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Abstract. We implement gravity wave (GW) phases into our scales and amplitudes in MLT, thermosphere and ionosphere
convective plume and anelastic ray trace models. This al{Tl), 2) linking these measured GWSs to convective sources
lows us to successfully reconstruct the GW velocity, temper-at lower altitudes, and 3) assessing the potential contribu-
ature, and density perturbation amplitudes and phases in thigons of these GWSs to plasma instability dynamics at the
Mesosphere-Lower-Thermosphere (MLT) via ray tracing (in bottomside F layer. A central need underlying the connec-
real space) those GWs that are excited from a deep convedion from tropical convection to GW scales and amplitudes
tive plume. We find that the ray trace solutions agree veryat higher altitudes is an ability to link convection scales and
well with the exact, isothermal, zero-wind, Fourier-Laplace intensities directly to observed GW scales and amplitudes at
solutions in the Boussinesq limit. This comparison also al-some altitude where they can be assessed directly. Previ-
lows us to determine the normalization factor which con- ous and current studies by Vadas and Fritts (2004) (hereafter
verts the GW spectral amplitudes to real-space amplitude¥F2004) and Vadas and Fritts (2006) (hereafter VF2006)
in the ray trace model. This normalization factor can then beanticipated specific GW responses to individual convective
used for ray tracing GWs through varying temperature andplumes and/or convective complexes with some assumptions.
wind profiles. We show that by adding GW reflection off the However, no studies to date have quantified this link with
Earth’s surface, the resulting GW spectrum has more powesufficient confidence to extrapolate GW amplitudes to high
at larger vertical and horizontal wavelengths. We determinealtitudes at spatial scales not directly measured in the MLT.
the form of the momentum flux and velocity spectra which Given our current measurement capabilities, two steps are
allows for easy calculation of GW amplitudes in the MLT needed. The first step is to relate GW amplitudes at the
and thermosphere. Finally, we find that the reconstructedargest observed spatial scales to the characteristics of the
(ray traced) solution for a deep, convective plume with a du-convective plumes from which they arose. This is accom-
ration much shorter than the buoyancy period does not equadlished by reverse ray tracing these medium-scale GWs ob-
the Fourier-Laplace Boussinesq solution; this is likely dueserved in MLT to specific convective cells identified and
to errors in the Boussinesq dispersion relation for very highquantified from satellite imagery (Vadas et al., 2009a). This
frequency GWs. constrains as fully as possible the convective spatial and tem-

Keywords. Atmospheric composition and structure (Pres- poral scales important during SpreadFEX.

sure, density, and temperature; General or miscellaneous) ~ The second step in linking convection to GWs at the bot-
tomside of the F layer is to calculate the GW amplitudes in

the MLT expected to arise for these same convective sources,
but for spatial scales not observed easily or directly in the
MLT because of steep propagation angles and obscuration

The Spread F Experiment (SpreadFEx) was performed iy ar_1vi| clouds (Vadas _et al., 2009a). This is one of the goals
Brazil in 2005, as summarized by Fritts et al.(2008a). Key©f this paper, to quantify the GW source spectra from con-

to attainment of SpreadFEx goals were 1) measuring gwvection in a form that allows for easy calculation of GW am-
plitudes at larger spatial scales in the MLT and above. In

order to accomplish this goal, it is necessary to incorporate
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BY (vasha@cora.nwra.com) els in order to reconstruct the GW fields in the MLT and TI.
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We then compare the ray trace solutions with the Fourier-convective plume model is based on the use of a vertical body
Laplace (FL) Boussinesq solutions for zero wind, isothermalforce(s) (Vadas and Fritts, 2001) (hereafter VF2001) to de-
conditions. This inter-comparison allows for the normaliza- scribe the uplifting of air which occurs in a convective plume
tion of the GW spectral amplitudes, so that the amplitudes(VF2004; VF2006). This model is linear, Boussinesq, ne-
of GWs can be determined via ray tracing. It also allows glects moisture processes, and assumes that the air above
for studies involving ray tracing through varying temperature the tropopause is stationary within the frame of the mean
and wind profiles (Vadas et al., 2009b). Note that Fritts andhorizontal wind at the tropopaus@/gp), until a convec-
Vadas (2008) employ the GW amplitudes and spectra detertive plume overshoots the tropopause and pushes the strato-
mined in this paper to anticipate general GW propagation, fil-spheric air upwards. It solves the linear solutions in a locally
tering, and amplitude growth accompanying various thermo-unsheared environment with a constant buoyancy frequency.
spheric temperature and wind profiles. Fritts et al. (2008b)Observations and simulations show that there are typically
also employ these results to infer specific neutral and plasmanany small updrafts within the “envelope” of a convectively
responses at the bottomside F layer. unstable region, which give rise to a GW spectrum concen-
Our paper is structured as follows. Section 2 describes thérated at small-scales 6f5-10km (e.g., Larsen et al., 1982;
model which calculates the amplitudes, scales and phases éflexander et al., 1995). Our model neglects the individ-
GWs excited from a convective plume with ground reflec- ual updrafts which generate these small-scale GWSs, as these
tion, and the model which ray traces these GWSs into the MLTGWSs are not likely to propagate to the upper atmosphere and
and TI. A description of the calculation of GW momentum thermosphere (due to wave breaking, critical level absorp-
fluxes and phases is also included. Reconstruction of the GWion, and reflection in the stratosphere). Instead, our model
field via ray tracing, and an inter-comparison of the FL and calculates the spectrum of larger-scale GWs excited by the
ray trace solutions in a windless, isothermal atmosphere fofenvelope” of the upward motion of air within a convective
a deep, convective plume is presented in Sect. 3. We alsplume. (These are the larger-scale GWs, which are more im-
determine the normalization factor for the spectral wave am-ortant in the mesosphere and thermosphere.) Each plume
plitudes. In Sect. 4, we use the results from ray tracing ais described by its geometry (horizontal width and vertical
few, individual GWs to compute a simple, spectral form for depth), its duration, its maximum vertical updraft velocity,
the GW momentum flux and horizontal wind spectra at OH and its latitude, longitude, and time of occurrence.

airglow altitudes. This allows for easy calculation of GW  This model calculates the amplitudes, scales, and phases
amplitudes at higher altitudes. Section 5 provides an interof the excited GWs. One of the limitations of this linear
comparison of the FL solutions with the ray trace solution for model is that the wind is assumed constant in the convec-
a deep, convective plume when its duration is much shortetjve plume region in order to obtain an analytic solution. Al-
than the buoyancy period. Our conclusions are provided inthough wind shears typically exist in convective plume re-
Sect. 6. gions, Beres (2004) showed via comparison between linear
and nonlinear models that the linear model gives reasonably
good results with a mean background wind in the convective
2 Models utilized plume region. Also, Lane et al. (2003) found, using a numer-
ical 3-D cloud-resolving model, that the excited GW spec-
Our convective plume model is primarily utilized to calculate trum in the intrinsic frame of reference is reasonably sym-
the spectral amplitudes and phases of the GWs excited frormetric, thereby showing that the shear effect is of smaller im-
a deep, convective plume. However, if Fourier-transformedportance than the overall Doppler effect of the moving wind
to real space, this model can also be used to calculate thgame at the tropopause. Therefore, we calculate the excited
Boussinesq, real-space wave field at any altitude and timegw spectrum in the frame of reference of a constant mean
assuming isothermal, zero-wind conditions. This latter fea-wind in the region of the convective plume, then ray trace the

ture is essential for normalizing the GW spectral amplitudesG\ws out of that region, as described in Sect. 2.2.
used for ray tracing. Our ray trace model inputs the spectral

amplitudes and phases from the convective plume model, an
ray traces these GWs into the MLT and TI through varying
temperatures and winds. We now describe these models.

9.1.1 Gravity wave solutions for vertical body forces

VF2001 solved the 3-D linear, Boussinesq, incompressible,
2.1 Convective plume model f-plane equations with zero background winds for arbitrary
spatial configurations of body forcings and heatings that are

Convective sources of GWs can be described equivalently agPatially and temporally localized. For these solutions, the
heating or momentum sources, as these sources are couplé@mporal variation of the forcings and heatings are
through the vertical momentum equation. One such heating

model which describes the spectrum of GWs from a deep, 2 { %(1 —cosat) for0O <t < oy

convective plume is given by Walterscheid et al. (2001). Our]:(t) - ;t 0 fort > oy,

@)
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where the total duration ig,, the forcing frequency is and overbars and primes denote mean and perturbation quan-
a=2rnn/o;, and the number of forcing cycles is These tities, respectively. Here, the dissipativeless, Boussinesq
solutions are calculated in spectral (i.e., Fourier) space; foiGW dispersion relation is

example, VF2001 solved for the spectral horizontal velocity

2 2\ /1.2
perturbationi, where the GW zonal perturbation velocity is ¢ (kHN +m? f2) /K2, ©)
written as Table 1 lists some useful symbols used in this paper. Note

1 ikx—ily—im that there is no mean response to a vertical body force. Since
u(x,y,z,t) = e y—ime . o )
(2m)3 we are modeling the excitation of GWs from convective over-
Wk, l,m,t)dk dl dm, 2) shoot, which produces very high-frequency GWs with 5—

20 min periods (e.g., Larsen et al., 1982; Alexander et al.,
the tilde denotes a Fourier transform,y, andz are the ge-  1995), we can neglect the Earth’s rotation by settjig0.
ographic zonal, meridional and vertical coordinates, respecThen k2q 2—k2 N? and Ap=w 2F./N2. The solution after
t|Ve|y, andk l andm are the Zonal mer|d|0na| and vertical the vertical body force is f|n|shed Eq§__(7) then become
wavenumbers, respectively. The solutions during and after
the zonal €, (x)), meridional ¢y (x)), and vertical £, (x)) o — kma?w ~ (10)
body forcings and heatingd (x)) are given by Egs. (3.13— W = g,kl%]NZ(g,Z —w?) °
3.17) in VF2001. Because the equations are linear, the solu-

~2
tions in spectral space after the forcings/heatings are finishedigy = — Ima“e F;, (11)
. . et k2 NZ(&Z _ 0)2)
consist of a mean portion (constant in time) plus a GW por- Otk
tion (oscillates in time). a%w ~
Here, we use these solutions to model a deep, convec® wew = o, N2(a2 — wz)SFZ’ (12)
tive plume. The air in a deep, convective plume moves 42 _
upwards and “overshoots” the tropopause by 1-3km into®gy = ——=—=-CF,, (13)
I . s o(a2 —w?) ¢
stably-stratified air; thereafter, this air collapses downwards f2 o o
onto the anvil and ceases strong vertical motions (Lane et al. 5 W= ia“(l1—w®/N )CF (14)
2001, 2003). Since a vertical body force produces a strong, mo; (62 — w?)

lcoocrillazcitij\lleup(ljl:i:tea:sd ad(\)/\(/avrr::::ftbg; al;’orv(\:lg(g?/(vji(tar: aa sslir;gllz Here, we have added the subscripts “GW” to emphasize that
P y 9 these solutions are the GW perturbation solutions. For hori-

oscillatory cycle (i.e.p=1). Substituting inF,=F,=/=0, zontal body forcings and heatings, a mean response is also
the spectral space solutions after the vertical body force is y 9 9 P

generated. The FL real-space solutions in an isothermal,
finished (i.e., when>o;) from Egs. (3.13-3.17) in VF2001 zero-wind atmosphere is determined by taking the inverse

are Fourier transform of Eqs.10-14). Note that the GW re-
~ dma® sponse depends sensitively on the temporal variability of the
v= 2 Ar{ koS —1fC}, (3) force; if the forcing is very slow in time (e.gq;— ),
J there is no GW response. Since deep convective plumes
T=— ma? AF{KfC +10S), (4)  have large vertical extents (e.g2,~(1/2—2)H), where H
H is the density scale height, if we approximate these plumes
= d G%ArwS, (5) to move upwards in time much faster then the buoyancy pe-
® = dN242AkC, (6) riod 2n/N:5 min (e.g., an impulsive forcing), lthen the FL
 JG2(N2 2 solutions do not accurately represent the excited GW spec-
P = ida”(N* — o )AFC, 7) trum because of the inaccuracy of the Boussinesq dispersion
m relation for high frequencies (see Sect. 5).
whered=1/[0;02(4%—w?)] and For this model, we setV,=N,=128 and N;=256
~ grid points in thex, y, and z directions, respectively.
Ap = k%{Fz ®) Additionally, the background temperature B=240K,

N=0.02rad’s, andf=0. We allow the equally-spaced y,
andz grid spacingsAx, Ay, andAz, respectively, to vary, in
order to optimize the reconstructed wave field from ray trac-
ing (see Sect. 2.2). Defining the y, andz domain lengths
tobeL,, Ly, andL,, respectively, the grid spacings are

k2
Here,N is the buoyancy frequency, v, andw are the zonal,
meridional, and vertical velocitie® =T (ps/p)®/Cr is po-
tential temperatureT is temperaturep=RpT is pressure,
p is density, p; is standard pressureR/C,=(y—1)/y,
g ig gravjtational constant, ®=g0’'/0, P=p'/p, Ax =Ly/Ny, Ay=Ly,/Ny, Az=L./N.. (15)
S=sinwt+ sinw (o;—t), C= coswt— cosw (0;—t),

k2, =k?+12, k?=k%+m?, w is the intrinsic frequency, Here, we choose\y=Ax, and Az=Ax/2. The equally-
f=2Qsing, Q is the Earth’s rotation raté;, is the latitude, spacedk, I, and m spectral grid spacings from the Fast
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Table 1. Symbols and notation.

U, v, w zonal, meridional, and vertical velocities
0,T,p,p potential temperature, temperature, pressure and density
N,H buoyancy frequency, density scale height
F;(X) vertical body force
Fo amplitude of vertical body force
g(2) vertical distribution of the vertical body force
F(t) temporal evolution of body force
oy total force duration
a forcing frequency 2n/o;
n number of cycles in forcing

k,l,m zonal, meridional, and vertical GW wavenumbers
w, T=27/w wave frequency and period (Boussinesq)
PFEL FL wave phase
S sinwt+ Sinw (o;—t)
C COSwt — COSw (07 —t)
u,, fz Fourier transform of, v, F, ...
UGW: VGW» -+ The GW portion of the solutio, v, ..., after the force is finished
¢ phase of wave in ray trace model
(x0, Y0, 20) center of the convective plume envelope
Ox, Oy, 07 half widths at half-max of the vertical body forceiny, andz
D=4.50,, D;=4.50; full widths and depths of the body force
wp updraft velocity of the convective plume envelope
Ztrop tropopause altitude
wr real part of ground-based wave frequency (anelastic)
w; = o1 +iog; GW intrinsic frequency (complex)
oy real part of the GW intrinsic frequency
wy; inverse decay rate of the GW amplitude in time
v, Pr kinematic viscosity, Prandtl number
8 =vm/Hwj,
ug horizontal velocity perturbation along GW direction of propagation
UHQ 3-D FFT ofug (x, y, z, t) after multiplying by exj—z/2H)
wo,-.- 3-D FFT ofw(x, y, z, t) after multiplying by exg—z/2H)...

Fourier Transform (FFT) used to calculate the spectral sovw*, respectively, over a wave periot=27/w. Here, the*

lutions are then denotes the complex conjugate. As is clear from E§j8-(
o 2 N 2 o — 2 ) f14), thhese spﬁzct_ral améalitug?ss (io nor;c c?ange_ ir;_ ti_mhe gpart
= NoAx = Nay m= N.AZ rom the oscillations of and S after the force is finished;

therefore, we compute these amplitudes when the force fin-
respectively. Note that smaller grid spacings in real spacdshes, i.e. at=c;. Becaus& andS depend only linearly on
result in larger grid spacings in spectral space. The largessinwt and cosot, we utilize the following expressions:

k,1, andm values areAkN,/2, AIN,/2, andAmN,/2, re-

spectively. Therefore, the minimum zonal, meridional, and 1 [***

| =

. 1 . .
dt' sir? wt/:§: [sm2 ot'|;+ sin? a)t/|t+r/4] ,(18)

vertical wavelengths which are represented in an excited GWr p 2
spectrum are 1+t 11
= f dt' cof wt' ==== [cos’- ot'|;+ co a)t/|,+,/4] ,(19)
Ao = 42Ax, Ay = £2Ay, A, =+2Az, an Tk 2 2
1 t+7 ) 1 )
respectively. - f dt’ sinwt’ coswt'=0== [(sinwt’ coswr”)|,
T J; 2
2.1.2  Gravity wave spectral amplitudes and phases +(sinwt’ coswt)|111/a] . (20)

To determine the spectral momentum flux amplitude of a GWThus each integral can be calculated simply by evaluating the
with wavenumberk, [, m) needed for ray tracing, we av- integrand at'=t and at’=t+t/4, adding them together, and
erage the zonal and meridional momentum fluxés* and dividing by two. Therefore, we calculate the time-averaged
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momentum flux amplitude of a GW as:

1 or+T
~ % ~ o~ /
UGWWGy = ;/ ucwwgwdt
Oy
1. ~ e~y
> [(GewdEw) s, + owigw)le+1/4] . (21)

1 o +1T
~ ~ % /
/ UGWWGwdt
T Jo,

T)'wagw =

1 . - ~ o~
> [GewBgw)lo, + Towdigw)le,+:/4] . (22)

We multiply by two to obtain the maximum momentum
fluxes.
meridional fluxes of vertical momentumato; are

2 ﬁgwwaw Ak Al Am,

2 Vowiigy Ak Al Am,

(23)
(24)
respectively. HereAk Al Am is included for proper dimen-

sionalization of the spectral amplitudes, because Parseval
theorem states that for any function

///m(k,z,mnzdkdmm
:///u(x,y,z)zdx dy dz.

Note however that Parsevals theorem cannot be strictly a
plied to Egs. 23-24) because of cross terms &f v and w.
Egs. 3-24) are the GW momentum flux amplitudes we uti-
lize in our ray trace code.

(25)

We also wish to calculate the phases of the excited GWs,

It seems most sensible to calculate these phasesay2

when the body force amplitude is maximum; however there

are additional forced oscillations at the frequercyhich
cause the GW phases to be ambiguous at that time. Becau
the solution at>o, is composed only of GWSs, we calculate
each GW's phase at=0;, which is the same time we calcu-
lated its amplitude (see Eq@1-22). Because the GW's am-

plitude in spectral space is complex, we represent the GW’s

initial vertical perturbation velocity at=c;, for example, as
wew = aexpligrL), (26)

where a is the maximum wave amplitudesr is the FL

Boussinesq wave phase, and the subscript “FL” stands for;

“Fourier-Laplace”, as before. Bothand¢r are real. Note

that the initial wave phase from Eq)(is:
oFL(t = 0) = —(kx + Iy + mz). 27)

Using Eqg. £6), we then compute the phase of the vertical
velocity atr=o; as:

¢rL = cos L(realiigw)/a)

if [reakWew)| > [imagWaw)|, (28)
¢FL = sin L(imag(cw)/a)
if [reakWew)| < [imagWaw)|, (29)

www.ann-geophys.net/27/147/2009/

Then the maximum dimensionalized zonal and
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where “real” and “imag” are the real and imaginary parts,
respectively, of the complex number. The phasg lies be-
tween 0 and 2. Note from Egs. 10-12) thatigw, Vew,
andwgyy are offset by either 0 or 180n phase, since they
all oscillate astS.

2.1.3 Convective plume geometries and ground reflec-
tion

We model a single convective plume centered at
(x, y, 2)=(x0, Y0, z0) as a vertical body force(s) with

)g(z),

where g(z) is the vertical distribution of the body force.
Additionally, because the total vertical body forceHs F,
whereF has units of 5! (see Eql), Fy is the “force ampli-

(x —x0)? (v —y0)?

30
203— 20y2 (30)

F,=F exp(—

,gjde“ with units of ms?. In previous papers (e.g. VF2004,

VF2006),¢(z) was assumed to be a Gaussian (see Eq31
below). However, because the ground was not included, the
air's vertical velocity was not zero at the Earth’s surface, nor
did the excited downward-propagating GWSs reflect upwards
from the Earth’s surface.

The assumption that the Earth’s surface is unimportant
for the excitation and propagation of GWs from convective
plumes, however, is unrealistic. Bristow et al. (1996a) ob-
served GWs excited from the aurora with horizontal wave-
lengths ofs ; ~200-450 km propagating more than 1000 km
from their source region which was 2000 km away. Many
of these GWs are believed to be Earth-reflected (Samson
et al.,, 1989, 1990; Bristow et al., 1994, 1996b). Addi-
tionally, several of the medium-scale GWs observed during

the SpreadFEx experiment were reverse ray traced to con-

vective sources positioned at the reflected source locations
(Vadas et al., 2009a). Because the solutions, Ed3:1¢),

are Fourier decompositions in all space, including reflection
off the ground is equivalent to inserting a boundary condition
atz=0 such that the vertical velocity equals zero there, since
air cannot penetrate below the Earth’s surface.

In order to include ground reflection, we model a single
convective plume as an upward-moving vertical body force
centered atx, y, z)=(xo, yo, zo) plus a downward-moving
image” vertical body force below the Earth’s surface at
(x,y,2)=(x0, Y0, —z0). This image body force pushes air
downwards at the same time as the body force above the
ground pushes air upwards. Additionally, this image body
force has the same horizontal and vertical dimensions as the
body force above the ground. This causes the GWs excited
by the above-ground body force to cancel those from the
image body force at=0, thus causing the vertical veloc-
ity to automatically be zero at the ground. Additionally,
because the downward-propagating GWs from the above-
ground body force reach=0 at the same time that the
upward-propagating GWs from the image body force reach

Ann. Geophys., 27, 1472009
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z=0, it appears that those downward-propagating GWSs “re-racing, e.g.,
flect” upwards at the Earth’s surface. Thus the reflected GWs

. T~ ~ Wpl ~ _~ Wpl
are actually those upward-propagating GWs from the im-u — u B T
; setribg it 2wmax 2wmax
age body force. These vertical distributions are represented W - ~ Wl o~ wy
mathematically as o> h— 050" p>p_2L (34)
Wmax 2wmax 2wmax
_ (z — 20)?
8(z) = exp| — 202 2.1.4 Gravity wave excitation from convective plumes
no reflection (31)  Figure 1a shows the vertical body force used to model the
(z — z0)? (z + z0)? upward surge of air within a single convective plume with
g@)=exp| —— 5 | —exp| ——— 3 no ground reflection, Eqs30-31). This body force evolves
Zz z . . . . . . .
as sif (s in time from Eq. Q); it begins pushing air
reflection (32) (mt/o1) q. O gins pushing

upwards at=0, reaches its maximum force ato; /2, and
ends att=o0;. Since we do not include the Earth’s surface,
this force is the same as in previous plume models (VF2004;
Earth's surface. We note that the configuration of body YF2006). The GW zonal and vertical velocity perturba-
tions are shown at=20min in Fig. 1b and c, respectively.

forces which results in the reflected spectrum, given by ¢ . )
Eqg. (32), does not take into account wind shear, topography,These GWs, excited by the rapid, upward movement of air,

or boundary layer effects. The full zonal, meridional and &'€ clearly visible propagating symmetrically away from the
vertical widths and depth of each body force &e=4.50,,  Center of the body force at=y=0 andz=7km. Because
Dy=4.55,, and D,=4.55,, respectively. We choose equal reflection is not included here, downward propagating GWs
. gnal anéj’meridional wiéj,ths . ®@=Dy=D,. For all of the continue to propagate downwards below the Earth’s surface.
convective plumes modeled in this paper, weBet20 km Figure 1d shows; the vertical body force we use to_ modgl
andD,=10 km. Additionally, all of the convective plumes in the same convective plume, but with ground reflection via
Sects. 2—4 have a duration@f=12 min. Egs. B0) and 32). The resulting GW zonal and vertical ve-

We also model a small cluster of convective plumes whichloc'ty pert_urbatlon_s are shown at=20min in Fig. 1e and
appear close together and are nearly simultaneous on satelli{e respectllvely. l,t Is easy to see the upward movement of
images (see Vadas et al., 2009a). If body forces are nearly sR'" associated with the body fc_)rce cen.teredza_l? km ar_1d
multaneous and are separated by less than a few diameted® downward movement of ar a§SOC|ated with the image
horizontally, the excited GW spectrum is not simply the sum body force cenfcered at=—7km in Fig. 1f. GWs are clearly
of the excited GW spectrum from each body force individ- SE€" Propagating away from both body forcescaty=0,
ually, because GWs with larger horizontal scales are excited'fmd atz=7km for the force above the Earfh S surface, apd
in proportion to the increased size of the cluster (Vadas et aI.‘,at z=—7km for the force below the Earth s surface. _F|g.-
2003). We define a small convective cluster to consist of 34'¢ 11 also Sh,OWS Fhat the vertical V.e'OC”Y perturbation is
convective plumes which move the air in the troposphere up_z_ero atz=0. With this body force configuration, GW reflec-

wards/downwards simultaneously. We situate each of thes#O" of(fjthe Earth's surface is (:_Iezrlg/ V'ﬁ'bl_e; beczéusde tfhose
convective plumes at the corner of an equilateral triangle witht/PWard-propagating GWs excited by the image body force

sides of lengttD. If the center of the cluster i, yo), the atz<0 regch the ground at the same time as the downward-
locations of the 3 convective plume are _propagatmg GWs from the body forcezai»o, it appears as
if these latter downward-propagating GWs reflect upwards at

x=x0—D/2 andy = yg + (D/2) tan(x/6); the Earth’s surface. Because of ground reflection, all of the

_ _ . GWs above the Earth’s surface trace back to eigaer km
x =xo+D/2 andy = yo+ (D/tan/6); or toz=—7 km. This is particularly noticeable in Fig. 1e.
r =0 and y = yo — (D/2)/ o7 /6). (33) Although the non-reflected and reflected GW fields appear
similar in Fig. 1, the excited GW spectra exhibit clear differ-

A given “force amplitude”Fp in Eq. (30) results in a maxi- , )
mum vertical velocity of a convective plume/clustengfay, ~ €1CeS- Figure 2 shows 2-D spectra of the vertical flux of
zonal momentum for GWs with=0 in the functional form

If we wish to model a convective plume/cluster with a max- =~ R

imum updraft velocity ofwp instead, then we simply mul- 4% multiplied byk andm:

tiply the calculated wave amplitudes li,/wmax because Q75| Ak Al Am), (35)

the solutions are linear. Additionally, we multiply the wave

amplitudes by 12 because the amplitudes may be overesti-where the overline denotes an average over a wave period.
mated by a factor o2 in linear models as compared to non Note that the factor of 2 converts an average to a maximum

linear models of convection (Song et al., 2003). Thereforevalue. We use this functional form because a GW on any

we multiply the GW amplitudes byp/2wmax prior to ray  contour in Fig. 2 has the same value of the momentum flux

Here, Eq. 81) does not include GW reflection off the Earth’s
surface, while Eq.32) does include GW reflection off the
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Fig. 1. (a) Vertical body force F,, representing a single convective plume with no reflection off the Earth’s sufac&W zonal velocity
perturbation from the body force in (a) @20 min andy=0. (c) GW vertical velocity perturbation from the body force in (aya20 min

andy=0. (d—f) Same as (a—c), but for a single convective plume with reflection off the the Earth’s surface. Contdurar®m intervals of

10% of the maximum value. Contours for the perturbation velocities are 10, 30, 50, 70, and 90% of the maximum value. Solid lines indicate
positive values, and dash lines indicate negative values. The maximum values in (b), (c), (e),and (f) (unscaled, with constant background
density) are (, 0.5, 0.9, 0.4 m/s, respectively. The resolution isx=4.4 km.

(per unit mass)uw, in real space at any given altitude d, Eq. @5) is plotted as a function of, andi,. The GW
barring temperature and wind effects. (We show that thisspectrum shown in the upper row of Fig. 2 is similar to the
is the case in Sect. 4). Note that although GWs along thespectrum shown in Fig. 7 from VF2004, with a single peak at
same contour line have the same momentum flux amplitude& y ~40 km andx,~20 km. The GW spectrum shown in the
at a given altitude, they reach that altitude at different times,lower row of Fig. 2, however, has two peaks.at~10 km and
because they have different vertical group velocities (pinkiz~25—30km and ak.,~25km andi z~40—60 km. This
dash-dot lines in Fig. 2). double peak occurs because there is partial destructive inter-
ference of the waves at vertical scales.of12—18 km. This

In Fig. 2, the upper row shows the GW momentum flux vertical scale of-14 km is the approximate distance between
spectrum when there is no ground reflection, while thethe forces. The larger GW amplitudes at largeioccur be-
lower row shows the GW spectrum when reflection from cause there is a cohesiveness of the combined forcings over
the Earth's surface is included. In Fig. 2a and ¢, BBp)(  a larger vertical depth. We note that a double peak was also
is plotted as a function ok and m, while in Fig. 2b and
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Fig. 2. Vertical flux of zonal momentum in the form given by EG5) as a function of horizontal and vertical wavenumbers (left column)

and wavelengths (right column) for upward and eastward-propagating GWs (solid lines) excited from a single convective plume. Upper row:
No ground reflection. Lower row: Ground reflection included. Contours show 10% intervals of the maximum value. Pink dash-dot lines
indicatecg in intervals of 15 nfs. Blue dash lines indicatgy in intervals of 50 nis. Dotted lines in (a) anft) showi =133, 17.8 km,

and 266 km. The resolution i&x=6.7 km.

seen in the intrinsi¢ andw;, spectrum for GWs excited by wave breaking, critical level absorption, and reflection in the
convection using a small-scale, highly-resolved convectionstratosphere (e.g., Lane et al., 2003).
model (Fig. 20 of Lane et al., 2003). Figure 3a and d shows vertical slices of the body forces

The maximum of the reflected spectrum~8.5 times employed for the single convective plume and the small con-
larger than that from the unreflected spectrum. This is part|yvecti_\/e cluster,_respectively. Both include ground refl_ection.
because there are twice as many GWs in the reflected as ihn€ image vertical body forces can be clearly seen. Figure 3b
the unreflected spectrum, and partly because the reflecte@nd € shows horizontal slices of these forces. We Qote that
spectrum contains more power in larger vertical scales. gethe plumes are close together for the small convective clus-
cause the grid spacing &sx=6.7 km, the minimum horizon- - Figure 3c and 3f shows the zonal wind velocity pertur-
tal wavelength is 13km from Eq1f). This cutoff is ap- bations att=20 min. GWs can clgarly be seen propagating
parent in the vertical group velocity contours. However, we @Way from the center of the vertical body forces. The up-
note that the GW amplitudes are less than 10% for our plumévard reflection at the ground of those initially downward-
model ath; <13 km. This is because our plume model is de- Propagating E\:VS can also be seen. . o
signed to calculate the larger-scale GW amplitudes, rather EStimatingw*~—u*k/m from the Boussinesq continuity
than the smaller-scale GW amplitudes with~5—10km  €guation with=0, the square root of E¢3%) yields the hor-
that dominate the convective spectra because of small-scafgontal velocity spectrum:
updrafts (Lane and Sharman, 2006). These smaller-scale —
GWs, however, are unimportant in the MLT and Tl due to \/k2 Qluu*| Ak Al Am). (36)
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Fig. 3. Row 1: Single convective plume represented by a vertical body force and its image. Row 2: Small convective cluster represented by
3 vertical body forces and their images. Vertical slices of these body forces are shpwhiat(a) and aty=9 km in (d). Horizontal slices

of these body forces at z=11 km are showrgihand(e). GW zonal velocity perturbation contours are shown=20 min andy=0 in (c)

and(f). Body force contours are in intervals of 10% of the maximum value. Contours for the perturbation velocities are shown at 10, 30, 50,
70, and 90% of the maximum value. Solid lines indicate positive values, and dash lines indicate negative values. The maximum values in (c)
and (f) (unscaled, with a constant background density) &ead 12 m/s, respectively. The resolution isx=4.4 km.

Figure 4 shows the GW momentum flux spectrum, B§),( We now calculate the real-space momentum fluxes of the
in the left column, and the zonal velocity spectrum, B§){  GWs excited from a single convective plume in a windless,
in the right column, when ground reflection is included. The isothermal atmosphere using the FL solutions; we do this by
upper (lower) row shows the spectra for a single convectivetaking the inverse Fourier transform of Eq30¢14). This
plume (small convective cluster). For this figure, we calcu-results inu(x, y, z, t) andw(x, y, z, t), for example. Since
late uu* using the anelastic expressions, Ed&) @nd 65) the FL solutions assume that the background density is con-
with /=0 andv=a=0. Note that the zonal velocity spectra stant with altitude, the resulting GW amplitudes do not grow
are broader iy and ., than the momentum flux spectra with altitude as they should. These solutions do, however,
because of the square root. We see that the small conve@ccount for wave dispersion. GW amplitudes, suchias
tive cluster excites GWs with larger horizontal and vertical w, and p’/p, grow as ¥./p (Hines, 1960). In an isother-
scales than the single convective plume, because the forcinmal atmospherd is constant an@ decreases exponentially

is cohesive over a larger horizontal extent. with altitude, 5=p(0) exp(—z/H), where H=RT/g. The
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Fig. 4. Vertical flux of zonal momentum spectra (left column) and zonal velocity spectra (right column) in the forms given b83kgs. (
and B6) as a function of.y andx, for upward and eastward propagating GWs (solid lines). Upper row: Single convective plume with

ground reflection. Lower row: Small convective cluster with ground reflection. Contours are shown in intervals of 10% of the maximum.

The maximum momentum flux and zonal velocity~d and~2 times

larger for the small convective cluster than for the single convective

plume, respectively. Pink dash-dot lines indicage in 15 nmys intervals. Blue dash lines indicatg in 50 /s intervals. The resolution is

Ax=8.9km.

air is unstable below the tropopause during active convec- Figure 5 shows the unaveraged GW zonal momentum
tion, and therefore cannot support the excitation and propafluxes, uw, created from a single convection plume with

gation of GWs. Therefore, we multiply the FL solutions by
exp((z—ztrop)/2H) to account for the growth of a GW’s am-
plitude with altitude above the tropopause, whafg, is the
altitude of the tropopause. Additionally, we multiply a GW's
amplitude bywp)/2wmax from Eq. @4). Therefore, we mul-
tiply the FL solutionst, v, w, ®, andP by

1
> expl(z — ztrop)/2H] for z > ztrop. (37)

Wmax

Here, we setyop=15km andwp=40nys. Note that we
mistakenly left out the factor of 2 in calculating the FL solu-
tions in VF2006.

Ann. Geophys., 27, 14777, 2009

ground reflection at=50 km (left column)z=70km (mid-

dle column), andz=90km (right column). The upper to
lower rows show these windsat25, 35, 45, and 55 min, re-
spectively. The vertical body forces which model this plume
begin atr=0. We see that the GWs propagate upwards from
the plume as concentric rings. Because the momentum flux
is proportional to sif(kyr), wherer=./(x—x0)2+(y—y0)2

is the radius from the center of the force, the horizontal wave-
length is approximately twice the distance between two white
contours. Atz=90km andr~100km, the GW horizontal
wavelengths are seen to decrease with time, f@ny80 km
atr=25min toAy~40 km atr=55min. We note that these
FL solutions are not accurate at times greater than 60 min for
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Fig. 5. Horizontal slices of the vertical flux of zonal momentum for a single convective plume with reflection using the FL solutions Fourier
transformed to real space. The left, middle, and right columns show the GW respaese0at70, and 90 km, respectively. The upper to

lower rows show the images at25, 35, 45, and 55 min, respectively. Maximum values (scaled for the decreasing background density) for
each image are approximately twice those values shown in Fig. 10a—c as diamonds. Maximum positive values are white, while maximum
negative values are black. The resolutiomis=6.7 km.
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Fig. 6. Horizontal slices of, v, andw in columns 1, 2, and 3, respectivelyzt70 km for the same convective plume in Fig. 5. Rows 1—

4 show the images at times=25, 35, 45, and 55 min, respectively. From left to right, the maximum values (scaled for the decreasing
background density) for the andw images are: 1st row: 8 and 6 ms 2nd row: 15 and 12 nrs!. 3rd row: 18 and 14 mst. 4th row: 17

and 11 m51. The maxima for the images are identical to those of thémages.
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the numerical box we use here, because some of the fast GWW&s summation. The subscript™here denotes the real com-
reflect off the box walls, causing constructive and destructiveponent of the frequency (Vadas and Fritts, 2005, hereafter
interference with the other GWs in the box (VF2006). SomeVF2005), not the relative frequency; the relative frequency
of this interference is noticeable at55min. Since these (i.e., the frequency in the intrinsic frame of reference mov-
solutions assume constant temperatures and zero winds, thé@yg with the fluid) is denoted by the subscrigt’; where “I”
are of limited utility; however, they are of great importance stands for “intrinsic” (see Table 1 for definitions). We do not
for normalizing the GW spectral amplitudes in ray tracing, allow the ground-based frequency of a GW to vary in time
as we will see in Sect. 3. in our model. Fourier analysis has shown that energy trans-
Figure 6 shows the corresponding GW zonal, meridionalfer cannot occur between waves of different frequencies for
and vertical velocity perturbations in the left, middle, and a set of linear equations when the coefficients do not depend
right columns, respectively, at=70 km for the same con- explicitly on time (Lighthill, 1978). For all of the simula-
vective plume as in Fig. 5. The upper and lower rows showtions in this paper, in Fritts and Vadas (2008), and in Vadas et
t=25, 35, 45, and 55min. As before, the concentric GW al. (2009b), the background parameters are constant in time;
rings are clearly visible. Since the perturbation velocitiesthereforew, is constant in time for each GW. However, for
are proportional to sittyr), the horizontal wavelength of the reverse and forward ray trace simulations performed for
the GW is approximately the distance between two white orthis SpreadFEx campaign in Vadas et al. (2009a), we assume
two black contours. Note that the zonal velocity is asymmet-that the background temperatures and winds vary slowly-
ric aboutx=xp and the meridional velocity is asymmetric enough to approximate thaj. is constant in time. We note
abouty=ygp. The vertical velocity, however, is symmetric that several formulations do take into account changing
in x andy, as is the temperature perturbation (not shown).with time as background conditions change with time (e.g.,
Note that concentric rings from convective storms, like thoseJones, 1969).
in Fig. 6, have been occasionally observed in the OH airglow The GW perturbation quantities, such:aandw, are as-
layer from deep convection (Taylor and Hapgood, 1988; De-sumed to be approximately sinusoidal, varying as
wan et al., 1998; Sentman et al., 2003; Suzuki et al., 2007;

Yue et al., 2009). q=0(x,y z.0)expi¢(x,y,z,1)], (41)
2.2 Ray trace model where
2.2.1 Methodology ¢ =kx +1y + mz — ot (42)

Ray tracing has been used for decades for geophysical prol?é the wave phase as defined in Eq. (18) of VF2005. Note

lems of interest (e.g., Jones, 1969; Marks and ECk‘:"rm"’mPl’hat the initial phase for this ray trace model is negative that

1995; Cowling et al., 1971; Waldock an_d Jones, 1984’ 1987'of the initial phase from the FL convective plume model,
Hung and Kuo, 1978; Hung and Smith, 1978; Lighthill,

t=0)=— compare Eqs27 and 42 at t=0). From
1978; Gerrard et al., 2004; Hecht et al.2004; Lin and Zhang,‘éé_ (42)) oL ( P a )

2008). Our ray trace model is based on the formalism devel-

oped by Lighthill (1978), and allows the wind, density, and 96 /0% = ki, 9b/9F — — 43
other background parameters to change slowly with altitude, ¢/9xi i 99/ “r (43)
horizontal location, and time. If a wave packet is propagatingtpe change in a GW's phase in time as calculated along the

in a background windy (\)=(V1, V2, V3)=(U, V, W), then  (ay nath (i.e., at the GW's location as represented by a point
its evolution in space and time is described by the following particle propagating at spedd; /dr) is

equations:

dx; door, a9 _ 3¢ dxi | 9¢

=Vi+ ——=Vi+cy (38) dt — 9x; dt 9t

dr k;
dki _ 9V, oy (39  d¢ =ki(Vi +cg) —wr =kiVi —wr +kicg;, or (44)
dt Toxp  axi = o (45)

where the components of the vector group velodity, are
cg;=0wir/dk;, o1, is the real part of the intrinsic frequency Here, we have used Eqs38), (40), and @3) and the fact

of the GW: thatk;cg;=k-cq=0 for a GW, since a GW's phase velocity
is perpendicular to its group velocity (e.g., Kundu, 1990).
wrr = or — ki Vi, (40) Therefore, a GW's phase along its ray path is

andw, is the real part of the ground-based frequency. Here, ;
the indicesi, j=1, 2, 3 indicate the components of the vec- ¢ = ¢(1;) — / dt wj,. (46)
tor quantitiesx, V, k, andc,, and repeated indices imply t
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2.2.2 Dissipative, anelastic GW dispersion relation where we put an absolute value aroung to ensure that

a GW dissipates even K2<1/4H2. Here,uy is the hori-
The GW dispersion relation we use here includes the primary;ontal velocity perturbation along the direction of propaga-
damping mechanisms for high-frequency GWs with largetion of the GW. Because Eq5() does not include the de-
vertical Wavelengths: kinematic ViSCOSity and thermal dif- crease of a GW's amp“tude as it propagates into a |arger
fusivity. It is nonhydrostatic and compressible, but excludesarea, we smooth the momentum fluxes horizontally prior to
acoustic waves, similar to Marks and Eckermann (1995). Itreconstructing the GW field.
also neglects the Earth’s rotation. Because the Prandtl num- An important assumption used to derive the expressions
ber is Pr0.7 throughout the mesosphere and lower thermo-for the GW dissipative dispersion relation and GW ampli-
sphere (e.g., Kundu, 1990), kinematic viscosity and thermatude decay in time is that the background wind shears are not

diffusivity have comparable damping effects on a GW at ap-too large (VF2006). iUy is the background wind in the
proximately the same altitude. This anelastic GW dispersiongirection of GW propagation, then
relation can be rewritten, using Eq. (26) from VF2005, as

|A:] < 27Uk /(dUn/dz). (51)
2 kg N | _ | .
= w%r(l + o, + 82/ P In this paperlUy =0, so Eq. §1) is automatically satisfied.
[1 . 2 ( ) 1 >2 (1-— Pr—l)z]_l 2.3 Reconstruction of the gravity wave field
2 T 2
4oy, 4H 1+6+/2) In this subsection, we describe how we reconstruct the GW

42 1 7) zonal, meridional, and vertical velocity fields, and the tem-
H o g2 perature and density perturbation fields, using the binned and

wherev=y/7 is the kinematic viscosity is the viscosity horiz_ontally-s_mooth_ed m(_)mentum fluxes from ray tracing.
Crucial here is the inclusion of wave phases. We note that

. . _ _ 1 . . . _
coefficient 3=vm /Hew,,, ands, =3 (1+ Pr ). This dissipa mountain waves have been reconstructed to high accuracy

tive dispersion relation yields the usual high-frequency GW . :

T : : 2T ?  using Fourier-ray methods. These methods involve ray trac-
anelastic dispersion relation when dissipation is neghglble,in in the spectral domain. then inverse Fourier-transformin
obtained by setting=5=6,=0 in Eq. @7): 9 n ! 9

to the spatial domain (Broutman et al., 2004, 2006). Our
k?z N2 method, in contrast, involves calculating the wave amplitudes

m? + k2, + 1/4H? (48) in the spectral domain, ray tracing the spectral amplitudes
H and phases in the spatial domain, smoothing horizontally to

(Gossard and Hooke, 1975; Marks and Eckermann, 1995)account for wave dispersion, then multiplying by a normal-

Equation 47) differs from the anelastic dispersion relation ization factor to convert the spectral amplitudes to real-space

in Marks and Eckermann (1995) (i.e., E48 when f=0) amplitudes.

in that thermospheric dissipation is taken into account for The anelastic, GW, polarization relation between the wind

high-frequency GWs which propagate above the turbopausalong the direction of GW propagation and the vertical wind

(atz~110km). Eg. 47) reduces to the Boussinesq disper- is (Egs. B4—-B5 from VF2005):

sion relation (Eq9) with f=0, when H-oo. Note that the

. . . . y 1 ) av\

dispersion relation we use here neglects other forms of diszy; ~ - <m2 _> (,w, + _) o, (52)

sipation such as ion drag and wave-induced diffusion. Addi- iknD 4H? Pr

tionally, § is negative for an upward-propagating GW, since where a=—k2+1/4H?

m<0. horizontal velocity perturbationig is the spectral scaled

The inverse decay rate in time for a dissipating GW (Eq. 250 6rizontal velocity perturbationy; —w;, +iw;; is the com-
from VF2005) is

Y 2_i [1+ A +25)/Pn 1 y yov 1
wli = (k 4H2) 1+68,/2) (49) D= [iwI (J/im + i ﬁ) + Br (im + ﬁ)] . (63)

2
Sincew;; changes in space and time, we integrate in timeHere
along ray paths. Therefore, including GW phases, a GW’s‘O., ’
horizontal spectral momentum flux (per unit mass) when__’
launched frony=z; andr=t;, divided byAk Al Am, is

2~
w7,

+im/H, ugg is the spectral scaled

plex intrinsic frequency, and

the scaled perturbation quantities have subscripts
and denote taking the Fourier transforms of the GW
perturbation quantities after they have been multiplied by
exp(—z/2H) (see Eq. 17 from VF2005). The complex

N s —_— p(z) anelastic dispersion relation is given by Eqg. (23) from
Up)eowwewX, 1) = |(”H)Gngw|ti% VF2005:
t . k 2N2
exp( -2 [ |wnldl'), 50 _i eyt 54
D( /t,-l Iil ) (50) (s tocv)(an br K2+ 1/am? (54)
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Plugging Eq. %4) into Eqg. 62), we get

— 1—
m2 + 1/4H2 [

2 1>w iav:|:|'

[(V Pr

Equation b5) reduces to the correct equation in the non-
dissipative, Boussinesq limit; settingl —oo and v=0,

Eq. 65) becomesig>~—(ky/m) tgq, Which is simply the
Fourier transform of the 2-D Boussinesq continuity equa-
tion (e.g., Kundu, 1990). When dissipation is unimportant
and 4t ), <«H, wp anduy g are in phase (but may have op-
posite signs) for an upward-propagating GW, becaus®)

but k>0 (k<0) for eastward (westward) propagating GWSs.
However, since Eq.55) is complex in general, the horizon-

i(K24+1/4H2) (w;—iav)
2mHk? N2

wo ka

UHO

(55)
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Eq. @8) and the ground-based frequency using Bg).(By
doing this, we ensure that;, is compatible with the disper-
sion relation in the ray trace model. Note, however, that the
anelastic dispersion relation does not allow GWs to have fre-
guencies neal, as is possible with the Boussinesq disper-
sion relation. This is because the cutoff frequency limits the
highest frequency obtainable; this is a large effect for GWs
with largery (Marks and Eckermann, 1995).

After recalculatingw;,, we ray trace each GW through
varying winds and temperatures, and add its horizontal mo-
mentum flux amplitude from Eg50), wavenumbers, intrin-
sic frequencies, and vertical velocity phases into large 4-D
arrays. Here, the wavenumbers, intrinsic frequencies, and
phases of each GW are weighted(atz) by the GW's to-
tal horizontal momentum flux. Note that we only need to
keep track of the phase of the vertical velocity, because all

tal and vertical velocity components may not be in phase forof the other quantities are relatediig through the polariza-

very largex, and during strong dissipation. The vertical ve-
locity squared is determined via multiplying E&5j by the
spectral momentum flux:

wo

0
The zonal velocity squared is determined via:
~ —177*
~ o~ wo ~ o~
uHouHE = |:(~—> ] uHOwS. (57)
UHO

The zonal and meridional components are then determine
from Eq. 67) via
~ k ~ —~
ug = —Uugo, V0= —UHO-

0 Ty HO 0 kg HO
The temperature and density perturbations are then dete
mined from the GW dissipative, anelastic, polarization re-
lations (Egs. B6—B7 from VF2005):

: (58)

~ (=0T /(. 1) o
To~ L7 —
oD im+ o ) 1o (59)
~ . w=Dpo (. 1)
~ 5 (’" m) io. (60)

respectively.

2.3.1 Inputs, outputs, and specifications

tion relations (see Eq52, 59, and60). These 4-D arrays are
binned in(x, vy, z, t), with bin sizes of 4 km, 4 km, 2 km, and
2mininx, y, z, andt, respectively, fon=[—240, 240] km,
y=[—240, 240 km, z=[20, 100 km, and¢=[0, 2] h. After

all GWs have been ray traced, each bin contains the total mo-
mentum flux, average horizontal and vertical wavenumbers,
average intrinsic frequency, and average phase of the vertical
velocity perturbation.

Because we are comparing our ray trace solutions with the
FL solutions in this paper, we chose an isothermal temper-
ature profile, zero winds, ang=0. Thus, the GWs we ray
{yace here experience no critical level filtering, no dissipa-
tion, and no thermal or Doppler ducting. Other ray trace stud-
ies utilize realistic, variable winds and temperatures (Vadas
et al., 2009a, b). Here, we s@t=240K, N=0.02rag’s,
H=7km, u=0, Pr=0.7, y=1.4 andX ,w=29. We ray trace
r(gach GW fromx=y=0 andz=zo=7 km; these were previ-
ously shown to be good assumptions (see Fig. 1e—f). We also
ray trace each GW from the time the vertical body force is
maximum, atr=o,/2=6 min, even though the GW phases
and amplitudes are calculatedrato, (when the force is fin-
ished). We do this because the excitation and radiation of
GWs is strongest at=o;/2; thust=0o,/2 best represents
when convective overshoot occurs. From a technical point
of view, if we instead ray trace the GWs frara-o;, the ray
trace solution is exactly the same, but is shifted forwards in
time by o;/2=6 min. We will show in the next section that
ray tracing the GWSs from the middle of the body force at the
peak time ofr=0,/2 agrees very well with the FL solutions

The convective plume model outputs the average amplitudedn space and time far,=12 min. Finally, to achieve accurate
scales, intrinsic frequencies, and phases of the GWs excitedumerical solutions, a 4th-order Runge Kutta routine (Press

from single or multiple convective plumesiato,. The ray

et al., 1992) is employed to advance the ray equations and

trace model then inputs these quantities. However, this inEq. @5) in time.
putted intrinsic frequency was calculated from the Boussi-

nesq dispersion relation, E)( with f=0. We therefore

assume that the amplitude calculated from the Boussinesq

model is correct for a given GW with wavenumber vector
(k, 1, m), and recalculate the GW's intrinsic frequency using
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Fig. 7. Zonal velocity spectra for the same convective plume as in Fig. 4b. Dots sgoand A, for each GW. In(a), (b), (c), and(d),
Ax=4.4, 6.7, 8.9, and 133 km, respectively. Thick long dash lines shaw. /N in intervals of 02.

3 Reconstruction of the wave field in real space from on smaller scales withy~2—50 km, while the spectrum in
ray tracing Fig. 7d is focused on larger scales witly~25—100 km.
Most importantly, there are far more GWs representing the
In this section, we ray trace the excited GW spectrum fromlargest horizontal scales afy=100-400 km in Fig. 7d as
a single convective plume through an isothermal, windlesscompared to Fig. 7a. Note that the wave amplitudes for the
atmosphere up through the OH airglow layer. We calculateGWs with very largery and very largek, in Fig. 7a are
the resulting momentum flux and velocity perturbations as amuch larger than in Fig. 7d, because each of these GWs in
function of altitude, radius, and time, up to a constant nor-Fig. 7a carries a larger amount of momentum flux in order to
malization factor. We then compare these (anelastic) solurepresent the same excited spectrum of GWs.
tions with the FL (Boussinesq) solutions at the same times The minimum horizontal wavelengths for the spectra
and altitudes. This allows us to determine the normalizationshown in Fig. 7a, b, c, and d akg;>8.9km, A5z >13.3km,
factor in the limit that the two solutions are equal, which is A5 >17.8 km, andi z>26.6 km, respectively, from Eql().
very important because it allows for the conversion of theWe show these minima wavelengths in Fig. 2a and c as verti-
ray traced spectral wave amplitudes to real-space wave aneal dotted lines. Although the spectra with minima horizon-
plitudes for generalized wind and temperature profiles (e.g.tal wavelengths smaller than B&m (or a grid resolution of
Vadas et al., 2009a, b). Ax=<9km) has a negligible effect on the excited GW spec-
trum, the spectrum with a minima horizontal wavelengths
3.1 Grid space, spectral resolution, and concentric rings  of 26.6 km (or a grid resolution ahx=13.3 km) eliminates
some of the excited GWs. (Remember, however, that our
First, we demonstrate how changing the grid spacing of thenodel does not include small-scale updrafts, as discussed
convective plume model affects the distribution of wave- previously.) Clearly, the resolution one chooses should be
lengths in the excited GW spectrum. In Fig. 7a—d, we showbased on the GW scales important for the problem at hand.
the reflected GW horizontal velocity spectra (solid lines) aslf one is ray tracing GWs into the mesosphere and thermo-
a function ofry anda, for a single convective plume with sphere where scales bf;~30—400 km are important, then
ground reflection and with horizontal resolutions’of=4.4,  one might choosé x=8-13 km, whereas if one is ray trac-
6.7, 89, and 133km, respectively. We also overplot each ing GWs into the stratosphere where small-scale waves are
GW in the excited spectrum by a dot. Although the grid spac-important instead (e.g., Lane and Sharman, 2006), one might
ings increase in real space from Fig. 7a to d, they decrease iBhooseAx=1—6 km instead, and include smaller-scale dy-
spectral space from 7ato 7d using Etf)( As Ax increases, hamics.
the spectrum is increasingly represented by GWs with larger Figure 8 shows the zonal flux of vertical momentum of
horizontal wavelengths. The spectrum in Fig. 7a is focusedhe GWs in the airglow layer at=90 km atr=45 min for the
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2=90 km, t=45 min
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Fig. 8. Zonal flux of vertical momentum at=90 km andr=45 min from ray tracing the excited GW spectra from a single convective plume
with reflection. The GW spectra used(g), (b), (c), and(d) are those shown in Fig. 7a, b, ¢, and d, respectively.

same convective plume as in Fig. 5, but obtained instead fronfiore, we only consider GW spectra excited from convective
ray tracing the GW spectra. In Fig. 8a—d, the GW spectraplumes with 83<Ax<13.3km (and 44<Az<6.7 km) here.
used are shown in Fig. 7a—d, respectively. Since these are the

reflected spectra, we only ray trace those GWs which Prop3 2 Reconstruction and normalization of the wave field
agate upwards from=7 km. Note that the GW amplitudes in real space

are scaled to reflect this convective plume’s updraft velocity

of wp=40my/s from Eq. 84) prior to ray tracing, and that

they are additionally multiplied by There are 2 possible methods by which to ray trace the GWs

excited from our modeled convective plume. First, we can
exp(—(ztrop — z0)/ H), (61)  ray trace only those upward-propagating GWSs using the am-
plitudes from the reflected spectrum (Fig. 2c—d) from the

where the fropopause altitude igop=15km, so that the ._center of the body force at=7 km. This is the approach we
wave amplitudes are correct at the tropopause (i.e., not in-

. . . sed in Fig. 8. Second, we can ray trace those upward and
creasing with altitude below the tropopause). We see tha : . )
. S ; downward-propagating GWs using the amplitudes from the
circular, concentric rings result from ray tracing the GWSs,

. o . nreflected spectrum (Fig. 2a—b) from the center of the bod
especially in Fig. 8b—d, and that these rings are located orce ate—7 k?n and al(lov% the do)wnward-propagating GWsy
similar radii in Fig. 8b—d. Comparing with Fig. 5i, we see ’

: ! - o to reflect upwards from the ground. We employ the former
that the circular rings in Fig. 8b—d agree well qualitatively

with the FL solutions. We will perform a more detailed com- method first. ) )
parison of the FL and ray trace solutions momentarily. Figure 9 shows thg zonal flux of vertlcal momentum in real
Because it is difficult to distinguish one concentric ring in SPace from ray tracing the GWs excnec_j from the same con-
Fig. 8a from another, it is clear that the spectrum in Fig. 7aVective plume as in Fig. 5. These solutions are shown at the
is completely inadequate for reconstructing the wave solu-Same altitudes and times as in Fig. 5. Here, we use the GW
tion in the OH airglow layer and at higher altitudes. This is spectrum which includes reflection off the Earth’s §urface,
because this spectrum does not have adequate resolution f8Pd therefore only ray trace those upward-propagating GWs
GWs with large vertical wavelengths af>30km and with ~ from z=7km. Note that Fig. 9c is blank because no GWs
intermediate frequencies af;, /N <0.2—0.6. The spectrum have propagated to=90 km at 25-6=19 min after convec-
used in for Fig. 8b is better, although there are quite a fewtiVe overshoot. (Remember that the GWs are ray traced from
locations at lower wave frequencies (i.e., larger radii) where’=6min, at the maximum time of the body force, which
not enough GWs are present to represent the wave field adve €quate to be the physical time of convective overshoot).
equately (e.g., at~140-220km). The concentric rings Comparing with Fig. 5, we see that the ray trace model wave
in Fig. 8c—d are well resolved. However, because Fig. gcscales (asafunct'ion of radius and time) agree well with those
(8d) includes GWs with ;;>17 km (.;;>27 km), the spec-  rom the FL solution.
trum in Fig. 7c is likely the best choice for reconstructing In Fig. 10a—c, we show the maximum values of the
the wave field at~90 km with a GW spectrum represented smoothed momentum fluxes from the FL solutions, multi-
by N,=N,=128 andN,=256 grid points. If a larger num- plied by exg(z—zwop)/H), as diamonds at=50, 70, and
ber of grid points were employed instead, a different spec-90km, respectively. We see that the momentum fluxes in-
tral grid spacing might be optimal. Note that for ray trac- crease then decrease in time at each altitude. Because the
ing convectively-generated GWs into the thermosphere, thelensity decreases with altitude, the momentum fluxes are
spectrum in Fig. 7d may instead be the best choice. Theremuch larger at=90 km than at=70 km.
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Fig. 9. The vertical flux of zonal momentum for the GWs ray traced from the same convective plume as in Fig. 5. The times and altitudes
are the same as in Fig. 5, as labeled. Here we use the reflected spectrum in Fig. 2c—d, and only ray trace those upward-propagating GW-«
This plot is unsmoothed i, y, z, ands. The resolution for the spectradsx=8.9 km.
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Fig. 10. Row 1: Average momentum fluxes from the smoothed ray traced solutions&t, 70, and 90km in columns 1, 2, and 3,
respectively. Solid (dash) lines show the ray trace results for the reflected (unreflected) GW spectrum normalize®3)y(Em. §2).
Diamonds shows the average momentum fluxes from the smoothed FL solutions shown in Fig. 5=ahl @hd 60 min. (Note that the

FL solutions have been multiplied by eXp—ztrop)/H) to take into account the density decrease with altitude.) Row 2: Same(a} in

but multiplied by(z—zg)? exp(—(z—ztrop)/H). Row 3: Average GW horizontal wavelengths as a function of radius=80 km andy=0.

Results are shown at35, 45, and 55 min in columns 1, 2, and 3, respectively. Solid (dash) lines show the ray trace values using the reflected
(unreflected) GW spectrum. Diamonds shows the results from the FL solutions.

Because the momentum fluxes from the ray trace modeblnd for the reflected GW spectrum, we employ
must equal the momentum fluxes from the FL model in this,_
isothermal, windless limit, we divide the binned, spectralE = AxAyAzAt/(25. (reflected (63)
momentum fluxesyw* Ak Al Am (which have units of mo- The GW momentum fluxes (per unit mass) in real space are
mentum flux times a volume), by a volume facforFor the  then computed as:
unreflected GW spectrum, we employ TW(x. y.2.1) = S@T Ak Al Am)JE. (64)
where the sum is over all of the GWs that ent&x ay, z, t)
bin. The normalization factor, /%, is smaller for the re-
& =AxAyAzAt/(509, (unreflectedl (62) flected spectrum because all of the GWs arrive at a given
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altitude at the same time; for the unreflected spectrum, halind vertical wavelengths of the FL solutions. Additionally,
of the GWs arrive somewhat later because they first reflechote thatiy increases rapidly with radius at a fixed time,
off the Earth’s surface. but 1y decreases in time at a fixed radius. For example, at
In Fig. 10a—c, we overplot the maximum values of the z~200km,x 5 ~110, 90, and 80 km at=35, 45, and 55 min,
smoothed momentum fluxes from ray tracing using Bg).(  respectively.
The momentum fluxes using the reflected spectrum from Figure 11 shows the reconstructed GW perturbation ve-
Fig. 2c—d with Equation@3) is shown as solid lines, and locities in real spacey, v andw, atz=70 km and=55 min.
the momentum fluxes using the unreflected spectrum fronThese wave fields are determined from the momentum fluxes
Fig. 2a—b with Eq. §2) is shown as dash lines. Here, we using Egs. $5-58), and by normalizing by Eq.64). Note
have smoothed the horizontal slices of the momentum fluxeshat we smoothed the binned momentum fluxes prior to re-
as we did for the FL solutions, so that we are comparing averconstructing the wave fields in order to ensure that the wave
age values in all cases. This smoothing consists of a 7 poinamplitudes decrease as the waves spread out into a larger area
running average (in both andy), then a 3 point running from the source. In the upper row, we show the reconstructed
average 3 additional times. fields using the unreflected spectrum from Fig. 2a—b with up-
In the middle row of Fig. 10, we show the same momen-ward and downward-propagating GWs. In the lower row,
tum fluxes at the same altitudes as in the upper row of Fig. 10we show the reconstructed fields using the reflected spec-
but multiplied by trum from Fig. 2c—d with upward-propagating GWs only. We
2 see that the solutions are similar. However, because the re-
(2 =~ 20)" XY= (z — Zwop) /H) 5 fiected spectrum agrees better with the FL solutions in time
to approximately account for the increase in GW amplitudes(see Fig. 10c—f), we only use the reflected GW spectra and
from the density decrease with altitude above the tropopausehe normalization factor given by Ec63) to convert the ray
and the decrease in GW amplitudes as the GWs disperse intwaced GW spectral to real space amplitudes for the rest of
increasingly larger areas far-zg (Fritts and Vadas, 2008). this paper.
Note that the curves in Fig. 10d—f have approximately the Figure 12 shows the reconstructed GW velocity fields in
same value; therefore, the ray trace model (with horizontalreal spacey, v andw, atz=70 km for the same plume from
smoothing) is properly taking into account wave dispersionFig. 9. These solutions are shown at the same times as the FL
and wave amplitude growth with altitude. We see that at allsolutions in Fig. 6. Although noisier than Fig. 6, especially at
three altitudes, the momentum fluxes increase and decreasarger radii (i.e., lower frequencies) where there are propor-
with time. At higher altitudes, the peak occurs at later times;tionately less GWSs represented in the spectrum (see Fig. 7),
this is expected, because it takes longer for the GWs to propwe see that the reconstructed velocity fields agree very well
agate to higher altitudes. The GWs from the reflected specwith the FL solutions.
trum result in momentum fluxes which agree well with the  We now compare the amplitudes and phases of the FL so-
FL solutions. The GWs from the unreflected spectrum, how-lutions with the ray trace solutions. In Fig. 13, we show
ever, cause the momentum fluxes to decay too slowly withthe zonal velocity, vertical velocity, temperature, and den-
time after the peak time, as compared to the FL solutionssity perturbations from left to right, respectively,zat70 km
This may be due to incomplete (and incorrect) cancellationand y=0. The upper to lower rows show the solutions at
of wave amplitudes for GWs withy ~12—18 km. Note that  t=35, 45, and 55 min, respectively. The solid and dash lines
if we had instead ray traced both GW spectra froav; show the ray trace and FL solutions, respectively. Over-
rather than fronv=o0,/2, each curve in Fig. 10a—f would all, the agreement is excellent. In particular, the amplitudes
have shifted by+6 min (later in time), which would have agree very well. Additionally, the phases are in very good
agreed less well with the FL results. Thus, ray tracing the re-agreement fox <125 km for all times and fax <200 km for
flected GW spectrum from=o; /2 (i.e., when the body force times greater than 50 min. There are several reasons that the
is maximum) is the optimal choice. phases do not agree as well for125km for early times.
Figure 10g-i shows the average horizontal wavelengths agirst, the FL Boussinesq solutions assume thatddb. Yet,
a function of radius from the center of the convective plumethe earliest GWs which arrive at this altitude have very
atr=35, 45, and 55 min, respectively. We calculate the aver{arge A,>50km for which the anelastic corrections (of or-
age horizontal and vertical wavelength in each bin in the raydera, /27 H) cannot be neglected. Second, the laxg&Ws
trace modelj y =27 /ky andi,=2r /m, respectively, using  are not as well represented in the GW spectrum (see Fig. 7).
Sik; G0 ) Therefore, there may not be enough GWs in the spectrum
ikgi(ugw™); . .
—_— to reconstruct the GW perturbation fields accurately at early
i w?); times and lar dii. At i h
OO ge radii. At later times, when smallgr and
M (66)  *: GWs reach this altitude,. /27 H can be neglected and the
i(upw*); excited spectrum is better represented with more GWs (see
Here, the sum is over all of the GWs which enter this bin. WeFig. 7).
see that the ray traced values agree well with the horizontal

E(xv y»Z’Z) =

mx,y, z,t) =
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Fig. 11. Horizontal slices of the reconstructadv andw fields from ray tracing at=70 km ands=55 min. Upper row shows the results
using the unreflected GW spectrum (Fig. 2a—b), while the lower row shows the results using the reflected GW spectrum (Fig. 2c—d). From left
to right, the maximum values af, v, andw are: 1strow: 17, 17 and 11 s, 2nd row: 14, 14 and 9 nT&-. The resolution isAx=8.9 km.

The convective plume model, ray trace model, and recon4 Spectral amplitudes at airglow altitudes
struction methods described in this paper have been recently

applied to the modeling of an observed deep, convectivan this section, we verify that the functional forms of the GW
plume near Fort Collins, Colorado, which produced near'yspectra used to plot Figs. 2 and 4, i.e. E@5) (and (36),
concentric rings in the OH airglow layer for1.5h (Yue et yjeld the same wave amplitudes at higher altitudes along any
al., 2009). Using radar measurements and satellite imagery;onstant contour line, barring temperature and wind effects.
we estimated that this plume had a width®f15km, a  \ve then calculate the normalized GW horizontal wind spec-
depth ofD;~10 km, a duration of;~10min, and an updraft  trym at the OH airglow altitude for a single convective plume
velocity of wp=35m s1. The GW spectrum excited from and a small convective cluster.

this plume was calculated using the formalism described in We choose 2 GWs with values that are 10% and 20%

Sect. 2.1, including ground reflection. The reflected SP€C-aach, of the maximum value of ther spectrum in Fig. 4a.

trum was then ray traced through vertically-varying winds The parameters for these 4 GWs are shown in Table 2.

using the formalism described in Sect. 3, with the calculated,/, ray trace these individual GWs witk-0 from x=y—=0
normalization factor given by Eq68). It was found that the z=7km, andr=6 min, and calculate their wavelengths as a

concentric rings became “squashed” or arc-like if the inter-function of altitude and time. We shaw and>., in Fig. 14a
. z .

vening winds were strong, and that the apparent center of thg ,  , respectively. The GWs from left to right in Table 2 are
concentric rings shifted with respect to the convective plume

hown as solid, dot, dash, and dash-dot lines, respectively.
if the average horizontal wind between the tropopause an(i P 4

he OH | : vad | 2009b) | I s expecteda, and ), for these individual GWs are un-
the OH layer was large (Vadas et al., 2009b). It was asochanged with altitude because the atmosphere is isothermal

found that the model results agreed reasonably well with th%%nd windless

amplitudes, phases, horizontal wavelengths, and periods o . ' .
the observed waves, and that a disappearance of part of the Using these ray trace results, we calculate the locations
concentric GW ringé after an hour could be explained byand times that these individual GWs reach a given altitude.

; ; ; ..~ Using the ray trace results from Figs. 9 and 12, we calculate
the reflection of high-frequency GWs propagating opposite : . .
to the direction of the background, horizontal wind. the nearesx, y, z, ¢) bin to each of these locations and t!mes
for each GW. We overlay the average and A, values in
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Fig. 12. Horizontal slices of the reconstructedv andw fields in columns 1, 2, and 3, respectively, from the solutions shown in Fig. 9 at
z=70km. Here, we show the resultsrat25, 35, 45, and 55 min in the upper to lower rows, respectively. From left to right, the maximum
values ofu andw are: 1st row: 3 and 2 nt<. 2nd row: 15 and 11 nrst. 3rd row: 17 and 12 mst. 4th row: 14 and 9 mst. The maxima

for thev images are identical to those of thémages.
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Fig. 13. Ray traced GW amplitudes as compared to FL amplitudes-@0 km andy=0 for the same convective plume. The first, second,
third, and forth columns show the GW perturbation fields, 1007’/T, and 10Q’/p, respectively. Upper to lower rows show the results
atr=35, 45, and 55 min, respectively. Solid lines show the ray trace results, while dash lines show the FL Boussinesq results.

each of these bins determined from E§g)(in Fig. 14a and
b, respectively. The GWSs from left to right in Table 2 are
shown as diamonds, triangles, squares, and x’s, respectively.
We see that the average wavelengths are reasonably accurate,

Table 2. Individual GW parameters for verifyingw* spectrum.

% of uw* maximum

yielding zonal and vertical wavelengths that are similar to 10% 20%
the individual ray trace results. Differences are somewhat Ay (km) 191 270 222 304
larger at lower altitudes because the source is closer and the Az (km) —-20.0 -30.0 -20.0 -30.0

bin sizes are too large to accommodate a single wave packet.
Instead, a few wave packets likely enter eéchy, z, t) bin,
thereby skewing the average somewhat. However, Fig. 14a—b

shows that the 4-D array is binned reasonably finely-enough ) o ] )
for z>50 km for our purposes here. amplitude. Variations occur partly because each bin contains

several wave packets, as discussed previously, and partly be-

In Fig. 14c, we show the binned, smoothed momentumcause these GWs are in a region of the spectrum in Fig. 4a
fluxes multiplied by (z—z0)?2 exp(—(z—zwop)/H) at these  where the momentum flux changes rapidly with andx;
same locations and times for the GWs from Fig. 14a—b. Fortherefore the binned momentum fluxes vary rapidly with ra-
all altitudes, we see that the momentum fluxes are approxidius. This latter problem might be lessened if we could
mately double for those bins closest to the GWs with 20%choose large ; andi, GWSs in the slowly-varying region of
of the maximum spectral amplitude, as compared to thos¢he GW spectrum; however, we cannot, because they exit our
bins closest to the GWs with 10% of the maximum spectralnumerical box prior to reaching=100km. In conclusion,
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Fig. 14. (a)Solid, dot, dash, and dash-dot lines shiowfrom ray tracing each individual GW from left to right in Table 2, respectively.
Diamonds, triangles, squares, and x's show the average valugsimthe ray trace bins closest to the individual GWs from left to right in
Table 2, respectivelyb) Same as in (a), but for,. (c) Average momentum fluxes timc{zs—zo)2 exp(—(z—ztrop)/H) for the bins closest to
the individual GWs. Symbols are the same as in (a).

Fig. 4b. The parameters for these 4 GWs are shown in Ta-
ble 3. We ray trace these individual GWs witk0 from
x=y=0, z=7km, andt=6min. We show the results in

Table 3. Individual GW parameters for verifyingy spectrum.

% of |u | maximum

30% 60% Fig. 15 in the same format as in Fig. 14. As befokg,
and A, are constant with altitude for these individual GWs
A (km) 189 265 261 345 (solid, dot, dash, and dash-dot lines for the GWs from left

Az (km) —-20.0 -300 -20.0 -30.0 to right in Table 3, respectively). We see that the aver-

age zonal wavelengths (Fig. 15a) and average vertical wave-

lengths (Fig. 15b) for the bins nearest to the individual GWs

(shown as diamonds, triangles, squares, and x’s for the GWs
we have shown that contours of EG5] yield GWs with the  from left to right in Table 3, respectively) are similar to the
same values afw at higher altitudes in a windless, isother- zonal and vertical wavelengths of the individual GWs. This
mal atmosphere. implies, as before, that the bins are small enough to ad-

We also choose 2 GWs with contours that are 30% andnit reasonably localized wave packets abeweé0km. In

60%, each, of the maximum value of thg; spectrum in  Fig. 15c, we plot the smoothed values |af;| in the bins
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Fig. 15. (a—b)Same as in Fig. 14a—b, but for the GWs in Tabl¢c3 Values of|u|(z—zg) exp(—(z—ztrop)/2H) for the ray trace bins closest
to the individual GWs in a-b. Symbols are the same as in (a).

nearest to these four individual GWs. We see again that théf the atmosphere is windless and isothermal, and if no wave-
zonal velocities are approximately double for those bins clos-breaking occurs. Here, we plot the normalized zonal velocity
est to the GWs with 60% of the maximum spectral amplitude,spectra

as compared to those bins closest to the GWs with 30% of

the maximum spectral amplitude. Therefore, we have showr\/kz (27| Ak Al Am /) (67)
that contours of Eq.36) yield GWSs with the same values of
u g at higher altitudes. via combining Egs.36) and 64). Giveniy anda, for a

GW, these plots show the maximum zonal velocity that this
Figure 16a shows the GW zonal velocity spectra for theGW has in the OH airglow layer. Because the zonal veloc-
same convective plume as in Figs. 5 and 9 with ground re-ty oscillates in time and a wave packet amplitude increases
flection (solid lines). This plume has an updraft velocity of and decreases in time, the amplitudes shown in Fig. 16 rep-
wpi=40 nys. Figure 16b shows the GW zonal velocity spec- resent an upper bound on the zonal velocities. The maxi-
tra for a small convective cluster with the same plume pa-mum values of«y in Fig. 16 are 60 and 100 nT$ for the
rameters as in Fig. 16a. Both spectra were shown previouslgingle plume and the small convective cluster, respectively.
in Fig. 4b and d, respectively. Here, however, we show theTypically, however, the larger-amplitude GWs break at lower
values of the GW horizontal velocity amplitudesat87 km altitudes where their nondimensional amplitude§c—U),
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Fig. 16. GW horizontal velocity amplitudes at=87 km in intervals of 5 s (light solid lines). These are the maximum amplitudes at this
altitude. (a) Single convective plume with ground reflectigh) Small convective cluster with ground reflection. Pink dash-dot lines indicate
cgz in 15ms L intervals. Blue dash lines indicatg in 50 ms ™t intervals.

reach one (Lindzen, 1981; Fritts and Alexander, 2003). ThisGW horizontal velocities as large asl00 ms* or larger at
effect is not included in Fig. 16. altitudes of~250 to 300 km for GWs propagating against

The GW spectra shown in Fig. 16 were used in vadasthe tidal winds and refracting to higher intrinsic frequen-
et al. (2009a) to compare theoretical estimates with the obgies. Corresponding predicted el'ectron density perFurbations
served amplitudes of the six medium-scale waves observe8lf ~10 to 20% appear to agree with observed variations mea-
by Taylor et al. (2008) in the OH layer, in order to constrain Sured by digisondes and seen to occur in TIMED/GUVI to-
this theory. We first converted the measured intensity ampli-mographic reconstructions of plasma densities. This sug-
tudes to horizontal velocity amplitudes. We then determinedd€sts general agreement between GW amplitudes and scales
the vertical wavelength of each GW at the tropopause via repredlcted by our present theorgtlcal description of GWSs aris-
verse ray tracing through realistic winds and temperaturesing from deep convection and direct measurements of plasma
Here, the value of. at the tropopause is important because density fluctuations and inferred velocities at the bottomside
the GWs are excited there via convective overshoot. For each layer.
of the GWSs, we then plotted the observeg and , (at
the tropopaqse) onto & speptra similar to Fig. 16, except for5 GW spectra for nearly impulsive vertical forcings
somewhat different convective plume parameters. We com-
pared the modeled and observed amplitudes, and found thafie showed in Sects. 2—3 through comparison with the FL so-
the measured wave amplitudes agreed reasonably well withtions that we can accurately reconstruct the GW field for a
theory in the cases whevg >10km and wave ducting did  typical convective plume with, =12 min via ray tracing the
not likely occur. excited GWSs using an anelastic dispersion relation. In this

The spectra shown in Fig. 16 were also used to infer GWsection, we compare the FL solutions for a nearly impulsive
amplitudes at higher altitudes in the TI for this SpreadFExvertical body force and its image to that from the ray traced
campaign (Fritts and Vadas, 2008; Fritts et al., 2008b). GWssolution.
with A,>100km are those we expect to penetrate to the Figure 17 shows the unaveraged GW zonal momentum
greatest altitudes, based on the viscous dispersion relatiofluxes,uw, for an impulsive, vertical body force and its im-
developed by VF2005 and the ray tracing studies by Vadasige at=50, 70, and 90 km from the left to right columns, re-
(2007) and Fritts and Vadas (2008). Fritts et al. (2008b)spectively. These are the FL (Boussinesq) solutions obtained
employed the results of this study to infer maximum hori- from Fourier-transforming Eqs10) and (L2) to real space.
zontal velocities near~80 km of ~1—2 ms~1 for GWs with The upper and lower rows show these winds-=a85 and
Az;~150 km and\. ;~200-400 km arising from a single con- 45 min, respectively. The vertical body forces which model
vective plume, with amplitudes2 times larger in response this plume begin at=0. Here, the vertical body force has
to a small convective cluster. Assuming that these GWs pena full width of D=20km, a full depthD,=10km, a dura-
etrate to higher altitudes, they then inferred correspondingion of ;=0.01 min, and an updraft velocity afi,=40 nys.
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Fig. 17. Horizontal slices of the vertical flux of zonal momentum for an impulsive vertical body force and its image using the FL solutions
Fourier-transformed to real space. For this forcibigz20 km, D,=10 km, ands;=0.01 min. The left, middle, and right columns show the

GW response at=50, 70, and 90 km, respectively. The upper and lower rows show the solutieagbtand 45 min, respectively. The
resolution isAx=6.7 km.

As before, concentric rings of GWSs are excited from these _ 2n \/ 1/DX2 + 1/Dy2 + 1/Dz2 (68)
=~ .

forces. Additionally, there are GWs with very high frequen- 1/Dy2 + 1/Dy2
cies present in the spectrum, because there are concentric

rings very close to the center of the forcing z2£90 km.

If a GW propagates upwards with angleto the vertical,  For this forcing,zc=9 min. Therefore, setting,;=12 min re-
then cos/=w, /N in the Boussinesq approximation where sults in the highest frequency portion of the GW spectrum to
H— o0 (e.g., Kundu, 1990). Since tan=r/(z—z0), al GWs  pe substantially reduced in amplitude (VF2001).

at radiusr=40km and atz=90km propagate at an angle
Y=26° from the vertical in a windless, isothermal atmo- flu
sphere, and have frequencies«@f=0.9N. For the buoy- f
ancy period we assume here, this equates to a wave perioé

of T’=5I8 min. From F'g' 17¢, this GW hasg~35km at where GWs are excluded for the ray trace (anelastic) solu-
t=3.5 min. From Eq.9) with /=0, we cglculate avery Ia_rge tions. This is caused by the cutoff frequency in the anelastic
vgrtlca}l wavelength ok.~72km for' th'S.GV.V' Comparing GW dispersion relation (Marks and Eckermann, 1995); GWs
with F ig. 5f, we see t_hat for, =12 min, this high-frequency are not allowed with frequencies larger than this cutoff fre-
GW is not excited with a large amplitude because there arequency which depends ony. At z=90km, this region is
seemingly no waves at~40 km andz=90 km at this time. r<70_é0 km atz=35min andr<50—60 km' atr—45 min.
This difference in wave amplitude between the two BOUSSi'This region decreases with time as the slower GWs with
nesq solutions occurs because-12 min is somewhat larger smalleri; anda. propagate ta=90km, since GWs with
than the characteristic time scale of the forcing, which issmallerAH havez larger cutoff frequem,:ies. For the GW

(VF2001) in Fig. 17c withAz~35km andx,~72km, we recalculate
w,/N~0.847 using Eq.48), which is only slightly smaller

In Fig. 18, we show the ray traced, real space, momentum
xes for the GWs excited from the same impulsive body
rce in Fig. 17, and at the same altitudes and times as in
g. 17. We see that there is a large region for small radii
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Fig. 18. Horizontal slices of the vertical flux of zonal momentum for the GWs ray traced from the same convective plume as in Fig. 17.
Times and altitudes are the same as in Fig. 17. This plot is unsmoothedg,in, andz. The resolution for the spectrafsx=8.9 km.

than the Boussinesq value. The angle this GW makes with In Fig. 19, we directly compare the zonal and vertical ve-

respect to the vertical, however, is: locity perturbations at=70 km andy=0 ats=35 min (up-
per row) and 45 min (lower row). The solid and dash lines
v = tan? (dx/df) _tarr ! <Cg_x> (69)  Show the ray trace anelastic and FL Boussinesq solutions,
dz/dt Cg,z respectively. We see that the amplitudes and phases are in

excellent agreement for>50 km. However, for smallex
(or r), which corresponds to frequencies neéy the FL
model vastly overestimates the wave amplitudes. Again, this

for a zonally-propagating GW in an isothermal, windless en-
vironment. Since

wyr kwy, is because the FL model assumes that &b, which is not
Cox = 1 T 2 +m2+ 1/4H2° (70) 4 good approximation for GWs with,~27H. Therefore,
moj, the Boussinesq solutions do not accurately represent the so-
Cgz = TR+ m2+ 1/4H2 (71) lutions to deep vertical forcings when the forcings are nearly
impulsive (with a duration smaller than the buoyancy period),
for /=0 (using Eq48), Eq. 69) becomes because they result in large-amplitude GWs with lakge
and with frequencies neay¥. This artificial component of
¥ =tan ! (ﬂ (1 + L)) ) (72) the GW Boussinesq spectrum results in large-amplitude con-
k 4m?2H? centric rings that are too close to the center of the forcing at

. . . airglow altitudes.
Note that the anelastic correction termidk2H?, is of order g

one wheri,~27 H. For this GW, since the “correction” term

is 0.67, the angle this GW makes with the verticallis-39°, 6 Summary and conclusions

leading to a radius of~70 km atz=90 km. This explanation

corresponds well with the smallest concentric rings seen inin this paper, we incorporated GW phases into our convec-
Fig. 18c. tive plume and ray trace models in order to reconstruct the
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Fig. 19. Ray traced GW amplitudes as compared to FL amplitudes=a0 km andy=0. The first and second columns show the GW
perturbation fields andw, respectively. The upper and lower rows show the results-86 and 45 min, respectively. Solid lines show the
ray trace results, while dash lines show the FL Boussinesq results.

GW perturbation fields at higher altitudes for deep convec-the MLT and TI for more realistic atmospheric environments
tive plumes. We represented a single convective plume agsee Vadas et al., 2009hb).

an upward-moving vertical body force plus a downward-  Aggitionally, via ray tracing a few, individual GWs and

moving image \{ertical body force in 'order to take into ac- comparing their locations and times with the ray trace so-
count the Earth’s surface and reflection of the GWs off theion for the entire convective plume, we determined the
ground. We found that for this single convective plume, fnctional form of the GW spectra needed to easily calculate
the reconstructed wave fields from ray tracing result in con-yno gw amplitudes in the MLT and TI from a deep convec-

centric GW rings at the OH airglow layer in an isothermal, (e plume. We then calculated the zonal velocity amplitudes
windless atmosphere. We found that ray tracing the upwardys G\ws excited from a single convective plume and a small

propagating GWs from the reflected GW spectrum, rather.,ective cluster at the OH layer as a function gfands.,.

than ray tracing the upward and downward-propagating GWsrpege spectra were used to infer GW amplitudes at higher al-
from the unreflected GW spectrum, yields the best resultsjyges in the TI during this SpreadFEx campaign (Fritts and
and agrees very well with the exact FL solutions, which arey,;4a5 2008: Fritts et al., 2008b). They were also used to
the Boussinesq solutions to vertical body forces in an isother¢qstrain the amplitudes of medium-scale GWs detected in

mal, windless atmosphere. Via intercomparision betweenne oH airglow layer and reverse ray traced to deep convec-
the ray trace and FL solutions, we determined the normaly;e plumes (Vadas et al., 2009a).

ization constant needed to convert the spectral, ray traced . .

momentum fluxes to the real-space momentum fluxes. Be- Finally, we found that the Boussinesq solutions are not
cause the ray trace model is generalizable to non-isothermAccurate for deep, impulsive vertical body forcings, be-
temperatures and non-zero winds, the formalism develope§ause the solutions result in large-amplitude GWs at unre-

in this paper allows for the determination of GW effects in alistically small radii at much higher altitudes. This is not
unexpected, considering the inaccuracy of the Boussinesq

www.ann-geophys.net/27/147/2009/ Ann. Geophys., 27, 1472009



176 S. L. Vadas and D. C. Fritts: Reconstruction of the gravity wave field

dispersion relation for GWs with frequencies near the buoy- Spread F Experiment (SpreadFEx), Ann. Geophys., 26, 3235—
ancy frequency (Marks and Eckermann, 1995). 3252, 2008b,
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