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Abstract. A physical model for the existence of bipolar
structures in the electric field that are parallel to the magnetic
field and observed in the auroral ionosphere, is established
by deriving the “Sagdeev potential” from the two-fluid equa-
tions in a cylindrical coordinate system. The model shows
that the bipolar electric field structure can develop not only
from an ion acoustic wave, but also from an ion cyclotron
wave, when the Mach number and the initial electric field
satisfy certain conditions. Moreover, in the auroral region, it
shows that the polarity of this electric field structure can be
oriented either negative to positive or the reverse polarity, its
amplitude can be varied from 35 to 330 mV/m, and its du-
ration can be 7 ms to 23 ms. These results are in agreement
with observation. Therefore, our two-fluid model can inter-
pret the bipolar structures observed in the auroral ionosphere.

Keywords. Space plasma physics (Electrostatic structures;
Kinetic and MHD theory; Nonlinear phenomena)

1 Introduction

The Cluster satellites have observed Electric Field Solitary
(EFS) waves, moving parallel to the magnetic field direction,
in many space plasma regions, such as the solar wind, mag-
netosheath, magnetotail, and in the auroral zone (Pickett et
al., 2004; Marklund et al., 2004). Indeed, the EFS waves
were first observed in the auroral zone by the S3-3 (Temerin
et al., 1982) and Viking satellites (Boström et al., 1988). The
EFS waves are bipolar structures (one negative peak and one
positive peak) moving in the direction parallel to the back-
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ground magnetic field. Mozer et al. (1997), for example, re-
ported a Polar satellite observation of electrostatic solitary
waves (i.e. EFS) with amplitudes larger (∼200 mV/m) than
any previously reported in the auroral acceleration region,
moving along the magnetic field lines at frequencies associ-
ated with the proton cyclotron mode. In addition, Bounds et
al. (1999) and Dombeck et al. (2001) reported Polar obser-
vations of bipolar EFS structures similar to those observed
previously by the S3-3 and Viking satellites and inferred the
EFS structures to be negative potential pulses traveling up-
ward along the auroral magnetic field lines. Along with ion
solitary waves, electron solitary waves have also been ob-
served in the auroral region (Malsov et al., 1993; Ergun et
al., 1998; Newmann et al., 2002; Marklund et al., 2004).
For the bipolar EFS wave observation, no associated density
measurements are reported up to now. But there have been
observations of density solitons associated with general elec-
tric field solitary structure from the Freja satellite (Dovner et
al., 1994; Chen et al., 2000).

For the ion solitary waves, Fig. 1 shows an example of a
sequence of bipolar EFS structures observed by Polar in the
southern auroral zone at an altitude of∼5478 km and during
a 0.7-s interval after 11:03:41.3 UT on 30 May 1996. One
can see that the bipolar structures go from negative to posi-
tive with amplitudes up to 140 mV/m and durations of about
10 ms while other observations (Ergun et al., 2002) show
that the bipolar structures may sometimes go from positive
to negative.

Solitary structures in space plasmas have also been
studied theoretically by some authors using a two-fluid
model. Ion solitary density waves were described as rar-
efaction ion-acoustic solitary waves and their analysis has
been based on a weakly nonlinear theory such as the
K-dV (Kortweg-deVries) equation (Washimi and Taniuti,
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Figure-1 
 
 
 
 
 
 
 
 

 
 
 

Fig. 1. Example of bipolar electric field pulses parallel to the magnetic field (i.e. z-direction) observed by Polar satellite in the auroral
acceleration region (Bounds et al., 1999).

1966). Furthermore, Maxon and Viecelli (1974) studied
small-amplitude cylindrically symmetric ion acoustic den-
sity waves in the plasma. Shukla and Yu (1978) and Ray
(1979) showed that finite amplitude ion acoustic density soli-
tons propagating obliquely to an external magnetic field can
also occur. Nonlinear electrostatic density waves propagat-
ing nearly perpendicular to the magnetic field have been stud-
ied by Chaturvedi (1976) and Temerin et al. (1979) and Lee
and Kan (1981) used the exact ion dynamics formulation to
show that nonlinear ion-acoustic density waves and solitons
propagating obliquely to the magnetic field, can occur in a
low-β magnetized plasma.

Nonlinear periodic density waves in a cylindrically sym-
metric magnetic tube have been studied by Molotovshchikov
and Ruderman (1987) and Kalita and Bhatta (1994) investi-
gated ion-acoustic solitary density waves, carrying an elec-
tron drift, in a warm magnetized plasma. Treumann et
al. (1990) investigated a stationary solution for Alfvén soli-
tons (density) propagating obliquely in a homogeneous mag-
netic field and Wahlund et al. (1994) investigated the rela-
tionship between Alfv́en wave activity and ion acoustic wave
activity within the auroral energization regions. Witt and
Lotko (1983) studied ion-acoustic solitary waves, including
the electric field that is perpendicular to the magnetic field,
in a low-β magnetized plasma having an arbitrary electron
equation of state. Muschietti et al. (1999, 2002) described
electron solitary waves as BGK (Bernstein-Greene-Kruskal)
electron phase-space holes while Dubouloz et al. (1991) have
described them as electron acoustic waves.

In this paper, by considering the structure of bipolar elec-
tric field solitary waves, we present a two-fluid model for
ions in a low-β magnetized plasma with cylindrical sym-
metry and derive the “Sagdeev potential” from the two-fluid
equations. The results from our model show that the bipolar
electric field structure propagating along the magnetic field
line can develop not only from ion acoustic waves but also
from ion cyclotron waves. The results from our model are
consistent with observations.

2 Physical model

We assume that waves have been excited in a general plasma
satisfying ambient conditions as follows:

1. The fluid consists of electrons and ions, and plasma
β�1 which implies that plasma pressure is much
smaller than magnetic pressure.

2. The magnetic field is directed along the Z-axis:
B=B0eZ (B0 is constant,eZ is the unit vector along Z-
axis). In consequence, we are merely looking for elec-
trostatic solutions and the magnetic field will be pas-
sively taken into account in the gyrofrequency.

3. The phase velocity satisfiesvT i�vp/γ�vT e (here
vα=(2Tα/mα)1/2 is the particle thermal velocity,Tα
andmα are particle energy and mass, subscript “i” de-
notes the ions and “e” denotes the electrons,vp is phase
velocity, θ is the angle between the wave vectork and
eZ, andγ=cosθ ), so that the Landau damping can be
neglected.

4. The wave scaleλ�λD(λD is the Debye radius), so
charge separation effects can be neglected and the quasi-
neutrality condition is may be applied, i.e.n≈ne≈ni (n
is the particle number density).

Neglecting the electron inertia because the electron mass is
much smaller than the ion mass, and using a cylindrical co-
ordinate system, the two-fluid equations for the ions can be
written as
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with

p = nTi (5)

n = ni ≈ ne ≈ n0 exp(eφ
/
Te), (6)

wherep is the thermal pressure,e is the elementary charge,
φ is the electric potential,v is the ion velocity andn0 is con-
stant. First, we make a linear approximation for the two-
fluid Eqs. (1–4). Assuming that a small amplitude distur-
bance takes place in the background plasma, we linearize
the Eqs. (1–4), and obtain the linear dispersion relation as
ω2
(
ω2

−aC2
s k

2
) (

ω2
−�2

i

)
=0. Hereω is the wave fre-

quency, the coefficienta=Ti/Te+1, Cs=(Te/mi)1/2 is the
ion acoustic velocity,k is wave number, and�i=eB0/(mic)
is ion gyrofrequency. From dispersion relation, we obtain,
ω2

=a C2
s k

2 andω2
=�2

i , which show that an ion acoustic
wave and an ion cyclotron wave, respectively, can be excited
in the plasma described by our model and can probably de-
velop into nonlinear waves.

In order to find the nonlinear solutions of the two-fluid
Eqs. (1–6), we introduce the following dimensionless quanti-
ties:N=n/n0, τ=�i t , R=r/ρi , Z=z/ρi , V=v/Cs ,8 =eφ/Te,
M=vp/Cs , vp=ω/k (here ρi is the ion gyroradius). We
look for solutions of Eqs. (1–6) that depend onr,θ, z, and
t through the variable

S = (krr + kzz− ωt)�i/ω = (αR + γZ − τM)/M, (7)

whereα=sinθ, kr andkz are the components ofk in the di-
rection ofr andz. If we considerK || B, i.e. the wave prop-
agation along the magnetic field lines so that,α=0 andγ=1,
then from Eqs. (1–7), we can obtain
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where, according to the Eqs. (5) and (6),

N = exp(8). (12)

By integrating Eq. (11) with the boundary conditions
V|s=0=0, N |s=0=1, theVz can be written as

Vz = M
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. (13)

By substituting Eq. (13) into Eqs. (8–10), we can write
Eqs. (8–10), respectively, as
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We now solve the differential Eq. (15) forVθ and substitute
Vθ into Eq. (16) to obtaindVR/dS, and then using Eq. (14),
we obtain
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Multiplying the term in brackets ( ) in the left-hand side of
the above equation on both sides of Eq. (17), and following
the integration by using the boundary conditionV|s=0=0, N
|s=0=1, we obtain

1
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HereE0 is the initial value ofE andE=−1/N ·dN/dS ac-
cording to Eq. (12). Considering Eq. (18), we obtain

E = ±

√
−

2

N2
ψ(N). (20)

Equation (18) is analogous to the energy integral of a classi-
cal particle in a 1-D “potential well”.9(N) is the so-called
the “Sagdeev potential”. From Eq. (18), we can analyze the
nonlinear plasma density solution and from Eq. (20), we can
analyze the electric field structure.

3 Analysis and discussion

From Eqs. (18) and (19), solutions for nonlinear waves can
be obtained if the parameters lead to a “Sagdeev potential”
9(N)<0. Our numerical solutions show that the waveform
will be different if 9(N) has different properties. Here, we
chooseS as the variable, that means the wave structure is
investigated in the coordinate system moving together with
the wave.

By analyzing the property of the “Sagdeev potential”
9(N), we find that when the plasma parameters satisfy ei-
ther of the conditions below∣∣∣(a/M2

− 1)Eo
∣∣∣ = 1, a/M2 < 1, Gm > 2 (21)
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Figure 2
Fig. 2. Profile of “Sagdeev potential”, associated density soliton
and EFS structures.(a) The “Sagdeev potential”9(N) for the con-
ditions (17–19) is plotted as a function ofN . (b) Density soliton
corresponding to9(N) with a/M2=0.25 and|E0|=1.33. (c) Bipo-
lar electric field structure corresponding to the density soliton when
E0<0. (d) Bipolar electric field structure corresponding to the den-
sity soliton whenE0>0. We chose the magnetic field direction as
thez-direction (also S direction) in our model.

∣∣∣(a/M2
− 1)Eo

∣∣∣ > 1, a/M2 < 1 (22)

∣∣∣(a/M2
− 1)Eo

∣∣∣ > 1, a/M2 > 1,

Gm ≤ 1 +

∣∣∣(a/M2
− 1)Eo

∣∣∣ (23)

where

Gm =

√
a/M2 exp

[
(1 − a/M2)/ (2a/M2)

]
(24)

there will beN0=exp(M2/(2a))>1, and9(N) has the prop-
erties:9(0)→0,9(N0)=0,9 ′(0)→0,9 ′(N0)>1,9(N)<0
for 0<N<N0 (see Fig. 2a).

From Fig. 2a we can see that the9(N) has two zero values
atN=0 and atN=N0, and9(N) is negative between these
two points. So, Eq. (18) has a solution corresponding to a
density soliton and Eq. (20) has a solution of a bipolar-like
EFS. Therefore, Eqs. (21), (22) and (23) are the conditions
for the existence of a soliton with a density hump and EFS
waves.

Figure 2b gives the numerical solution of the typical den-
sity soliton wave fora/M2=0.25 and|E0|=1.33 under the
condition (21). From Fig. 2b, we can see that the normalized
density reaches a maximum value of 2.95. Corresponding
to Fig. 2b, we can obtain the electric field waveform from
Eq. (20) under the same condition (21). Figure 2c shows a
typical EFS waveform for the condition (21) when the initial
electric fieldE0 is negative. From Fig. 2c, we can see that
the electric field has a bipolar structure going from negative
to positive and has amplitude of 1.58. When the initial elec-
tric field E0 is positive, the EFS waveform for the condition
(21) will take a form with opposite polarity, i.e. first positive
and then negative (see Fig. 2d).

From Fig. 2b, we should note that the density of the soli-
tary wave gradually approaches zero at the boundary of the
solitary wave (i.e. theoretically,S goes to infinity). If the den-
sity of the solitary wave alongS is integrating from negative
infinity to positive infinity in the wave frame, we find that the
ion total number remains the same as that before the wave be-
comes excited. This is conceivable in physics because both
ion source and ion sink are not included in our model and
the total ion number should be conserved. In fact, the soli-
tary wave is only a localized structure in the vast background
medium and its boundaries are still confined within a small
area in the background medium but do not cover the whole
background medium. In real plasma situation, when the ab-
solute value ofS is big enough, the density of the solitary
wave will become very small and merge into other distur-
bance. Therefore, the boundary condition in our model is
also conceivable in physics.

Figure 2 only shows a typical example of9(N), the den-
sity soliton, and the EFS waveform for the condition (21).
For the conditions (22) and (23), the waveform for the den-
sity soliton and the electric field structure are similar to that
for condition (21). From our model, we can see that an
electrostatic density soliton can exist in a low-β geo-space
plasma with cylindrical symmetry and propagate along the
magnetic field when the plasma parameters, Mach number
M, ratio of ion temperature and electron temperaturea, as
well as the initial electric fieldE0 in the plasma satisfy the
conditions (21–23). Moreover, corresponding to the density
soliton, the solitary bipolar electric field structures of both
polarities “first negative then positive” and “first positive and
then negative” moving parallel to the magnetic field can also
exist in space plasmas.

Figure 3 depicts how the bipolar EFS structure moving
parallel to the local magnetic field could appear in the space-
craft frame. In Fig. 3, the star presents the satellite and the
curve presents the bipolar EFS structure. We know that in the
polar region the Polar spacecraft is moving almost perpendic-
ular to the magnetic field with a velocityVs<7.9 km/s. From
our model, we calculated that the bipolar structure moves
with a phase speed ofVp>80 km/s along the magnetic field
and the duration of the bipolar EFS structures lies between 7
to 23 ms (see next paragraph). Therefore, the satellite speed
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Vs would be much less than the phase speedVp. The solitary
structure has a very short time period of the order of tens of
millisecond and moves with a very high speed as compared
to the spacecraft, so the spacecraft speed can be neglected.
Thus the spacecraft essentially appears to be stationary as
the bipolar EFS structure passes along the spacecraft in the
wave frame. Hence, the structure will appear as in Fig. 3 or
as in the time series data shown in Fig. 1 in the spacecraft
frame.

Now let us make a simple comparison between the typ-
ical observations and the results from our model for maxi-
mum electric field and time duration of the bipolar electric
field. From our model, for the wave propagation parallel
to the ambient magnetic field, the parameterS in Eq. (7)
can be written asS= (kz·z/ω−t) �i=

(
z/vp−t

)
�i . We

take the EFS structure size asρi=Cs/�i , andM=vp/Cs ,
the time duration of the EFS structure can be written as
t=(1/M−S)/�i . According to the electric field normaliza-
tion and Eq. (7), the amplitude of electric field can be written
as t=∂ϕ/∂z=(Te/e)∂(8)/∂S·∂S/∂z. As ∂S/∂z=�i /vp, we
can obtain the electric field as E= Te/e·�i /(CsM) · |EM |,
where |EM | is the normalized amplitude of bipolar EFS
structures from our model. According to the observations
at the orbits of Polar and Fast in the auroral zone, the ion cy-
clotron frequencyfci is about 100 Hz, the electron tempera-
ture ranges from 6 eV to 25 eV. Therefore, theCs will range
from about 30 km/s to 63 km/s. If we take possible values
of M from 2 to 3.3,S from 5 to 15 and|EM | from 1.12 to
1.7 into account, the duration of the bipolar EFS structures
will lie between 7 to 23 ms and their amplitude would be
from 35 mV/m to 330 mV/m. Moreover, the phase speed of
the bipolar structures from our model would vary from 60 to
200 km/s. In particular, for the Fig. 2c and d, we obtain the
duration of the bipolar EFS structure of about 11.8 ms and
an amplitude of about 142 mV/m. This is consistent with
the observations in Fig. 1 in particular, where the duration of
bipolar structure is about 10 ms and the electric field ampli-
tude is about 140 mV/m with phase speed 170 km/s (Bounds
et al., 1999) and in general, when the duration of the bipolar
structure ranges from 2 ms to 20 ms, the electric field am-
plitude ranges between 50 mV/m to 200 mV/m (Mozer et al.,
1997; Bounds et al., 1999; Ergun et al., 2003). Therefore, our
two-fluid model can interpret the bipolar structures observed
in the auroral ionosphere.

4 Conclusion

Bipolar EFS structures observed by various satellites in the
auroral region can be formed by the large amplitude ion-
acoustic and ion-cyclotron waves. These bipolar EFS struc-
tures are partially responsible for the acceleration of lo-
cal plasma to produce magnetic-field-aligned ion-beams that
produce discrete auroras and populate the magnetosphere
with plasma of ionospheric origin (Mozer et al., 1980). In

Fig. 3. A carton depicts how the bipolar EFS structure moving par-
allel to the local magnetic field could appear in the spacecraft frame.

this paper, we consider the three-component ion velocities
and proposed a 1-D ion model for the EFS wave propagated
along the magnetic field line. Therefore, we could not ob-
tain the transverse size of the wave. But for the wave scale
in the field aligned direction, it is easy to be estimated. If
we take the phase speed of the bipolar structures from 60
to 200 km/s and the duration of the bipolar EFS structures
from 7 to 23 ms, the field-aligned size of the wave will be
from 0.4 km to 4.6 km. This is consistent with the observa-
tion of ion solitary waves. Furthermore, it should be men-
tioned that we are merely looking for electrostatic solutions.
The magnetic field is passively taken into account in the gy-
rofrequency. In addition, the required dispersion effect to
maintain the nonlinear waves arises from the magnetic force
in our study model.

For ion-cyclotron waves its structure must be wider than
2 ion gyroradiiρi . It meansρ/ρi>2 and we can obtain
Cs /(�iρi) >2. If taking�iρi as (Ti / mi)1/2 into account,
we can obtainTe/Ti>4. It implies that the ratio of ion
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temperature to electron temperature should be less than 0.25.
So, we set a restriction on the ion temperature. Furthermore,
in our model the conditionvT i�vp/γ�vT e, is also essen-
tial for the EFS waves to exist. It implies that the condition
(2(a−1))1/2�M� (2mi/me)1/2 is satisfied. As the ion mass
and the electron mass satisfy (2mi/me)1/2≈60, the ratio of
a−1=Ti/Te should be small enough to prevent the waves
from being affected by Landau damping. This is another
restriction on the ion temperature. The two restrictions are
consistent.

A two-fluid model is proposed in this paper to interpret
the bipolar electric field structures frequently observed by
satellites in space plasmas, especially in the auroral region.
First, a linear analysis is made for the two-fluid equations to
look for mechanisms for the development of a soliton. Then,
the “Sagdeev potential” is strictly derived from the two-fluid
equations in a cylindrical coordinate system. The results
show that EFS waves are bipolar structures and can be of
both polarities (first negative then positive, or first positive
then negative) depending on the initial value of the electric
fieldE0 (negative or positive, respectively). The EFS waves
develop not only from ion acoustic waves but also from ion
cyclotron waves when the Mach numberM and the initial
electric fieldE0 satisfy certain conditions. Using the values
of the parameters observed by satellites in appropriate posi-
tions in the auroral zone for calculation with our model, the
amplitude and the duration of the bipolar EFS waves can be
from 35 to 330 mV/m and range from 7 ms to about 23 ms,
respectively. These values are in agreement with observation.
Therefore, our model can interpret the EFS waves observed
in the auroral region.
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