Eq. (61). The energy for these strong effects is
provided by the ionospheric dynamo that sustains the exter-
nal DC field, rather than by the original meteoroid energy.
We expect these effects to occur in the equatorial and high-
latitude E regions, where the external field is strong. Similar,
but less intense, processes may also take place at midlati-
tudes where the typical values of the DC electric field are

www.ann-geophys.net/27/279/2009/ Ann. Geophys., 27, 279–296, 2009



290 Y. S. Dimant et al.: Meteor plasma trail: effect of external field

∼1–2 mV/m. Also, strong neutral winds perpendicular toB

can cause similar effects. Below we make some estimates of
possible physical processes associated with strong induced
electric fields, currents, and electron heating.

6.1 Farley-Buneman instability threshold

Radars observe meteor instabilities in the form of non-
specular echoes. These instabilities are driven by strong
electric fields that develop within or nearby meteor plasma
trails. The fields associated with trail ambipolar diffusion
are mainly located within the trails (Dimant and Oppenheim,
2006a,b). The strong fields induced by external fields can
significantly modify the threshold conditions for instabilities
in the near-threshold regions.

Now we discuss the threshold conditions for the Farley-
Buneman (FB) instability, which is the most robust E-region
plasma instability. The FB instability is driven by a suf-
ficiently strong electric field perpendicular to the magnetic
field, E⊥, via the electron Hall velocity,V Hall=E⊥×B/B2,
and can only be excited providedVHall≡|V Hall|>(1+ψ)Cs ,
whereCs=[(γeTe+γiTi)/mi]

1/2 is the ion-acoustic speed.
Everywhere near the trail, except nearx3=0, the components
parallel and perpendicular toB of the near-trail electric field
are comparable,1E‖∼1E⊥.

If a strong perpendicular field is sufficient to drive the in-
stability in the undisturbed ionosphere, a comparable paral-
lel field also exists to simultaneously heat the plasma and,
hence, to increase the FB instability threshold. On the other
hand, the temperature dependence of the electron-neutral
collision frequency causes the induced electric field to in-
crease in the heated region near the trail. The resultant
threshold conditions can be aggravated or improved, depend-
ing on the balance between these factors. Below we discuss
only the induced electric field beyond the trail as the driving
force for the instability, while the internal trail field can also
be of importance.

Assuming sufficiently strong electron heating,
Te�Te0, Ti , and isothermal conditions,γe,i=1, we
obtain that the FB threshold electric field amplitude
is EThr(Te)≈(1+ψ(Te))(Te/2Te0)1/2Emin

Thr (Te0), where
EThr(Te0) is the minimum threshold field for the undisturbed
temperatureTe0≈Ti0,

Emin
Thr =

√
2Te0
mi

B ≈ 20
mV

m

(
B

5 × 104 nT

)(
Te0

300K

)1/2

.

The parallel current near the trail surface,je‖, is collected
from a large ionospheric volume and is determined mainly
by the macroscopic electrodynamic structure. We expect it
to be less susceptible to local heating than to the local elec-
tric field. Neglecting completely the effect of heating onje‖,
we can find the modified parallel component of local induced
electric field via1E‖=meνen(Te)j‖/(n0e

2), wherej‖|ξ=0
is given by Eq. (64). The perpendicular component,1E⊥,

should change in proportion to1E‖ because near the trail
the total induced field always remains perpendicular to the
trail surface,

1E⊥ =
x21E‖

x3
=
x2meνen(Te)j‖

x3n0e2
. (66)

Assuming for νen(Te) the power-law approximation,
νen≈νen0(Te/Te0)

5/6 (Gurevich, 1978) and neglecting ion
heating, we obtain

1E⊥(Te)

EThr(Te)
'

√
2(Te/Te0)−1/121E⊥(Te0)

[(1 + ψ(Te))(1 + ψ(Te0))]1/2Emin
Thr (Te0)

.

(67)

This relation shows that strong electron heating slightly af-
fects the conditions of FB instability generation, mainly
through the parameterψ(Te)∝T

5/6
e , when it becomes&1.

Expressing all quantities in Eq. (67) in terms ofE(0)13 , with
allowance for Eqs. (64), (65), and (66), we verify that for
xj∼aj and sufficiently large ratioa1/a2 the FB instability
near the trail surface can be excited by the induced electric
field even if the external electric field is well below the FB
threshold (for example, forE(0)13 ∼1–2 mV/m, which is typi-
cal for midlatitudes). Note also that the same pertains to the
region inside the trail under conditions of moderately dense
trail 1�k.q̃, nint/n0�70, when the transverse component
of the internal field,E(0)X2

=E
(0)
x2 , is approximatelỹq times the

external fieldE(0)X1
≈E

(0)
13 (see the comment below Eq.57).

6.2 Airglow caused by the electron heating in the me-
teor trail

In this section, we discuss when meteor-heated electrons
generate a detectable airglow in the nighttime ionosphere.
We consider excitation of three major electronic levels O(1S),
N2(B35g) and N2(C35u) by electron impacts. The ex-
citation leads to the emissions of the oxygen green line
λ=557.7 nm and of N2(1P) and N2(2P) bands. The nitro-
gen first positive system emits in the band of (478–2531) nm,
while the second positive system emits in the band of (268–
546) nm (McEwan and Phillips, 1975). The oxygen red-
line emission, although having a low excitation threshold,
is strongly quenched out below 130 km and thus can be ne-
glected.

Let us estimate the luminous flux for a given transitionm,
Im, in Rayleighs (R), using the following equation

Im(R) =
10−6

4π
(
1 + τlifekqNn

) ∫ kmexneN
m
n dx, (68)

where the denominator shows effect of the collisional
quenching. Hereτlife is the lifetime of the excited electronic
level,kq is its quenching rate due to collisions with the neu-
tral species having the number densityNn. Furthermore,kmex
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Fig. 4. Electron temperature (left panel) and luminous flux versus parallel electric field (right panel). The green

trace corresponds to the oxygen green-line emission; the red trace corresponds to N2(1P); and the blue trace

corresponds to N2(2P) band emission.

the height of 110 km, the model of IRI was applied (65◦ N, winter). The excitation rates were

obtained by our code as km
ex =
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εm

ex
σm

exfe(ε)
√
εdε, where εm

ex is the excitation threshold and σm
ex is380

the excitation cross section.

Figure 4 shows the luminous flux for the green-line of oxygen, as well as the N2(1P) and N2(2P)

emissions as functions of the parallel electric fieldE. It was computed for the typical trail conditions,

ne = 104 cm−3, and the 100 m total length along the line of sight. Note that collisional quenching

of O(1S) by atomic oxygen with τlife = 0.8s for O(1S) and kq = 7.5 × 10−12 cm3/s (McEwan and385

Phillips, 1975) was taken into account.

For two other electronic levels N2(B) and N2(C), having the lifetimes∼ 1µs (B) and a fraction of

µs (C), the collisional quenching at 110 km is negligible. The figure reveals that for parallel electric

field in excess of 80 mV/m the expected emissions can be detected by a ground-based telescope. And

since the emission of interest lasts for about a second after the tip of a meteor passes, it is possible390

to detect such emission by using a sensitive camera triggered by a strong signal due to the burning

meteoroids, with the total observation duration up to 1 s.

During the nighttime, the background emission of the green line 557.7 nm is of about 300 R

(McEwan and Phillips, 1975) in the absence of precipitating charged particles. This emission origi-

nates from two altitudes: ∼ 250 km and ∼ 90 km. At the higher altitude, it is generated by electron395

ion recombination, while at the lower height it is produced by triple collisions of atomic oxygen.

As far as N2(1P) and N2(2P) emissions are concerned, in the absence of particle precipitations,

they are not generated during the nighttime. However, since they are broad-band emissions they

overlap with some other background emissions. Therefore the best way to detect the artificial airglow

of meteor trails is to focus the optical detector on some parts of the N2(1P) and N2(2P) spectrum400

in which such overlap with background emission is weak. In the latter case, a few R emission in a
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is the excitation rate of the electron level considered by the
electrons of densityne, Nm

n is the density of the respective
neutral species. The integration is conducted along the line
of sight of the ground-based optical detector.

The excitation rate of the above electronic levels of O
and N2 was calculated by using a kinetic code. The calcu-
lation of electron heating by the electric field follows the
well-established procedure of ionospheric and atmospheric
breakdown (Gurevich et al., 1997; Tsang et al., 1991; Pa-
padopoulos et al., 1993). The computer code employed in the
present work is based on solving a local kinetic equation that
describes the evolution of the time-averaged electron distri-
bution function (EDF),fe(ε, t), ε≡mev2

e/2, in the presence
of a constant ambient electron field parallel toB0 with the
amplitudeE=1E‖, and various kinds of inelastic electron-
neutral collisions. According to Eq. (59), for values of the
external electric field reaching tens to hundred of mV/m, de-
pending on the ratioa1/a3 and the specific position on the
trail boundary, the parallel field can also reach in some cases
tens of mV/m or even more.

We conducted our computations for the neutral density and
compositions which corresponds to the height of 110 km, the
model of IRI was applied (65◦ N, winter). The excitation
rates were obtained by our code askmex=

∫
∞

εmex
σmexfe(ε)

√
εdε,

whereεmex is the excitation threshold andσmex is the excitation
cross section.

Figure4 shows the luminous flux for the green-line of oxy-
gen, as well as the N2(1P) and N2(2P) emissions as func-
tions of the parallel electric fieldE. It was computed for the
typical trail conditions,ne=104 cm−3, and the 100 m total
length along the line of sight. Note that collisional quench-
ing of O(1S) by atomic oxygen withτlife=0.8s for O(1S)
andkq=7.5×10−12 cm3/s (McEwan and Phillips, 1975) was
taken into account.

For two other electronic levels N2(B) and N2(C), having
the lifetimes∼1µs (B) and a fraction ofµs (C), the col-
lisional quenching at 110 km is negligible. The figure re-
veals that for parallel electric field in excess of 80 mV/m the
expected emissions can be detected by a ground-based tele-
scope. And since the emission of interest lasts for about a
second after the tip of a meteor passes, it is possible to de-
tect such emission by using a sensitive camera triggered by
a strong signal due to the burning meteoroids, with the total
observation duration up to 1 s.

During the nighttime, the background emission of the
green line 557.7 nm is of about 300 R (McEwan and Phillips,
1975) in the absence of precipitating charged particles.
This emission originates from two altitudes:∼250 km and
∼90 km. At the higher altitude, it is generated by electron
ion recombination, while at the lower height it is produced
by triple collisions of atomic oxygen.

As far as N2(1P) and N2(2P) emissions are concerned, in
the absence of particle precipitations, they are not generated
during the nighttime. However, since they are broad-band
emissions they overlap with some other background emis-
sions. Therefore the best way to detect the artificial air-
glow of meteor trails is to focus the optical detector on some
parts of the N2(1P) and N2(2P) spectrum in which such over-
lap with background emission is weak. In the latter case, a
few R emission in a bandwidth of 10–20 nm should be de-
tectable. We note, however, that strong electric fields at high
latitudes are often accompanied by bright auroras. This may
forbid observations of weak emissions associated with elec-
tron heating near meteor trails.

We also computed the rate of dissociative attachment to
O2 along with the impact ionization rate. It was found that
for E≤150 mV/m, the ionization rate was smaller than the
attachment rate. Thus, the fieldE≤150 mV/m is under the
ionization threshold, while at 110 km the attachment rate for
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E=100–150 mV/m ranges between 2 and 5.5 s−1. For emis-
sions that last longer than 0.1 s the electron density reduction
due to attachment to O2 becomes noticeable.

7 Conclusions

We have developed an analytical 3-D theoretical model of
the interaction of an external DC electric field with a dense
meteor plasma trail. This model predicts that such interaction
will result in a distortion of the external field causing a large
amplification of the field near the trail edges. The meteor will
also drive currents through itself and into the surrounding
ionosphere, short-circuiting the local ionosphere.

Unlike the ambient ionospheric DC electric field which
points perpendicular toB0, the induced electric field near
the trail surface will have comparable components perpen-
dicular and parallel toB0. The perpendicular electric field
component can be strong enough to generate plasma insta-
bilities near the trail edges. These instabilities often result
in an increased level of electron density irregularities visible
to high-power large-aperture radars as non-specular echoes.
The strong component of the electric field parallel to the
magnetic field can result in a significant (up to∼1 eV) heat-
ing of electrons. In some cases, such heating should be mea-
surable via the increased airglow.

Appendix A

Coordinate transformations

In this appendix we describe a chain of coordinate transfor-
mations that result in Laplace’s Eq. (9) and the renormalized
ellipsoidal interface given by Eq. (10).

First, we perform a coordinate rotation to a new cartesian
systemx′

1,2,3 wherex′

3 is alongB, x′

2=x2, while x′

1 becomes
perpendicular to bothx′

2 andx′

3,

x1 = x′

1 sinθ + x′

3 cosθ,

x2 = x′

2, (A1)

x3 = −x′

1 cosθ + x′

3 sinθ.

Rotation is a unitary transformation,∂xi/∂x′

k=∂x
′

k/∂xi , so
that both covariant and contravariant vectors transform asxi .
The covariant electric field in the rotated (“primed”) system,
E′

=−∇
′8, relates to the electric field in the original coordi-

nates,E, as

E′

1 = E1 sinθ − E3 cosθ,

E′

2 = E2, (A2)

E′

3 = E1 cosθ + E3 sinθ,

For a plasma with the given uniform densityn, Eq. (2) with
x̂′

3‖B yields the following “primed” components of the total

electric current density:

j ′

1 = σPE
′

1 + σHE
′

2,

j ′

2 = −σHE
′

1 + σPE
′

2, (A3)

j ′

3 = σ‖E
′

3,

where

σP ≈
ne2

miνin
+
ne2νen

me�2
e

=
(1 + ψ)20ne

B
√
ψ

, (A4a)

σH ≈
ne

B
, (A4b)

σ‖ ≈
ne2

meνen
=

ne

B20
√
ψ

(A4c)

are the total Pedersen, Hall, and parallel conductivities, re-
spectively. Using Eq. (5), we obtain that20

√
ψ=νen/�e�1

and20/
√
ψ=�i/νin�1, so that at altitudes of interest we

haveσP�σH�σ|| and σP /σ||=ε
2, whereε is defined by

Eq. (6).
Further, to adjust for anisotropic conductivities, we rescale

the “primed” coordinates as

x′

1,2 = X′

1,2, x′

3 =
X′

3

ε
. (A5)

Unlike rotation, however, this anisotropic rescaling is not a
unitary transformation and it changes the volume element
such thatdX′

1dX
′

2dX
′

3=εdx
′

1dx
′

2dx
′

3, so that the plasma
density in the new coordinates becomesN=n/ε.

We will denote the vector components in the new coor-
dinates by subscriptsX′

i . The covariant vector of the elec-

tric field transforms according toEX′
i
=
∑3
k=1(∂x

′

i/∂X
′

k)E
′

k,
so that its components in the new coordinates become
EX′

1,2
=E′

1,2 andEX′

3
=E′

3/ε.

The current density in the renormalized coordinatesX′

j

transforms according toJ ′

Xi
=(N/n)

∑3
k=1(∂X

′

i/∂x
′

k)j
′

k, so
that its components in the new coordinates become

JX′

1
= K(EX′

1
+ qEX′

2
), (A6a)

JX′

2
= K(−qEX′

1
+ EX′

2
), (A6b)

JX′

3
= KEX′

3
, (A6c)

where

K =
σP

ε
= εσ|| =

(
1 + ψ

ψ

)1/2
en

B
, (A7a)

q =
σH

σP
=

νin

(1 + ψ)�i
=

√
ψ

(1 + ψ)20
� 1. (A7b)

As a result of this scaling transformation, the quasineutrality
equation∇·J=0 reduces to 3-D Laplace’s equation for the
electrostatic potential8,

3∑
i=1

∂28

∂X′

i
2

= 0. (A8)
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Due to the small value ofε, Eq. (6), all sizes in theX′

3-
direction (i.e., alongB) shrink dramatically. As a result, the
ellipsoid determined by Eq. (3) becomes oblate in this direc-
tion, while its axes become almost parallel to the coordinate
axesXi . To make them exactly parallel and restore the sim-
ple canonical form of the rescaled ellipsoid, we rotate the
coordinate system around theX′

2-axis through a small, but
still unknown, angleχ to the final coordinatesXj ,

X′

1 = X1 cosχ −X3 sinχ,

X′

2 = X2,

X′

3 = X1 sinχ +X3 cosχ.

The entire transformations fromXi toxk and back are related
as
∂x1

∂X1
,
∂x1

∂X3

∂x3

∂X1
,
∂x3

∂X3

 =
1

ε


∂X3

∂x3
, −

∂X1

∂x3

−
∂X3

∂x1
,

∂X1

∂x1

 , (A9)

∂x2/∂X2 = ∂X2/∂x2 = 1, with the Jacobians given by

det

[
∂(Xi)

∂(xk)

]
=

(
det

[
∂(xk)

∂(Xi)

])−1

= ε. (A10)

The explicit expressions forxi(Xk) andXk(xi) are given by

x1 =

[(
1 + ε−1cotθ tanχ

)
X1

+

(
ε−1cotθ − tanχ

)
X3

]
sinθ cosχ,

x3 =

[(
ε−1tanχ − cotθ

)
X1

+

(
ε−1

+ cotθ tanχ
)
X3

]
sinθ cosχ, (A11a)

X1 = [(1 + ε cotθ tanχ) x1

+ (ε tanχ − cotθ) x3] sinθ cosχ,

X3 = [(ε cotθ − tanχ) x1

+ (ε + cotθ tanχ) x3] sinθ cosχ. (A11b)

The electric field transforms according to

EX1

EX3

 =


∂x1

∂X1
,
∂x3

∂X1

∂x1

∂X3
,
∂x3

∂X3


E1

E3

 , (A12a)

EX2 = E2, and

E1

E3

 =


∂X1

∂x1
,
∂X3

∂x1

∂X1

∂x3
,
∂X3

∂x3


EX1

EX3

 . (A12b)

To determine the unknown rotation angle,χ , we require the
coordinatesXk to be the new ellipsoid axes. Substituting
Eq. (A11a) into Eq. (3), equating the factor in front ofX1X3
to zero, and denotingδ≡a2

3/a
2
1, C≡ cotθ , tanχ≡Cεx, we

obtain

(x − 1)(1 + ε2C2x)+ (1 + C2x)(1 − ε2x)δ = 0.

To the first-order accuracy with respect toδ�1, the appro-
priate solution of this quadratic equation (|x|∼1) is given by
x≈1−(1+C2)δ=1−δ/ sin2 θ , so that we obtain

tanχ ≈ ε

(
1 −

a2
3

a2
1 sin2 θ

)
cotθ, (A13a)

and hence, to the first-order accuracy with respect toε2
� 1,

cosχ ≈ 1 −
ε2 cot2 θ

2
. (A13b)

Substituting Eq. (A13) to Eq. (A11b), to the first-order ac-
curacy with respect to small parametersa2

3/a
2
1 and ε2, we

obtain

X1 ≈

(
1 +

ε2 cot2 θ

2

)
x1 sinθ

−

[
1 − ε2

(
1 +

cot2 θ

2

)]
x3 cosθ, (A14a)

X3 ≈
ε

sinθ

{
a2

3

a2
1

x1 cotθ +

[
1 −

(
a2

3

a2
1

+
ε2

2

)
cot2 θ

]
x3

}
.

(A14b)

Now we obtain the equation for the potential8, using the
quasineutrality relation∇·J=0. From Eq. (A6), using the
unitary rotational transformations for the current density,

JX1 = J ′

X1
cosχ + J ′

X3
sinχ,

JX2 = J ′

X2
,

JX3 = −J ′

X1
sinχ + J ′

X3
cosχ,

and the electric field,

E′

X1
= EX1 cosχ − EX3 sinχ,

E′

X2
= EX2,

E′

X3
= EX1 sinχ + EX3 cosχ,
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we obtain to the zeroth-order accuracy

JX1 = K
(
EX1 + qEX2 cosχ

)
≈ K

(
EX1 + qEX2

)
,

(A15a)

JX2 = K
(
−qEX1 cosχ + EX2 + qEX3 sinχ

)
≈ K

[
−qEX1 + EX2 +

(
ψ

1 + ψ

)1/2

EX3 cotθ

]
,

(A15b)

JX3 = K
(
−qEX2 sinχ + EX3

)
≈ K

[
−

(
ψ

1 + ψ

)1/2

EX2 cotθ + EX3

]
. (A15c)

Here we have used Eq. (A13) along with Eqs. (6) and (A7b).
Equation (A15) keeps the same isotropic diagonal terms cor-
responding to the renormalized combined Pedersen-parallel
conductivity as in Eq. (A6). However, the final rotation
through the small angleχ introduces additional anisotropic
off-diagonal terms corresponding to the renormalized Hall
conductivity. At the constant plasma density, antisymmet-
ric Hall terms do not contribute to the current divergency, so
that expressing the field asEXi=−∂8/∂Xi , we obtain from
∂JXi/∂Xi=0 Laplace’s Eq. (9), equivalent to Eq. (A8).

Appendix B

Simplification of integrals in Eq. (27)

In this appendix we simplify the integrals involved in
Eq. (27). First, we express them in terms of elementary func-
tions and canonical elliptic integrals of the first and second
kind defined here as

F(z; k) ≡

∫ z

0

dt√
(1 − t2)(1 − k2t2)

, (B1a)

E(z; k) ≡

∫ z

0

√
1 − k2t2

1 − t2
dt (B1b)

(e.g.,Abramowitz and Stegun, 1970). Then, employing the
inequalities between the ellipsoid semi-axesAi , Eq. (12),
we approximate these integrals with elementary functions.
Finally, we calculate the normalization constants3i of
Eq. (27b).

For eachi=1,2,3, the integrals in Eqs. (27) have similar
forms but their explicit expressions in terms of the canoni-
cal elliptic integrals differ significantly. All elliptic integrals,
however, have the same argumentsz andk:

z(ξ) =

(
ξ + A2

3

ξ + A2
2

)1/2

, k =

(
A2

1 − A2
2

A2
1 − A2

3

)1/2

, (B2)

wherez(ξ) varies betweenA3/A2 and 1. The explicit ex-
pressions of the integrals are given by∫ ξ

0

dξ

(A2
1 + ξ)Rξ

=
2(Q(ξ)−Q(0))

(A2
1 − A2

3)
1/2(A2

1 − A2
2)

+
2

A2
1 − A2

3


[

ξ + A2
3

(ξ + A2
1)(ξ + A2

2)

]1/2

−
A3

A1A2

 , (B3a)

∫ ξ

0

dξ

(A2
2 + ξ)Rξ

=
2(P (ξ)− P(0))

(A2
1 − A2

3)
1/2(A2

2 − A2
3)(A

2
1 − A2

2)
,

(B3b)

∫ ξ

0

dξ

(A2
3 + ξ)Rξ

=
2(S(0)− S(ξ))

(A2
1 − A2

3)
1/2(A2

2 − A2
3)
, (B3c)

where

Q(ξ) = F(z(ξ); k)− E(z(ξ); k),

P (ξ) =

(
A2

3 − A2
2

)
F(z(ξ); k)+ (A2

1 − A2
3)E(z(ξ); k),

(B4)

S(ξ) = E(z(ξ); k)

+ (A2
2 − A2

3)

[
A2

1 + ξ

(A2
1 − A2

3)(A
2
3 + ξ)(A2

2 + ξ)

]1/2

.

These exact expressions are valid for arbitraryAj ordered
according toA1>A2>A3.

Now, we approximate the elliptic integrals by elementary
functions. Under conditions ofA1�A2,3, see Eq. (12), the
parameterk is close to unity,1≡1−k2

�1. Then in the most
of the entirez-range, 1−z&1, we have

F(z; k) ≈
5 − k2

8
ln

(
1 + z

1 − z

)
−
(1 − k2)z

4(1 − z2)
, (B5a)

E(z; k) ≈ z−
1 − k2

2

[
z−

1

2
ln

(
1 + z

1 − z

)]
. (B5b)

This approximation fails in a small vicinity of the top bound-
ary, 1−z�1. For all 1−z�1, we have

F(z; k) ≈

(
5 − k2

4

)
ln

[
4

√
2(1 − z)+

√
3 − k2 − 2z

]

+
z− k2

4

√
2(1 − z)

3 − k2 − 2z
−

1 − k2

4
, (B6a)

E(z; k) ≈
3 + k2

4
−

√
(1 − z)(3 − k2 − 2z)

2

−
1 − k2

2
ln

√1 − z

8
+

√
3 − k2 − 2z

16

 . (B6b)
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Equations (B5) and (B6) match at an intermediate region
1−z∼1 and they approximate the exact elliptic integrals
with a remarkable accuracy. For example, forA1,2,3 which
are proportional to 10, 1, and 0.1 respectively (k=10/

√
101,

1≈0.01), the relative mismatch between the exact and
proper approximate values of the elliptic integrals is∼10−4

in the matching region and is much less beyond it. Even for
A1,2,3 as close to each other as 5, 4, and 3 (k=3/4,1≈0.44),
the relative mismatch between the exact elliptic integrals and
their proper approximate values is only a few percent at most.

Equations (B4) to (B6) accurately approximate the inte-
grals in Eq. (B3) over the entire space: Eq. (B5) covers
ξ.A2

1, while Eq. (B6) coversξ�A2
2. BecauseA1�A2 the

two regions overlap.
Now, we find simplified approximate expressions for the

normalization constants
3i=(A

3
i /2)

∫
∞

0 dξ/[(A2
i+ξ)Rξ ], Eq. (27b). For these inte-

grals, Eq. (B4) requiresz(0)=A3/A2�1 andz(∞)=1. For
the former, we use Eq. (B5), while for the latter we use
Eq. (B6). Expanding all resultant expressions in powers of
the small ratiosA2/A1 andA3/A2 (up to the second-order
accuracy), we obtain from Eq. (B3)

31 ≈ ln
4A1

A2
− 1 −

A3

A2
+

(
3

4
ln

4A1

A2
− 1

)
A2

2

A2
1

+
A2

3

2A2
2

,

(B7a)

32 ≈
A2

A1

[
1 −

A3

A2
+

(
3

4
−

1

2
ln

4A1

A2

)
A2

2

A2
1

+
A2

3

A2
2

]
,

(B7b)

33 ≈
A2

3

A1A2

(
1 −

A3

A2
−
A3A2

2A2
1

ln
4A1

A2
+
A2

3

A2
2

)
. (B7c)

These expressions provide accurate approximations of3j
for A2/A1, A3/A2<0.2 by elementary functions. The rel-
ative mismatch between the exact integrals and approximate
values is below one percent. We use Eq. (B7) in Section3.2.
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