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Abstract. We study the momentum flux of the atmo-
spheric motions in the height ranges between 6 and 22 km
observed using the MU radar at Shigaraki in Japan dur-
ing a 3 day period in January 1988. The data were di-
vided by double Fourier transformation into data set of waves
with downward- phase- velocity and data set of waves with
upward-phase-velocity for independent momentum flux cal-
culation. The result showed that both the 72 h averaged up-
ward flux and downward flux of zonal momentum were neg-
ative at nearly each height, meaning that the upward flux was
dominated by westward propagating waves while the down-
ward flux was dominated by eastward propagating waves.
The magnitude of the downward flux was approximately a
factor of 1.5 larger than the upward flux for waves in the
2∼7 h and 7∼24 h period bands, and about equal to the up-
ward flux in the 10–30 min and 30 min–2 h period bands. It
is also observed that the vertical flux of zonal momentum
tended to be small in each frequency band at the altitudes
below the jet maximum (10∼12 km), and the flux increased
toward more negative values to reach a negative maximum
at some altitude well above the jet maximum. Daily aver-
aged flux showed tremendous variation: The 1st 24 h (quiet
day) was relatively quiet, and the fluxes of the 2nd and 3rd
24 h (active days) increased sharply. Moreover, the upward
fluxes of zonal momentum below 17 km in the quiet day
for each period band (10∼30 min, 30 min∼2 h, 2∼7 h, and
7∼24 h) were dominantly positive, while the corresponding
downward fluxes were dominantly negative, meaning that
the zonal momentum below 17 km in each period band un-
der study were dominantly eastward (propagating along the
mean wind). In the active days, both the upward fluxes and
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downward fluxes in each frequency band were dominantly
negative throughout the whole altitude range 6.1–18.95 km.

Keywords. Meteorology and atmospheric dynamics (Con-
vective processes; Waves and tides; General or miscella-
neous)

1 Introduction

Gravity wave momentum fluxes observed by radars have
been used to estimate the body force due to gravity waves
in the lower stratosphere and in the mesosphere and lower
thermosphere (Fritts and Alexander, 2003). Technically, the
symmetric- beam radar method of Vincent and Reid (1983)
has been widely applied to measure momentum flux in both
the lower atmosphere (e.g. Fukao et al., 1988; McAfee et
al., 1989; Sato, 1990, 1993; Fritts et al., 1990; Thomas
et al., 1992; Prichard and Thomas, 1993; Worthington and
Thomas, 1996) and the mesosphere (e.g. Tsuda et al., 1990;
Reid and Vincent, 1987). Mean momentum fluxes in the
lower stratosphere over the MU radar site (at 35◦ N lati-
tude) were∼0.1–0.3 m2 s−2, with peak value of∼1 m2 s−2

and implied mean flow forcing of∼1 ms−1 d−1 (Fritts et al.,
1990). Momentum fluxes in the mesosphere and lower ther-
mosphere have been measured more widely. At extratropi-
cal sites, mean values of momentum fluxes of∼1–10 m2 s−2

have been measured with mean forcing in the range∼10–
70 ms−1 d−1 that generally oppose the mean winds (Reid and
Vincent, 1987; Fritts and Yuan, 1989; Tsuda et al., 1990;
Nakamura et al., 1993). At the tropical Jicamarca radar
site (12◦ S) (Hitchman et al., 1992), momentum fluxes of
∼2–8 m2 s−2 were observed with mean flow forcing∼10–
60 ms−1 d−1. Conventionally, the rotary spectral analysis
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proposed by Vincent (1984) was widely applied to distin-
guish what fractions of the gravity wave spectrum are prop-
agating upward and downward. Usually, wave amplitudes
and modulus of momentum fluxes are larger for atmospheric
gravity waves having upward energy fluxes and propagate
opposite to the mean wind in the upper middle atmosphere
(Nakamura et al., 1993; Gavrilov et al., 1995, 1996, 1997;
Hall et al., 1995). We notice that all these fluxes were esti-
mated by conventional statistical method of analysis, upward
flux data and downward flux data were not separated before
momentum flux calculation, and none of these measurements
had directly measured the group velocity of the wave propa-
gation which would determine the flux direction.

It is well known that the energy and momentum of any
wave propagation are transported at its group velocity, and
that the vertical group velocity of an atmospheric gravity
wave may be in either the opposite or the same direction of its
vertical phase velocity depending on the relation of its hori-
zontal phase propagation speedvph and the projection mean
wind velocityuh (Kuo et al., 2003; Kuo and R̈ottger, 2005;
Gavrilov et al., 1997). We call a wave packet a type 1 wave
packet if its group velocity and phase velocity have oppo-
site sense of vertical propagation, and a type 2 wave packet
if they have same sense of vertical propagation. From the
linear theory of the gravity wave dispersion relation, a wave
packet will appear as a type 1 wave packet ifvph>uh. Other-
wise (uh>vph), it will appear as a type 2 wave packet. Here
uh is the projection wind velocity along the horizontal direc-
tion of phase propagation (so,vph≥0 always, anduh can be
either positive or negative). Therefore direct measurement
of the vertical group velocity is required to gain the infor-
mation on the vertical energy transport by gravity waves in
the atmosphere. A method called phase- and group- velocity
tracing was developed (Kuo et al., 1998) to measure the ver-
tical phase- and group- velocities of any kind of wave prop-
agation. And this method was further proved by numerical
simulation to be reasonably accurate in measuring the phase-
and group- velocities of the projected wave packet motion
along any oblique radar beam (Kuo et al., 2007).

The technique of velocity tracing was applied to analyze
the data observed by SOUSY-Svalbard Radar in October
2000 in the altitude range between 2.4 km and 17.4 km (Kuo
et al., 2003), in which hundreds of wave packets with charac-
teristic wave periods in the range 15∼45 min were identified
from Range-Time plot of(δV )2: About 85% of them were
type 1 and about 15% were type 2 wave packets, revealing
the typical characteristics of the propagation of atmospheric
gravity waves in the linear regime. Then, for another set of
data taken during the period between 30 March and 24 April
2000 in the altitude range between 2.85 km and 14.85 km
also using the SOUSY Svalbard Radar, with the simultane-
ous information on the background wind also available, we
not only calculated the horizontal wave-number component
of a wave packet along the direction of background wind ve-
locity by the dispersion equation, but also deduced the angle

between the horizontal wave vector and its background wind
velocity by the polarization equation of gravity wave (Kuo
and R̈ottger, 2005). Again, most of the wave packets (76%)
with characteristic wave period of∼70 min in the Range-
Time plot of (δV )2 were type 1 wave packets, and the rest
(24%) were type 2 wave packets. In this study we will com-
bine this wave packet analysis technique with the conven-
tional method of momentum flux measurement to estimate
the body forcing due to gravity waves in the lower atmo-
sphere. The upward flux and downward flux will be treated
separately, and the vertical group velocities of as many as
possible sampled wave packets will be measured.

2 Vertical fluxes of zonal- and meridional-momentum

2.1 Data and analysis procedure

The data of the wind velocity were taken from 08:18 on
5 January to 15:09 on 8 January 1988 by the MU radar
(35◦ N, 136◦ E) at Shigaraki, Japan. In every inter-pulse
period the radar antenna beam was steered sequentially to-
ward the vertical and oblique directions at a zenith angle
of 10◦ (vertical→north→east→south→west). The beam
width was 3 degrees, and the aspect sensitivity was negli-
gible at the 10 degree zenith angle. The other observation
parameters were: observation rangez=5∼24 km, range res-
olution1z=150 m, time resolution1t=150 s. There were
some missing data points due to insufficient signal power or
time breaks during the experiment operation. Before doing
data analysis, each missing data was filled by interpolation
from its nearest neighbor good data. Figure 1 shows the
72 h averaged (upper panel) and 24 h averaged wind velocity
profiles (lower panel). A strong zonal wind jet can be seen
in the height range 10–12 km with large vertical shear both
above and below this jet. The meridional wind was evidently
much weaker (than zonal wind) but its day-to-day variation
(in terms of relative magnitudes) was larger than that of the
zonal wind. The vertical wave number and frequency spectra
obtained from this data set had been studied and presented
by Kuo et al. (1992).

To discuss the analysis method, letu, v and w denote
the wind velocities in the zonal-, meridional- and vertical-
direction respectively as usual. The eastward oblique beam
with zenith angleθ=10◦ would detect a Doppler velocityVE ,
while the westward oblique beam would detect a Doppler ve-
locity VW given by

VE = w cos 10◦ + u sin 10◦ (1a)

VW = w cos 10◦ − u sin 10◦. (1b)

Conversely, the wind velocitiesu andw can be obtained from
the measurement values ofVE andVW by following equa-
tions,

u =
VE − VW

2 sin 10◦
(2a)
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w =
VE + VW

2 cos 10◦
. (2b)

The velocitiesv andw can be similarly converted from the
measurements of the north beam and south beam.

Equations (2a) and (2b) represent respectively the aver-
age (or, linear interpolation) of the eastward velocitiesu
and vertical velocitiesw obtained by the eastward and west-
ward oblique beams at the same height (but different loca-
tions). These values ofu andw can be regarded as the mea-
surements along the vertical axis. Since the eastward- and
westward-oblique beams pointed to different phases of the
wave, the error of measurement by the dual beam method
should be seriously considered. The error in dual beam
method and its effect on the momentum flux analysis were
discussed in Appendix A, and it was found that if the hor-
izontal wavelength measured along the azimuthal direction
of the relevant beam pair is a factor of 8 larger than the hor-
izontal spacing between the radar volumes of the 2 oppo-
site beams, then the errors are less than 8%. The dual beam
method was found to be valid in this study.

The wind velocityu consists of a mean wind̄u and a per-
turbation velocity componentu′. The perturbation velocity
u′ is resulted from the combined contributions from both the
wave packets with upward group velocity and the wave pack-
ets with downward group veloity:

u′
= u′

U + u′

D (3)

whereu′

U (u′

D) is contributed by the wave packets with up-
ward (downward) group velocity. Similarly,

v′
= v′

U + v′

D (4)

w′
= w′

U + w′

D . (5)

By conventional definition of the vertical flux of zonal mo-
mentum, a positive (negative) value of the time averageu′w′

may represent either an upward flux of eastward (westward)
momentum or a downward flux of westward (eastward) mo-
mentum. Such uncertainty of expression always exists unless
either the direction of the zonal momentum or the vertical
group velocity of the wave packet is known. Physically, the
vertical flux of zonal momentum is a component of a tensor
defined as=EZ=PEvgz, wherePE represents the zonal mo-
mentum density andvgz represents the vertical group veloc-
ity. Both PE andvgz are vector components:PE is positive
(negative) for eastward (westward) momentum, andvgz is
positive (negative) when the wave packet is moving upward
(downward). Technically, we are able to separate the waves
with upward phase velocity from the waves with downward
phase velocity by double Fourier analysis (see Sect. B1 of
Appendix B). Since our previous studies revealed that the
majority of wave packets were type 1 wave packets (Kuo et
al., 2003; Kuo and R̈ottger, 2005), we may approximately
assume that the wave packets with downward phase velocity
have upward group velocity, and vice versa. This assump-
tion is necessary because the momentum is transported at its

 1

 

 

 
 
Fig.1 Upper panel shows the 72 hours averaged velocity profiles of zonal wind (open circle) 

and meridional wind (cross); Lower panel shows the 24 hours averaged velocity 
profiles: ’open circle’ for the 1st day zonal wind,, ‘line’ for the 2nd day zonal wind, ‘star’ 
for the 3rd day zonal wind; ‘dot’ for the 1st day meridional wind, ‘cross’ for the 2nd day 
meridional wind, and ‘square’ for the 3rd day meridional wind.. The starting time of 
observation was 1228 on January 5 in 1988.  

Fig. 1. Upper panel shows the 72 h averaged velocity profiles of
zonal wind (open circle) and meridional wind (cross); lower panel
shows the 24 h averaged velocity profiles: “open circle” for the 1st
day zonal wind, “line” for the 2nd day zonal wind, “star” for the 3rd
day zonal wind; “dot” for the 1st day meridional wind, “cross” for
the 2nd day meridional wind, and “square” for the 3rd day merid-
ional wind. The starting time of observation was 12:28 on 5 January
1988.

group velocity (not phase velocity), but our method of wave
separation can not separate the group velocity-upward waves
from the group velocity-downward waves. Therefore we em-
phasize that the validity of such assumption should be statis-
tically confirmed by wave packet analysis case by case. So
the separation of upward flux from downward flux becomes
possible by our analysis procedure, and the vertical flux of
the zonal momentum can be written as,

u′w′ =
(
u′

U + u′

D

) (
w′

U + w′

D

)
= u′

Uw
′

U + u′

Dw
′

D + u′

Uw
′

D + u′

Dw
′

U (6)

The first term in the right hand side of Eq. (6) is an up-
ward flux of eastward- (westward-) momentum if it is pos-
itive (negative), and the second term is a downward flux of
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Table 1. The 72 h average upward flux and downward flux of zonal
momentum in the height 6∼19 km for different wave period bands.

Periods band Upward flux Downward flux Total flux
(m2/s2) (m2/s2) (m2/s2)

10 min∼24 h 0∼−0.6 0∼−0.9 0∼−1.2
7∼24 h 0∼−0.2 0∼−0.39 0∼−0.45
2∼7 h 0∼−0.22 0∼−0.35 0∼−0.45

30 min∼2 h 0∼−0.23 0∼−0.27 0∼−0.5
10∼30 min 0∼−0.11 0∼−0.1 0∼−0.2

westward- (eastward-) momentum if it is positive (negative).
The third and fourth terms are physically meaningless, be-
causeu′

U andw′

D (u′

D andw′

U ) are definitely not the ve-
locity components of the same wave packet, and they will
contribute some random error to the momentum flux calcula-
tion. It was found in this study that these two error terms are
negligibly small when the wave activity was strong. We will
analyze the first and second term separately, and all these dis-
cussions apply equally well to the vertical flux of meridional-
momentum, which is given by,

v′w′ =
(
v′

U + v′

D

) (
w′

U + w′

D

)
= v′

Uw
′

U + v′

Dw
′

D + v′

Uw
′

D + v′

Dw
′

U (7)

The continuous data of 72 h starting from 12:28 on 5 January
1988 in the altitude range 5.75 km∼23.3 km was selected for
the momentum flux analysis. First of all the phase- upward-
propagating waves and the phase- downward-propagating
waves were separated for the data sets ofu′, v′ and w′,
and the procedure of the wave separation and the veloc-
ity tracing technique were described briefly in the previ-
ous studies (Kuo et al., 2003; Kuo and Röttger, 2005), and
it is put in Appendix B in this paper to help the read-
ers. So the zonal wind data set{u′ (z, t)} was divided into
upward- group- velocity (downward- phase- velocity) sub-
set{u′

U (z, t)} and downward-group-velocity (upward-phase-
velocity) subset{u′

D (z, t)}, using a vertical wave num-
ber window 3.55×10−4 m−1<kz<8.52×10−3 m−1 (corre-
sponding to 17.7 km>λ>0.7375 km wave length band), cou-
pled with several frequency windowsσ1>σ>σ2 (corre-
sponding to wave periods ofτ1<τ<τ2 ). So was{v′ (z, t)}

divided into {v′

U (z, t)} and {v′

D (z, t)}; and {w′ (z, t)} into
{w′

U (z, t)} and{w′

D (z, t)}. The frequency windows corre-
sponding to wave period bands of 10∼30 min, 30 min∼2 h,
2∼7 h, 7∼24 h, and the whole period band 10 min∼24 h were
used in this study.

2.2 Mean momentum flux profiles

The 72 h averaged profiles of upward- flux (downward-flux)
of zonal (marked by square)- and meridional (marked by
cross)-momentum for each frequency band, obtained by the
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Fig.2 Upper panel:72 hours averaged profiles of upward fluxes of zonal- (square) and 
meridional- (cross) momentum for periods of (a) 10- 30 min, (b) 30 min– 2 h, (c) 2- 7 h, 
(d) 7- 24 h, and (e) 10 min- 24 h. The vertical straight lines are reference lines for zero 
momentum flux. Lower panel: Corresponding profiles of downward fluxes. 

 

Fig. 2. Upper panel: 72 h averaged profiles of upward fluxes
of zonal- (square) and meridional- (cross) momentum for peri-
ods of (a) 10–30 min,(b) 30 min–2 h,(c) 2–7 h, (d) 7–24 h, and
(e) 10 min–24 h. The vertical straight lines are reference lines for
zero momentum flux. Lower panel: Corresponding profiles of
downward fluxes.

first term (second term) of Eqs. (6) and (7) respectively were
shown in the upper panel (lower panel) of Fig. 2, where each
profile was smoothed by 1.5 km running mean; The corre-
sponding profiles of the total vertical flux (sum of upward
flux and downward flux) were shown in Fig. 3. The corre-
sponding magnitudes of the fluxes of zonal momentum were
summarized in Table 1. Evidently the meridional momentum
fluxes were negligibly small comparing with the correspond-
ing zonal momentum fluxes in the three higher frequency
bands (10–30 min, 30 min–2 h and 2–7 h period bands) as
can be seen from Figs. 2 and 3. The meridional momen-
tum flux was comparable to (but still significantly smaller
than) the zonal momentum flux only in the lowest frequency
band (7–24 h period band). So we shall discuss only the
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Fig.3 72 hours averaged profiles of zonal- (square) and meridional- (cross) momentum 
fluxes for periods of (a) 10- 30 min, (b) 30 min– 2 h, (c) 2- 7 h, (d) 7- 24 h, and (e) 10 
min- 24 h. The vertical straight lines are reference lines for zero momentum flux. 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 

Fig. 3. 72 h averaged profiles of zonal- (square) and meridional-
(cross) momentum fluxes for periods of(a) 10–30 min,(b) 30 min–
2 h, (c) 2–7 h,(d) 7–24 h, and(e)10 min–24 h. The vertical straight
lines are reference lines for zero momentum flux.

zonal momentum flux in this study. It was clearly shown that
both upward flux (upper panel of Fig. 2) and downward flux
(lower panel of Fig. 2) in each period band were dominantly
negative. In other words, the upward flux was dominated
by westward momentum (propagating opposite to the mean
wind), while the downward flux was dominated by east-
ward momentum (propagating along with the mean wind).
Therefore they would have additive effect on the induced
zonal acceleration. The mean vertical flux of zonal momen-
tum in the whole 10 min–24 h period range varied from 0 to
−1.2 m2 s−2 in the height range 6.5–18.95 km (Fig. 3e and
Table 1). It is also observed that the vertical flux of zonal
momentum tended to be small in each frequency band at the
altitudes below the jet maximum (10∼12 km), and the flux
increased toward more negative values to reach a negative
maximum at some altitude well above the jet maximum. It
is noticed from Table 1 that the peak value of the downward
flux in each of the two lower frequency bands (2∼7 h and
7∼24 h period bands) was larger than that of the upward flux
approximately by a factor of 1.5∼2, while the downward flux
and upward flux of zonal momentum in the two higher fre-
quency bands (10∼30 min, 30 min∼2 h period bands) were
approximately equal.

2.3 Daily momentum flux profiles

Consecutive 24 h averaged profiles of vertical fluxes of zonal
and meridional momentum for 10–30 min period band, with
1.5 km running mean, were shown in Fig. 4, in which the
upward fluxes were shown in top panel, downward fluxes in
middle panel, and the total fluxes in bottom panel. The cor-
responding profiles for 30 min–2 h period band were shown
in Fig. 5, and 2–7 h period band in Fig. 6. The zonal momen-
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Fig.4 Daily averaged profiles of momentum fluxes in the 10-30 minutes period band. Top 

panel: upward momentum flux ; middle panel: downward momentum flux; bottom panel: 
total momentum flux. ‘Open circle’ for the 1st day zonal momentum; ‘line’ for 2nd day 
zonal momentum; ‘star’ for 3rd day zonal momentum; ‘dot’ for 1st day meridional 
momentum; ‘cross’ for 2nd day meridional momentum; ‘open square’ for 3rd day 
meridional momentum. 

Fig. 4. Daily averaged profiles of momentum fluxes in the 10–
30 min period band. Top panel: upward momentum flux; middle
panel: downward momentum flux; bottom panel: total momentum
flux. “Open circle” for the 1st day zonal momentum; “line” for 2nd
day zonal momentum; “star” for 3rd day zonal momentum; “dot”
for 1st day meridional momentum; “cross” for 2nd day meridional
momentum; “open square” for 3rd day meridional momentum.

tum fluxes in the 1st 24 h (“open circle” for zonal momentum
and “dot” for meridional momentum) were negligibly small
comparing with the successive daily profiles. For the con-
venience of discussion we shall refer the 1st 24 h as a quiet
period, and the next 48 h as an active period. In the active
period, both the upward flux and downward flux of zonal
momentum (“line” for 2nd day and “star” for 3rd day) in
each frequency band were dominantly negative throughout
the whole altitude range 6.1–18.95 km. The peak of the up-
ward flux of the 30 min–2 h period band (top panel of Fig. 5)
evidently moved up from the altitude of 13.1 km (“line”) to
15.5 km (“star”) in 24 h with a speed of upward movement
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Fig.5 Same as Fig.4 except for the 30 min- 2 h period band.  Fig. 5. Same as Fig. 4 except for the 30 min–2 h period band.

about 0.028 m/s. Similarly, the peak of the respective down-
ward flux (middle panel of Fig. 5) moved down from the alti-
tude of 16.4 km (“line”) to 15.35 km (“star”) with a speed of
downward movement about 0.012 m/s. It is also evident from
Fig. 6 that the peak of the upward flux of 2–7 h period band
moved from 13.25 km (“line” of top panel) to 14.9 km (“star”
of top panel) with an upward speed of about 0.019 m/s, and
the peak of the downward flux moved from 16.85 km (“line”
of middle panel) to 14.9 km (“star” of middle panel) with a
downward speed of about 0.023 m/s.

To investigate the zonal momentum flux in the quiet pe-
riod, the first 24 h averaged fluxes were re-displayed in
Fig. 7: top panel for 10–30 min period band, middle panel
for 30 min–2 h period band, and bottom panel for 2–7 h pe-
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Fig.6 Same as Fig.4 except for the 2- 7 h period band.  
 

Fig. 6. Same as Fig. 4 except for the 2–7 h period band.

riod band. The corresponding upward-flux, downward flux
and total flux were represented by “open circle”, “star” and
“line”, respectively. The upward flux (“open circle”) of zonal
momentum below 17 km for each period band (including
7∼24 h period band, not shown in Fig. 7) was dominantly
positive, while the corresponding downward flux (“star”) was
negative. In other words, the zonal momentum below 17 km
in each frequency band was dominantly eastward. This char-
acteristic is tremendously different from that of the active
period. To compare the flux magnitudes between the quiet
and the active periods, we listed the 24 h mean fluxes of the
1st 24 h (quiet day) and the 3rd 24 h (most active day) in Ta-
ble 2 and Table 3, respectively. It can be seen that the mag-
nitudes of the fluxes of zonal momentum in the quiet day
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Fig7 Expanded version of the 1st 24 hours (quiet period) averaged profiles of upward flux 

(open circle), downward flux (star),and total flux (line) of zonal momentum for 10- 30 
min periods (top panel); 30 min- 2 h periods (middle panel), and 2- 7 h periods (bottom 
panel). 

Fig. 7. Expanded version of the 1st 24 h (quiet period) averaged
profiles of upward flux (open circle), downward flux (star),and
total flux (line) of zonal momentum for 10–30 min periods (top
panel); 30 min–2 h periods (middle panel), and 2–7 h periods (bot-
tom panel).

(Table 2) were smaller than the corresponding fluxes in the
most active day (Table 3) by a factor 4∼7 in the two lower
frequency bands (2∼7 h, 7∼24 h period bands), and by a fac-
tor 17∼70 in the two higher frequency bands (10∼30 min,
30 min∼2 h period bands). In other words, the magnitudes
of the fluxes of low frequency waves (in 2∼7 h, 7∼24 h pe-
riod bands) increased by a factor of 4∼7, while the magni-
tudes of the fluxes of high frequency waves (in 10∼30 min,
30∼2 h period bands) increased by a surprisingly large factor
of 17∼70 on the way from quiet phase to active phase. Such
extraordinarily large scale of amplification in the higher fre-
quency waves might be resulted from the wave breaking of
larger scale waves.

Table 2. The 1st 24 h (quiet day) average upward flux and down-
ward flux of zonal momentum in the height 6∼17 km for different
wave periods band.

Periods band Upward flux Downward flux Total flux
(m2/s2) (m2/s2) (m2/s2)

10 min∼24 h −0.03∼0.2 0∼−0.2 0.05∼−0.2
7∼24 h −0.03∼0.08 0∼−0.17 0∼−0.2
2∼7 h 0∼0.1 0∼−0.09 0∼−0.05

30 min∼2 h 0∼0.01 0∼−0.03 0∼−0.02
10∼30 min 0∼0.003 0∼−0.004 0∼−0.003

Table 3. The 3rd 24 h (most active day) average upward flux and
downward flux of zonal momentum in the height 6∼17 km for dif-
ferent wave periods band.

Periods band Upward flux Downward flux Total flux
(m2/s2) (m2/s2) (m2/s2)

10 min∼24 h 0∼−1.3 0∼−2.1 0∼−3.4
7∼24 h 0∼−0.4 0∼−0.65 0∼−1.0
2∼7 h 0∼−0.6 0∼−0.65 0∼−1.1

30 min∼2 h 0∼−0.5 0∼−0.5 0∼−1.0
10∼30 min 0∼−0.22 0∼−0.21 0∼−0.42

2.4 Vertical profiles of induced drag

Mean profiles of induced zonal and meridional accelerations
were computed from the vertical momentum flux profiles for
each frequency band using the relation (8a) and (8b):

∂ū

∂t
= −

1

ρ0

∂

∂z

(
ρ0u

′

Uw
′

U + ρ0u
′

Dw
′

D

)
, (8a)

∂v̄

∂t
= −

1

ρ0

∂

∂z

(
ρ0v

′

Uw
′

U + ρ0v
′

Dw
′

D

)
, (8b)

where ū and v̄ are the mean zonal and meridional veloci-
ties respectively. The atmospheric density at the altitudez is
taken asρ0 (z)=1.29 exp

(
−z
/
H
)

kg
/

m3, with scale height
H=8 km. Since the numerical derivative computation can be
irrationally amplified by random error, the momentum flux
profiles were repeatedly smoothed with a 2.25 km running
mean until all the small scale random fluctuations in the flux
profiles were completely removed. The results of 72 h pro-
files were shown in Fig. 8a, and the 24 h average profiles
were shown in Fig. 8b and c.

The 72 h average profiles of density weighted momen-

tum flux ρ0

(
u′

Uw
′

U+u′

Dw
′

D

)
(marked by square) and

ρ0

(
v′

Uw
′

U+v′

Dw
′

D

)
(marked by cross) were shown for each

frequency band (1st∼4th profiles from left) and for the sum
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Fig.8a Profiles of 72 hours averaged ( )DDUU wuwu ′′+′′0ρ  (square, zonal momentum) and 

( )DDUU wvwv ′′+′′0ρ  (cross, meridional momentum) for periods of (a) 10- 30 min, (b) 30 

min– 2 h, (c) 2- 7 h, (d) 7- 24 h, and (e) 10 min- 24 h. Shown in (f) – (j) are the 
corresponding inferred accelerations. The vertical straight lines are reference lines for 
zero momentum flux (upper panel) and zero acceleration (lower panel). 

 

Fig. 8a. Profiles of 72 h averagedρ0

(
u′
U
w′
U

+u′
D
w′
D

)
(square,

zonal momentum) andρ0

(
v′
U
w′
U

+v′
D
w′
D

)
(cross, meridional mo-

mentum) for periods of(a) 10–30ṁin, (b) 30 min–2 h,(c) 2–7 h,
(d) 7–24 h, and(e)10 min–24 h. Shown in(f–j) are the correspond-
ing inferred accelerations. The vertical straight lines are reference
lines for zero momentum flux (upper panel) and zero acceleration
(lower panel).

of all wave period bands (the right-most profile) in the up-
per panel of Fig. 8a. The corresponding inferred acceleration
profiles were shown in the lower panel of Fig. 8a. The upper
panel (of Fig. 8a) revealed a tendency for the zonal momen-
tum flux to be negative and divergent at lower levels and neg-
ative and convergent at greater heights, contributing to east-
ward inferred acceleration at lower altitudes and westward
accelerations at higher altitudes as shown in the lower panel.
Such features were also revealed in March 1986 data ob-
tained by MU radar (Fritts et al., 1990). But the inferred total
zonal acceleration in this study revealed much more violent
variation over height: it was estimated to be∼+9 m/s/day at
12–13 km and∼−20 m/s/day at 18 km with smooth variation

 9

 

 
 

 
 
Fig8b Daily average profiles of density weighted zonal momentum flux (upper panel) and 

meridional momentum flux (lower panel) in the 10min- 24 h band. The 1st day fluxes 
were denoted by ‘circle’, 2nd day fluxes by ‘line’, and 3rd day by ‘star’. Notice that the 
scale of zonal component is 5 times of the scale of meridional component.     

 
 
 

Fig. 8b. Daily average profiles of density weighted zonal mo-
mentum flux (upper panel) and meridional momentum flux (lower
panel) in the 10 min–24 h band. The 1st day fluxes were denoted by
“circle”, 2nd day fluxes by “line”, and 3rd day by “star”. Notice that
the scale of zonal component is 5 times of the scale of meridional
component.

at intermediate heights. Between 8 and 13 km, the acceler-
ation decreased with decreasing height from +9 m/s/day to
+3 m/s. The magnitude of this zonal acceleration is about a
factor of 10, and the peak amplitude of the mean (density
weighted) zonal momentum flux (in whole 10 min∼24 h pe-
riod band) were about a factor of 5 larger than the corre-
sponding value of March 1986 data (Fritts et al., 1990).

The daily profiles of density- weighted zonal momen-
tum flux (upper panel) and meridional momentum flux
(lower panel) in the 10 min–24 h period range were shown in
Fig. 8b, and the corresponding inferred acceleration profiles
were shown in Fig. 8c. The 1st day data was represented by
“open circle”, the 2nd day by “line” and the 3rd day by “star”.
It is noticed that both the zonal momentum flux (open circle,
upper panel of Fig. 8b) and the inferred zonal acceleration
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in the quiet day (open circle, upper panel of Fig. 8c) were
slightly smaller than the corresponding values of March 1986
data.

2.5 On the relation between momentum flux and wave
propagation

The polarization relation between the amplitudes of zonal
componentU and the vertical componentW is known to be
(Gossard and Hooke, 1975),

W =
iω

N2 − ω2

(
ω2

− 4�2
z

ωk + i2�z`

)(
∂

∂z
+ 0

)
U

=
ω
(
ω2

− 4�2
z

)
N2 − ω2

√
m2 + 02

ω2k2 + 4�2
z`

2
ei(θ1+θ2)U (9)

where θ1= tan−1
(
ωk

2�z`

)
, θ2= tan−1

(
m
0

)
, and

0∼=3.2×10−5 m−1; N∼=1.05×10−2 s−1 (V-B frequency),
2�z∼=8.31×10−5 s−1 (inertial frequency);ω, k, ` andm are
the intrinsic frequency, zonal-, meridional-, and vertical-
wave number component respectively, and their relations
with the observed wave frequencyσ are governed by the
gravity wave dispersion equation. The zonal and vertical
components of fluctuation velocityu′ andw′ of a wave mode
with frequencyσ , wave numbersk, ` andm are given by,

u′
= U cos(kx + `y +mz− σ · t) (10a)

w′
= W cos(kx + `y +mz− σ · t)

=
ω
(
ω2

− 4�2
z

)
N2 − ω2

√
m2 + 02

ω2k2 + 4�2
z`

2

·U cos(kx + `y +mz− σ · t + θ1 + θ2) . (10b)

The vertical flux of zonal momentum is defined as the time
average ofu′w′,

u′w′ =
ω
(
ω2

− 4�2
z

)
N2 − ω2

√
m2 + 02

ω2k2 + 4�2
z`

2
U2

×cos(kx + `y +mz− σ · t)

cos(kx + `y +mz− σ · t + θ1 + θ2)
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ω
(
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− 4�2
z

)
N2 − ω2

√
m2 + 02

ω2k2 + 4�2
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2
U2

×
1

2
cos(θ1 + θ2) . (11)

Similarly, the vertical flux of meridional momentum is ob-
tained as,

v′w′=
ω
(
ω2

−4�2
z

)
N2−ω2

√
m2+02

ω2`2+4�2
zk

2
V 2

×
1

2
cos(θ3+θ2) (12)
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Fig8c Daily average profiles of the inferred acceleration by zonal momentum flux (upper 

panel) and by meridional momentum flux (lower panel) in the 10 min- 24h band. The 1st 
day acceleration were denoted by ‘circle’, 2nd day fluxes by ‘line’, and 3rd day by ‘star’. 
Notice that the scale of zonal component is 5 times of the scale of meridional component. 

 
 

Fig. 8c. Daily average profiles of the inferred acceleration by zonal
momentum flux (upper panel) and by meridional momentum flux
(lower panel) in the 10 min–24 h band. The 1st day acceleration
were denoted by “circle”, 2nd day fluxes by “line”, and 3rd day by
“star”. Notice that the scale of zonal component is 5 times of the
scale of meridional component.

where,θ3= tan−1
(

ω`
−2�zk

)
. Evidently the sign ofu′w′ and

v′w′ are decided by cos(θ1+θ2) and cos(θ3+θ1), respec-
tively. We have made numerical calculation of Eqs. (11) and
(12) along with the dispersion equation under following con-
ditions: The mean wind velocity is assumed to beu=45 m/s
andv=10 m/s; The characteristic wave periods of different
wave packets under study were 15 min, 40 min, 2 h and 8 h;
The characteristic horizontal phase speed under considera-
tion were 30, 45 and 60 m/s, and the propagation directions
expressed in terms of azimuth angle varied from 7◦ to 357◦

by a step size of 10◦. The result of calculation shows that
the sign ofu′w′ andv′w′ are always the same as the sign of
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Fig.9 Upper panel: A partial Range-Time plot of ( )2Vδ of zonal velocity converted from the 

subset ( )},{ tzuU′  using window T2Z1, by the method of phase- and group velocity 

tracing; Lower panel: The corresponding partial Range-Time plot of ( )2Vδ  for the 

subset ( )},{ tzuD′  also using window T2Z1. 

 
 

Fig. 9. Upper panel: a partial Range-Time plot of(δV )2 of zonal
velocity converted from the subset{u′

U (z, t)} using window T2Z1,
by the method of phase- and group velocity tracing; Lower panel:
The corresponding partial Range-Time plot of(δV )2 for the subset
{u′
D (z, t)} also using window T2Z1.

vgz × vgx andvgz×vgy respectively for type 1 wave pack-
ets, wherevgz ,vgx andvgy represent the vertical-, zonal- and
meridional-group velocity of the wave packet under study.
This result confirms our earlier statement that the direction
of the vertical flux is defined by the direction of the verti-
cal group velocity and a positive (negative) value of the time
averageu′w′ may represent either an upward flux of east-
ward (westward) momentum if thevgz>0 or a downward
flux of westward (eastward) momentum ifvgz<0. Therefore
the momentum flux profiles observed in the quiet day as de-
scribed in Sect. 2.3 indicated that the wave packets tended to
propagate in the same direction of the mean wind. More ex-
periments are needed to check whether this is always favored
by nature. It should also be noted that the above discussion
is based on idealized assumptions using one wave in contrast
to the nature with a superposition of different waves.

3 Wave packet analysis of vertical group velocity

Atmospheric gravity wave is a highly localized phenomenon
with its energy and momentum transported by wave packet.
The energy flux (a vector) transported by a wave packet is the
product of its energy density (a scalar) multiplied by its group
velocity (a vector). Similarly, a component of the momentum
flux (a tensor) transported by a wave packet is the product
of the corresponding component of its momentum density
(a vector) multiplied by the proper component of its group
velocity (a vector). For instance, the vertical flux of zonal
momentum is the product of the zonal momentum density
multiplied by the vertical group velocity. The mean group
velocity of the gravity waves may be estimated by averag-
ing the group velocities of all the sampled wave packets, and
the group velocity of a wave packet can be measured by the
technique called phase-and group- velocity tracing (Kuo et
al., 1998, see also Sect. B2 of Appendix B).

Previous analyses of SOUSY-Svalbard data (Kuo et al.,
2003; Kuo and R̈ottger, 2005) repeatedly showed that the
characteristic wave period (wave length) of a wave packet
was solely determined by the high frequency (large wave
number) end of the frequency (wave number) window.
Changing the low frequency (small wave number) end of
the window has very small effect on the measurement of the
characteristic wave period (wave length) of the wave packet.
Based on this understanding, we have sampled and measured
the characteristic wave periodτ , vertical phase and group ve-
locities (vpz andvgz) of the wave packets of zonal wind, us-
ing frequency windows corresponding to the period bands of
10 min–1 h, 30 min–2 h, 2–7 h, and 7–24 h, and wave num-
ber windows corresponding to vertical wave length bands of
0.7375–17.7 km, 1.475–17.7 km, 2.95–17.7 km, 5.9–17.7 km
and 8.85–17.7 km. For the convenience of discussion, we
listed the corresponding wave period band and vertical wave
length band associated with each window in Table 4. It
should be understood that due to the process of phase and
group velocity tracing, the characteristic wave periods of
the sampled wave packets could not cover short periods less
than 20 min because of the time resolution of this data set
(2.5 min), and the vertical wave length was limited to the
range 1.5 km∼14 km (see Table 5) because of the height res-
olution (∼150 m) and the observation range (∼18 km).

3.1 Examples of velocity tracing analysis of specific
wave packet

A partial Range-Time plot of(δV )2 of zonal velocity con-
verted from the subset{u′

U (z, t)} and{u′

D (z, t)}, which were
obtained using window T2Z1 (defined in Table 4), by the
method of phase- and group-velocity tracing is shown in the
upper- and lower-panel of Fig. 9, respectively. Both panels
revealed that the strongest wave packet activity appeared in
the height range around 15 km altitude, consistent with the
heights of the strongest upward momentum flux (profile b,
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Fig.10 Upper panel: A partial Range-Time plot of ( )2Vδ of  zonal velocity converted from 

the subset ( )},{ tzuU′  using window T2Z4, by the method of phase- and group velocity 

tracing; Lower panel: A partial Range-Time plot of ( )2Vδ  for the subset ( )},{ tzuD′  

also using window T2Z4.  
 

Fig. 10. Upper panel: a partial range-time plot of(δV )2 of zonal
velocity converted from the subset{u′

U (z, t)} using window T2Z4,
by the method of phase- and group velocity tracing; Lower panel:
a partial Range-Time plot of(δV )2 for the subset{u′

D (z, t)} also
using window T2Z4.

upper panel of Fig. 2) and downward momentum flux (pro-
file b, lower panel of Fig. 2). Also shown in Fig. 9 is the ve-
locity measurement of the two most energetic wave packets
(denoted by 1 and 2) in each panel. According to the method
of phase- and group-velocity- tracing, the slope of the
straight line along the middle patch (called phase line) equals
the vertical phase velocityvpz; while the slope of the straight
line across the three neighboring patches (called energy line)
equals the effective vertical group velocityvgz, and the hor-
izontal distance between two consecutive phase lines equals
one half of the characteristic wave periodτ . The results of
measurements were:vpz=−0.613 m/s,vgz=+0.148 m/s and
τ=37.9 min for wave packet (1);vpz=−0.641 m/s,vgz =

+0.258 m/s andτ=41.3 min for wave packet (2) in the upper
panel. Correspondingly,vpz=+0.712 m/s,vgz=−0.125 m/s
and τ=37.9 min for wave packet (1);vpz=+0.684 m/s,

Table 4. Wave periods bands and wave length bands corresponding
to the frequency- and wave number-windows used to sample the
wave packets for phase and group velocity tracing analysis.

windows wave period band wave length band

T2Z1 30 min–2 h 0.7375–17.7 km
T3Z1 2–7 h 0.7375–17.7 km
T4Z1 7–24 h 0.7375–17.7 km
T3Z2 2–7 h 1.475–17.7 km
T4Z2 7–24 h 1.475–17.7 km
T2Z3 30 min–2 h 2.95–17.7 km
T3Z3 2–7 h 2.95–17.7 km
T4Z3 7–24 h 2.95–17.7 km
T1Z4 10 min–1 h 5.9–17.7 km
T2Z4 30 min–2 h 5.9–17.7 km
T3Z4 2–7 h 5.9–17.7 km
T4Z4 7–24 h 5.9–17.7 km
T2Z5 30 min–2 h 8.85–17.7 km
T3Z5 2–7 h 8.85–17.7 km
T4Z5 7–24 h 8.85–17.7 km

vgz=−0.198 m/s andτ=40.1 min for wave packet (2) in the
lower panel. Not only these four energetic wave packets,
but also the absolute majority of the wave packets shown in
Fig. 9 were type 1 wave packets as expected. The measured
characteristic wave periods (≈39 min) were much closer to
the period (30 min) corresponding to the high frequency end
than the corresponding period (2 h) of the low frequency end
of the window (T2Z1) which was used to do the wave sepa-
ration. The same conclusion is also true in the wave length
measurement. Such windowing effect had been explained in
a previous paper (Kuo et al., 2003). The most interesting
phenomenon is that the upward wave packet (1) (in upper
panel) and the downward wave packet (1) (in lower panel)
occurred simultaneously at the same height, indicating that
these two wave packets might be created by one strong wave
event. The statement is also true for wave packets (2) in both
panels.

The most interesting example of the wave packet mea-
surement is presented in Fig. 10. The wave packets in
the upper panel were obtained from{u′

U (z, t)} using win-
dow T2Z4 (defined in Table 4), while the wave packets
in the lower panel were obtained from{u′

D (z, t)} also us-
ing the window T2Z4. The results of the measurements
are:vpz=−4.397 m/s,vgz=+4.474 m/s andτ=48.1 min for
the sampled packet in the upper panel, andvpz=+5.32 m/s,
vgz=−4.763 m/s andτ=44.2 min for the sampled packet
in the lower panel. Again, the characteristic wave periods
(wave lengths) were close to the period (wave length) cor-
responding to the high frequency (large wave number) end
of the window. We also notice that these two wave pack-
ets occurred simultaneously at the same heights. The the-
oretical analysis using dispersion equation yielded that: the
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Fig.11 Scattering plot of vertical wave length vs characteristic wave period for part of the 

sampled wave packets. The negative value of the wave length represents negative phase 
velocity. (Dot) Denote the wave packets sampled by the windows T2Z1, T3Z1, and 
T4Z1; (Open circle) Sampled by windows T2Z4, T3Z4 and T4Z4; (Cross) Sampled by 
the window T1Z4. 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Fig. 11. Scattering plot of vertical wave length vs characteristic
wave period for part of the sampled wave packets. The negative
value of the wave length represents negative phase velocity. Dot:
denote the wave packets sampled by the windows T2Z1, T3Z1, and
T4Z1; open circle: sampled by windows T2Z4, T3Z4 and T4Z4;
cross: sampled by the window T1Z4.

upward moving wave packet (upper panel of Fig. 10) propa-
gated in the north-west-north direction with azimuth angle of
346 degrees, and the downward moving wave packet (lower
panel of Fig. 10) propagated in the opposite direction (south-
east-south) with azimuth angle of 166 degrees. Their re-
spective horizontal wave lengths and intrinsic periods were:
54.9 km and 44.9 min for the upward moving wave packet
and 63.6 km and 46.8 min for the downward moving wave
packet. So, these two oppositely propagating wave packets
had nearly equal wave lengths and intrinsic periods. They
were seemingly resulted from a parametric sub-harmonic in-
stability, and its energy source might be related to the strong
zonal wind jet.

3.2 Statistics of vertical group velocity of upward moving
wave packets

We are interested in the vertical group velocities of only the
upward moving wave packets in this study because only the
upward flux of wave momentum and energy may possibly
be transported to the middle and upper atmosphere. Fig-
ure 11 shows the scattering plot of characteristic vertical
wave length vs. wave period for the wave packets obtained by
windows T2Z1, T3Z1, T4Z1, T2Z4, T3Z4, T4Z4 and T1Z4.
And the scattering plots of vertical group velocity vs. verti-
cal phase velocity of the wave packets obtained by windows
T2Z1, T2Z3, T2Z4 and T2Z5 were shown in Fig. 12. Among
all the 1476 wave packets (listed in Table 5) we have ana-
lyzed, only 86 were type 2 wave packets (6%), and 94% of
them were type 1 packets. This statistics confirms our pre-
sumption that the majority of wave packets are type 1. The

 14

 
 

 
 
 
Fig.12 Scattering plot of vertical phase velocity vs. vertical group velocity of the sampled 

wave packets. (Dot) Denote the wave packets sampled by the window T2Z1; (Open 
circle) Sampled by windows T2Z3 and T2Z4; (Cross) Sampled by window T2Z5. The 
solid lines are reference lines for 0=gzv  and pzgz vv −=  respectively. 

 
 
 
 

Fig. 12. Scattering plot of vertical phase velocity vs. vertical group
velocity of the sampled wave packets. Dot: denote the wave packets
sampled by the window T2Z1; open circle: sampled by windows
T2Z3 and T2Z4; cross: sampled by window T2Z5. The solid lines
are reference lines forvgz=0 andvgz=−vpz, respectively.

mean as well as the standard deviation for the measured val-
ues are summarized in Table 5, which clearly revealed that
shorter period waves moved much faster than the longer pe-
riod waves vertically on the average. The characteristic wave
period, vertical wave length and group velocity of other wave
packets can be estimated by interpolation or extrapolation
from Table 5. The vertical propagation of gravity wave is
known to be modulated by the background wind (Doppler
shift effect) in such a way that it moves faster vertically when
it propagates opposite to the mean wind. Even if the vertical
group velocity of a wave packet is not constant on its way up
to the upper atmosphere, we still found some useful informa-
tion from Fig. 12: a wave packet originated from the lower
atmosphere can reach ionosphere E-region (100 km altitude)
in less than five hours if its mean vertical group velocity is
larger than 5 m/s. Figure 12 clearly shows that there were
many sampled wave packets with characteristic wave period
∼40 min moving faster than 5 m/s vertically. By extrapola-
tion, we believe that there were many wave packets with pe-
riods∼15 min moving much faster than 5 m/s vertically.

4 Summaries and discussions

We have studied the momentum flux of gravity wave by a
technique slightly different from the conventional method.
Conventionally, the vertical flux of zonal momentum is cal-
culated by the left hand side of Eq. (6). Sinceu′w′=w′u′,
u′w′ can be interpreted either as a vertical flux of zonal
momentum or a zonal flux of vertical momentum (Gossard
and Hooke, 1975). Ifu′w′ is positive, it can be interpreted
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Table 5. Mean± standard deviation of vertical group velocityvgz, vertical phase velocityvpz, characteristic wave periodτ and vertical
wave lengthλz of the sampled wave packets.

window # of packets τ (min) vpz (m/s) vgz (m/s) λz (km)

T2Z1 384 40.4±3.98 −0.74±0.25 0.135±0.103 1.78±0.56
T3Z1 137 142.7±10.4 −0.23±0.10 0.0245±0.025 1.99±0.82
T4Z1 38 496±27.8 −0.08±0.03 0.0081±0.007 2.38±0.76
T3Z2 141 142.6±12.2 −0.41±0.13 0.073±0.09 3.48±1.10
T4Z2 20 483±24.9 −0.12±0.02 0.01±0.013 3.60±0.82
T2Z3 206 41.2±4.15 −2.10±0.51 0.799±0.678 5.15±1.16
T3Z3 79 144±12.4 −0.66±0.15 0.153±0.108 5.67±1.17
T4Z3 18 493±48.1 −0.21±0.05 0.034±0.045 6.12±1.30
T1Z4 105 33.6±3.50 −4.17±0.74 2.36±1.65 8.30±1.18
T2Z4 132 41.5±5.38 −3.55±0.86 1.91±1.07 8.67±1.64
T3Z4 45 144±11.5 −0.98±0.15 0.376±0.154 8.41±1.00
T4Z4 14 486±17.4 −0.32±0.05 0.074±0.028 9.22±1.50
T2Z5 111 42.5±5.29 −4.48±0.68 3.53±1.47 11.3±1.09
T3Z5 38 143.8±13.4 −1.41±0.20 0.741±0.58 12.0±1.19
T4Z5 8 494±43.2 −0.46±0.13 0.22±0.12 13.4±3.20

either as an upward (downward) flux of eastward (west-
ward) momentum or a eastward (westward) flux of upward
(downward) momentum. Likewise, ifu′w′ is negative, it
can be interpreted either as an upward (downward) flux of
westward (eastward) momentum or an eastward (westward)
flux of downward (upward) momentum. In contrast to the
conventional method, a double Fourier transformation must
be applied, before calculating the momentum flux by the
method in this study, to separate the phase-upward propagat-
ing waves and the phase- downward propagating waves. We
assumed that the former contribute to the downward flux of
zonal momentum (2nd term of rhs of Eq. 6) and the later con-
tribute to the upward flux of zonal momentum (1st term of the
rhs of Eq. 6) because absolute majority of wave packets were
type 1. Such assumption is necessary because we are unable
to separate the group velocity upward waves from the group
velocity downward waves directly. Then the direction of the
horizontal momentum can be decided depending on the sign
of the flux value. This process of analysis had led us to the
following findings: During the quiet day, both upward flux
and downward flux were dominated by eastward momentum
(propagating along with the mean wind). It seems that the
gravity waves prefer to propagate in the same direction of the
mean wind under quiet condition, but we need more experi-
ments to check whether this is a characteristic of nature. Dur-
ing the active days, the upward flux was dominated by west-
ward momentum (propagating opposite to the mean wind)
and the downward flux was dominated by eastward momen-
tum (propagating along with the mean wind). And, two op-
positely propagating wave packets were often observed to be
simultaneously created at the height of maximum momen-
tum flux (see Figs. 9, 10). The fact that the amplification fac-
tor (17∼70) of higher frequency waves growing from quiet
phase to active phase was much larger than the amplification

factor (4∼7) of the lower frequency waves might be resulted
from the wave breaking of larger scale waves. To support
this conjecture, a pair of oppositely propagating wave pack-
ets (see Fig. 10) was found to be seemingly resulted from
a parametric sub-harmonic instability, and its energy source
might be related to the wind jet. A detailed analysis of the
propagation directions of all the wave packets sampled in this
study and the possible non-linear processes in the wind jet
vicinity is our current subject of research.

Group velocity measurement gave us a starting point to es-
timate the time required for a wave packet to propagate from
lower stratosphere to upper atmosphere. Based on the mea-
sured characteristic wave period, vertical phase- and group-
velocities of a wave packet, its horizontal wavelengthλh and
the azimuth angleφ of the propagation direction can be esti-
mated by the dispersion equation and polarization equation.
Then, the traveling timeT of this wave packet from the start-
ing point to the upper atmosphere (if this wave packet was
not stopped by filtering, wave breaking or wave-wave inter-
action) can be calculated by numerical integration:T=

∫
dt ,

wheredt=dz
/
vgz (z) and the vertical group velocityvgz (z)

at heightz depends on the vertical profiles of the horizon-
tal mean wind and the BV frequency. The scattering plot
in Fig. 12 revealed that there were many wave packets with
characteristic period∼40 min having vertical group velocity
larger than 5 m/s. They are good candidates to be further in-
vestigated. Kuo et al. (2007) had proved by the method of
wave packet analysis that QP echoes were most likely re-
sulted from the modulation by upward propagating gravity
waves with periods less than 10 min. Then simultaneous ob-
servation of ionosphere E-region and lower atmosphere to
track down the source of QP echoes directly may be mean-
ingful.
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Fig. A1.

There is some limitation on the wave packet analysis. The
time resolution (2.5 min) limits the characteristic wave pe-
riod of the sampled wave packets to be no smaller than
25 min, and the total observation range (∼18 km) limits the
characteristic vertical wave length to be no larger than 14 km.
Since the wave packet with smaller wave period and larger
vertical wave length moves faster vertically, and they would
be sooner than others to reach upper atmosphere (if they can
reach before breaking or disappearing by energy dissipation).
In our analysis, the very fast moving wave packets (e.g. wave
packets with period∼15 min) could not be sampled because
of the limitation, but they can be estimated indirectly through
extrapolation from the sampled packets.

Appendix A

Error estimation of velocity measurement by dual
beam method

Equation (2a) and (2b) in the text represent respectively the
average (or, linear interpolation) of the eastward velocityu

and vertical velocityw obtained by eastward and westward
oblique beams at the same height (but different locations).
We may approximately assign such value as the velocity at
the symmetric center C of the two locations (E and W) de-
tected by the two beams at the same heightz (see Fig. A1).
This symmetric center is located along the vertical axis on
the earth. Let’s denote the coordinate of point C by (0,z),
point E by (x, z) and point W by (−x, z). Then consider
a gravity wave at heightz with zonal wavelengthλx . If the
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Fig. A2.

Table A1.

λx
2x 4 8 16

1η 0.7854 0.3927 0.1963
Error −29.3% −7.61% −1.92%

zonal velocity contributed by this wave at point C can be rep-
resented by,

u(C) = A cosη (A1)

Then, the zonal velocities contributed by this wave at point
E and W can be represented by Eqs. (A2) and (A3), respec-
tively,

u(E) = A cos(η +1η) (A2)

u(W) = A cos(η −1η) . (A3)

where1η=2πx
/
λx is the phase difference between points C

and E. By Taylor’s series expansion of cos(η+1η) and
cos(η−1η), we obtain the average ofu(E) andu(W) to be,

u =
u(E) + u(W)

2

= cos(η)

{
1 −

(1η)2

2
+
(1η)4

24
− + · · · ··

}
. (A4)

The percentage difference between the true velocityu(C) at
point C and the velocityu obtained by the dual beam method
is,

Error =
u− u(C)

u(C)
× 100%

∼=

(
−
(1η)2

2
+
(1η)4

24

)
× 100%. (A5)

Some numerical values yielded by Eq. (A5) are listed in Ta-
ble A1, which reveals that if the zonal wavelengthλx is a
factor of 8 larger than the horizontal distance 2x between
points E and W, the percentage error resulted from the dual
beam method will be less than 8%, and the error decreases
with increasing value of the ratioλx

/
x. The geometrical
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Table A2.

z (km) 2 5 10 15 20 25

λmin (km) 5.64 14.1 28.2 42.3 56.4 70.5

meaning of this numerical calculation can be further under-
stood by a sketch of a sinusoidal wave (Fig. A2). As Fig. A2
shows, when a sinusoidal curve (of one wavelength) is di-
vided into 8 equidistance sections, each section is approxi-
mately a straight line. Therefore, the linear interpolation is a
reasonable approximation ifλx

/
2x>8 for sinusoidal wave.

The above statements are equally true for the dual beam mea-
surement along any azimuthal direction. Namely, if the hori-
zontal wavelength measured along the azimuthal direction of
the relevant beam pair is a factor of 8 larger than the hori-
zontal spacing between the radar volumes of the 2 opposite
beams, then the errors are less than 8%.

In the case of this study,x=z· tan 10◦, so the phase dif-
ference1η increases with increasing height. At the altitude
z=15 km, the distance between the two observation locations
E and W is 2x=5.25 km. Imagine a wave packet with char-
acteristic horizontal wave lengthλh=30 km to propagate at
this height in the direction with azimuth angle ofϕ=45◦.
The characteristic zonal wavelength of this imagined wave
packet isλx=λh/ sinϕ=42.4 km, satisfying the condition of
λx
/

2x>8. At altitudes of 2, 5, 10, 15, 20 and 25 km, the
useful minimum wavelengthλmin (required by dual beam
method) along the azimuthal direction of the relevant beam
pair can be estimated by Eq. (A6),

λmin = 16 · z · tan 10◦ , (A6)

and the results are listed in Table A2.

To check the validity of the dual beam method for the cal-
culation of momentum flux in this study, we had analyzed
the wave packets from the 30 min–2 h, 2–7 h and 7–24 h pe-
riod bands of this study by the dispersion equation to obtain
their characteristic intrinsic frequencies and horizontal wave
lengthsλh, under the assumption that the mean zonal wind
velocity was 37 m/s and the mean meridional wind velocity
was 8 m/s. The mean characteristic horizontal wave lengths
(regardless of their propagation direction) were found to be
62 km, 264 km, and 1028 km for the sampled wave packets
from the 30 min–2 h period band, 2–7 h period band and 7–
24 h period band, respectively. They were large enough to
confirm statistically that the absolute majority of the sam-
pled wave packets satisfied the condition ofλx

/
2x>8. So,

the dual beam method (Eqs. 2a and 2b in the text) is valid to
determine the gravity wave values foru andw in the present
case of study.

Appendix B

Procedure of wave packet analysis of phase and
group velocity

B1 Separation of upward waves and downward waves

Consider an oscillation profile of the meridional (zonal) wind
velocity of atmospheric motionψ (z, t) as a function of
heightz and timet . First we make finite Fourier transfor-
mation ofψ (z, t) over the height coordinatez at each fixed
time t to obtain the coefficientsAn (t) andBn (t) of the func-
tion cos(nz) and the function sin(nz), respectively:

ψ (z, t) =

∑
n

{An (t) · cos(nz)+ Bn (t) · sin(nz) } (B1)

Then, finite Fourier transformations are made on eachAn (t)

andBn (t) over timet :

An (t) =

∑
σ

{
A(1)nσ · cos(σ t)+ B(1)nσ · sin(σ t)

}
(B2a)

Bn (t) =

∑
σ

{
A(2)nσ · cos(σ t)+ B(2)nσ · sin(σ t)

}
, (B2b)

wheren andσ represent the vertical wave-number and the
observed frequency of the component wave respectively.
Substituting Eqs. (B2a) and (B2b) back into Eq. (B1) with
some algebra manipulations, we obtain

ψ (z, t) =

∑
n,σ

1
2

{(
A
(1)
nσ + B

(2)
nσ

)
· cos(σ t − nz)

+

(
B(1)nσ − A(2)nσ

)
· sin(σ t − nz)

}
+

∑
n,σ

1
2

{(
A
(1)
nσ − B

(2)
nσ

)
· cos(σ t + nz)

+

(
B(1)nσ + A(2)nσ

)
· sin(σ t + nz)

}
. (B3)

The first term in Eq. (B3) represents the contributions from
all the waves with upward phase velocities, and the sec-
ond term comes from the contributions of all the waves
with downward phase velocities. Thus, the original oscilla-
tion profileψ (z, t) can be divided into phase-upward profile
U (z, t) and phase-downward profileD (z, t):

U (z, t) =

∑
n,σ

1
2

{(
A
(1)
nσ + B

(2)
nσ

)
· cos(σ t − nz)

+

(
B(1)nσ − A(2)nσ

)
· sin(σ t − nz)

}
(B4a)

D (z, t) =

∑
n,σ

1
2

{(
A
(1)
nσ − B

(2)
nσ

)
· cos(σ t + nz)

+

(
B(1)nσ + A(2)nσ

)
· sin(σ t + nz)

}
. (B4b)

Notice that the summations are made over selected frequency
window and wave number window case by case. We shall
analyzeU (z, t) andD (z, t) instead of the original data set
ψ (z, t).
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B2 Method of phase- and group-velocity tracing

A Range-Time plot of the local power of fluctuation of
8(z, t) (representing eitherU (z, t) or D (z, t)) can be ob-
tained by following procedure (Kuo et al., 1998): at each
time stepti=i1t and heightzk=k1z, a time series ofN data
points (N is chosen to be 15 in this paper) is defined by,{
8`k=8(zk, t`) , `=i−

N
2 , i−

N
2 +1, ..., i+N

2

}
. (B5)

First, to remove contribution from very long period wave, a
linear trend of this time series (Eq. B5),y=at+b, is obtained
by the method of least square fitting, then a new time series
(Eq. B6) is obtained from Eq. (A5) by subtracting its linear
trend:{
8′

`k=8`k−at`−b, `=i−
N
2 , i−

N
2 +1, ..., i+N

2

}
. (B6)

Then, the time series (Eq. B6) is Fourier analyzed to obtain
the powerPki of the first harmonic. ConsideringPki as an in-
dex of the strength of the wave activity at heightzk and time
ti , we plot the matrix[Pki ] as an Range-Time plot for inves-
tigation (We use contour plot to represent the Range-Time
plot in this paper). Numerical simulation study (Kuo et al.,
1998) showed that when a wave packet is propagating, pack-
ets with high regularity would exist in the Range-Time plot.
It was shown that the same phase points of the characteristic
wave component of the wave packet (patch) form a straight
line called phase trajectory (phase line), while the centers of
the neighboring packets (patches) form another straight line
called energy trajectory (energy line). It was also noticed that
the former determines the direction of the phase progression
and the latter constitutes the direction of energy propagation.
Therefore the slope of the phase trajectory is just the phase
velocity and the slope of the energy trajectory is the group
velocity of the wave packet. Also, the horizontal distance
between two consecutive packets (corresponding to the peaks
and the dips in the oscillation profile) equals one half of the
period of the characteristic wave component of the packet.
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