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Abstract. In this paper we present results concerning pe-cation is based on the wave’s magnetic field polarity, rather
riods and polarizations of cold plasma ultra-low frequencythan on that of the electric field) contribute to particle accel-
(ULF) guided Alfven waves in a non-axisymmetric geomag- eration while the waves with a radial electric field (toroidal
netic field. The background geomagnetic field is approxi-modes) do not.

mated by a compressed dipole for which we propose a simple Elkington et al.(2003 considered energization of MeV
description in terms of Euler potentials. This study is moti- energy electrons by ULF waves in a non-axisymmetric com-
vated by the problem of outer-radiation belt electron accelerpressed dipole model for the magnetosphere. They restricted
ation by ULF waves, for which the polarization of the wave their study to equatorially mirroring particles only and as-
is of paramount importance. We consider an approximationsumed, somewhat simplistically, that the electric field of the
appropriate to decoupled Aénic waves and find that the ULF waves was either exactly radial or exactly azimuthal
polarization of the waves can change significantly with localand was characterized by a single frequency. In the absence
time. Therefore, the ULF wave’s contribution to the MeV of ULF waves, conservation of the magnetic moment of the
electron energization process can be localized in space.  particles requires that, to first order, electrons in the equa-

Keywords. Magnetospheric physics (Energetic particles, torial plane drift alqng contours of colnstant magnetic field.
trapped; MHD waves and instabilities) — Space pIasmaThUS’ the acceleration by ULF waves in the modetding-

physics (Kinetic and MHD theory; Wave-particle interac- ton et al. (2003 appears simply as a geometrical effect, since
tions) the lines of constant magnetic field are no longer circles. In

fact, however, the polarization of the ULF waves has to be
computed self-consistently and may differ from either purely
radial or azimuthal.Elkington et al.(2003 also implicitly
assumed that the frequencies of poloidal and toroidal waves
. are the same, which is usually not the case, at least not for
It has been long accepteBd@stoker et a).1998 Mathie and the fundamental mode (e.Gummings et al.1969. The as-

Mann 200Q Elkington et al, 2003 O’Brien et al, 2003 . :
. . ) sumptions oElkington et al (2003 are perfectly reasonable
Elkington, 2009 that one of the mechanisms potentially re- and natural if one concentrates on the two-dimensional dy-

sponsible for the acceleration of electrons in the outer radia- _ . ,
. . L . . namics of the equatorial electrons. However, recent progress
tion belts is their interaction with ultra-low frequency (ULF) d prog

. ) .in ULF wave modeling allows us to assess those assumptions
waves in the Pc 5 frequency range. The effectiveness of thi g P

. . . . ore carefully, and to refine some of them.
acceleration mechanism depends crucially on the polariza- In thi " we br novel three-dimensional gen
tion of the waves, since the necessary condition for energy S paper we propose a novel tnree ensional ge

transfer from the wave to the particle is that the wave has art ralization_of the two-dimensional comp_resseql dipole field
electric field component parallel to the drift velocity of the used byElkington et al(2003. Our three-dimensional back-

particle (e.gNorthrop 1963 p. 10). Thus, in dipolar back- tgrtl)und mgtgnetltl:s;‘;eld |sthscr|bEd |r.1ttem1_s Olf Eluler poten-
ground magnetic field ULF waves with an azimuthal electric rllziiezt(?c.)?.st:c;ine < Wgcr\]N re;(;uirn;ak:c?vxllle%zrelccl)'lf ?LZ ﬁagvsel;r
field (referred to as poloidal modes, since the usual ClaSSIfl_faces (e.gD'haeseleer et 311991 Northrop 1963. The
Correspondence tK. Kabin compressed dipole model includes interplanetary magnetic
(kabin@phys.ualberta.ca) field (IMF), open, and closed field lines and somewhat
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realistically mimics the compression of the day-side mag-Herer, 0, ¢ are the usual spherical coordinates witmea-
netosphere and stretching of the magnetotail on the nightsured in Earth radii an®g is the equatorial strength of the
side. Next, we apply to this field a recently developed stand-dipole field atr=1. The parameters; andb, describe the

ing shear Alfien wave modelRankin et al. 200§ which distortion of the dipole fieldb; can be interpreted as a quan-
allows us to compute self-consistently both the frequencytity related to the IMF strength arig is a non-dimensional
and polarization of the standing shear Afvwave in the  parameter responsible for the azimuthal asymmetry of the re-
cold plasma approximation. This allows us to test, for thesulting field (influenced, to a large degree, by the solar wind
first time, some of the assumptions useddikington et al.  dynamic pressure). The parametercan, in principle, be
(2003. Not surprisingly, we find in contrast to the assump- arbitrary (subject tan>2 to avoid a singularity in the mag-
tions of EIkington et al.(2003 that the contours of constant netic field along the dipole axis), however we set ititg2 in
magnetic field do not coincide with the contours of constantthe following study as this choice gives a realistically look-
frequency of the free oscillations of the field lines. More ing field and has an additional advantage of simplifying the
importantly, we find that the polarizations of the decoupledalgebra.

Alfv én wave modes can deviate significantly from the pure The above expressions for the Euler potentials represent
radial or pure azimuthal modes assumeddikington et al.  an obvious generalization of the well-known expressions for
(2003. As the degree of asymmetry of the background mag-a dipole field, with which they coincide #1=0. Asr be-
netic field increases, these waves can no longer be describetbmes small, the magnetic field asymptotically approaches
as either poloidal or toroidal and exhibit increasingly mixed that of a dipole field. Magnetic field topology in this com-
characteristics. Polarization properties of a single mode ofressed dipole is the same as in vacuum superposition mod-
the ULF Alfvén waves also change with magnetic local time els as described, for example, Bpwley (1973.

(MLT), so that waves with equatorial electric field essentially The magnetic field corresponding to Euler potentials
perpendicular to the particle trajectory in some sectors (and(Eqg. 1) is

therefore, contributing little to the energization of the outer

radiation belt electrons) but may have a significant electricg — ¢ (@ —b1(1+ by cos¢)) cosd

. . . . T 3

field component along the particle trajectory in other sectors r

(where they may effectively contribute to particle energiza-
tion).

Note that in models with a more realistic time-dependence .
for toroidal Alfvén wave excitation by fast mode waves, the At the equatord=r/2) this field reduces to
local polarization at the resonance evolves with time (e.g. Bo
Mann et al, 1995. Similarly, for the excitation of dom- ~B(¢) = —3 + ba(1+ bz cos¢)

inantly poloidal Alfven waves there is an important time- . ) "
dependent evolution of wave polarizatioignn and Wright ~ Which is the same as the compressed dipoléiington
at al. (1999 2003. Of course, sinc&lkington et al.(2003

1999. The results presented here are applicable to the cas : X A
where any coupling to a driving fast mode is neglected. Ouronly considered the equatorial plane, the question of whether

analysis generates two ABwic wave modes with differ- the field lines were c_Iosed or not did not arise in their st_udy.
I& our three-dimensional version of the compressed dipole

ent polarization characteristics representing the compresse Id. there is a boundary b losed and feld I
dipole eigensolutions. These two modes are generalization%e » there Is a boundary between closed and open field lines

of the solutions to two field aligned eigenvalue problems in (5€€ Fig1), which is a feature common to all vacuum super-

the dipole case which correspond to the zero and infinitepOSition,mOdEIS with non-zero IMRCpwiley, 19.73' .In the
azimuthal wave number limits, respectively (eRadoski equatorial plane, however, our open/closed field line bound-
1967 ’ ary corresponds to the boundary between trapped and un-

bounded particle motions which is suggested by a singular-
ity in r appearing in Eq. (2) oElkington et al.(2003; note

an obvious typo in their original manuscript. At noon, this
boundary is located at=(Bo/b1b2)/3.

Field lines for this magnetic field lie in theé=const
anes, so the torsion of the field lines is zero. However,
e field is clearly not axisymmetric. The equation of a field
line for a particulakp andag is

+e (% +bi(1+ by COS¢)) sing @)

2 Compressed dipole

generalization of the equatorial compressed dipole magneti
field used byElkington et al(2003. Such a generalization is
necessary in order to consider standing shear&ilfwaves
along geomagnetic field lines. We suggest an Euler potentialg; 2 0(r) = @or .
description of the fiel®=Va x VA with Bo — 3r3b1(1+ cosg)

In this section, we discuss one possible three—dimensionaérjl

By . 1, _ Ifinstead, a more familiar expressio(¥) is desired, it needs
o= sir? 6 — —r°by(1+ b2 cosg) sif"6, p=¢ (1)  tobe computed numerically.
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Fig. 1. Field lines of a compressed dipole in the noon-midnight
meridional plane foBy=31 000 nT»1=10nT,b>=8.

Field lines (contours of constant) for the compressed Fig. 2. Three-dimensional view of a compressed dipole field lines
dipole in the noon-midnight meridional plane with param- with Bp=31000nT,b1=10nT, b=8. The color code shows the
etersBp=31000nTp1=10nT,b,=8 are shown in Figl. A equatorial magnetic field intensity. The sphere represents the Earth
three-dimensional view of field lines with the same param-("=1).
eters is shown in Fig2. The X-axis in this plot is pointing
towards the Sun and the dipole axis in the Z-direction. The 1 35E, 1 1
color code in this figure shows the magnetic field strength inﬁw = (8 wdB1+ g 60532) (6)
the equatorial plane. The field lines shown in this figure are
initialized along a contour of constant magnetic field strengthin the uncoupled axisymmetric limit, these equations would
in the equatorial plane (which is different from ar-const  describe two decoupled solutions for the toroidal (zero az-
contour). imuthal wave number) and poloidal (infinite azimuthal wave
number) guided Alfén modes (e.gRadoskj 1967. Here
g1, g1 andg?2 are components of the metric tensor and
is the determinant of the inverse tensBofisenko and Tara-

For the compressed dipole field (EG), we define a PO 1969 for the field-aligned coordinate system. These
curvilinear field-aligned non-orthogonal coordinate Systempgrameters _have to be evaIL_Jated from gf?d'e”_ts of the coor-
(@, B, ). Herea and B are the Euler potentials given dinate funcuon; at every point along the field line. For t_h|s
by Egs. (), which are constant along any particular field system of equations, we nged to solve atwq—par{;\meterelgen—
line, andu= cosd/r2 is the third coordinate, which changes Value problem for the period of the standing Alfv wave
along the field line. For pure dipole fieléh=0) these coor- and its polarization at one of the ionospheres. The polar-

dinates become the usual dipole coordinates frequently useffation of the wave at any other point along the field line is
in studies of field line resonances (e@ummings et aJ. then f:omputed from the cqrrespondlng eigenfunctions, see
1969 Walker, 1980. We note that unless; =0 there is a Rankin et al.(2006 for details. This approach to comput-

non-zero component af x B in the direction of the magnetic ing Alfvénic frequencies of the field lines and polarizations

field and, therefore, an orthogonal field aligned coordinate®f the standing shear Alen waves is more self-consistent

system does not exist for such fieldsafat and Tataronjs than the commonly used approachSihger et al(1981), in
2000). which the polarizations of the waves have to be imposed ex-

plicitly. The Singer et al(1981) model, furthermore, implic-
itly relies on a field-aligned orthogonal coordinate system,
which may not exist in general. A more detailed comparison

3 Eigenmode equations

We follow the approach dRankin et al(2006 and write
equations for the standing shear Afvwave as

1 96B2 1/ 12 of various models for standing shear Adiv waves can be
— %2 _ ( SE1+ g"wsE ) 3)
a2 \& @ok1T s wok2 found in (Kabin et al, 2007). Note that in general the solu-
J& vy g
tions of this standing Alfén wave model based on Eq3—(
106B1 1/ o 22 6) cannot be clearly classified as either toroidal or poloidal,
N _E (g @B+ g w8E2> @) put instead have hybrid characteristics. In fact, in nonax-
isymmetric background fields, the definitions of poloidal and
1 06E1 12 22 toroidal directions become ambiguous, and we prefer to re-
NE (g @3B1+g a)882> ) fer to the wave polarizations in the equatorial plane as either
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Fig. 3. Periods of the two different Alfén modes foBp=31 000 nTH1=10nTh,=8. Left panel: mode with radial electric field polarization
at midnight; right panel — with azimuthal electric field at midnight. Thick solid lines show the contours of coBstatited atr=2, 4, and
6 at noon. Dashed lines are circles with 2, 4, and 6, respectively.

radial or azimuthal, or alternatively as parallel and perpendic-Here, R is the distance from the dipole axis ands the dis-
ular to the contours of constaRt as the discussion requires. tance along the field line, both in Earth radii. The only two
We note that in the particular case of compressed dipolegolarizations which can occur along the noon-midnight line
background field, we have explicit expressions for the field-are pure radial and pure azimuthal, and the two &ffwave
aligned coordinate system as functions of the usual spherimodes are decoupled along these two meridians. This pro-
cal coordinates. This greatly simplifies our calculations andvides a useful check on our solutions for ULF waves in com-
makes many numerical steps described in the previous papefgessed dipole obtained with the general code.
(Rankin et al, 2005 2006 Kabin et al, 2007 unnecessary.
The availability of analytical expressions for the gradients of
the coordinates also allows us to minimize numerical errors.
In order to proceed with the calculations, we need to spec-

ify the background plasma density. In the context of theIn this section, we apply the methodology of S&to the

present study, the details of the density distribution are no‘i:ompressed dipole geometry of Sezt.Note that our ULF
important. For simplicity, we choose the density profile to bewave model does not include any excitation mechanism: it

— —4

a power law (e.gWaters et al.1999 p=pc, (V/r? » Where only describes the periods and polarizations of the @ife

r is measured in Earth radii, and, =7 amu/cm. Detalled  ,odiations of individual field lines assuming that there is

studies of the effect of the density distribution on the ULF coupling between them. Our model also does not pro-
wave fre(tq_]uenues have been conducted in the pastQerg. jqe information about the amplitudes of the standing shear
and Matthew1971. Alfvén waves nor how the wave fields change with radius

Finally, we note that the noon-midnight plane is the ng azimuthal angle. The eigensolutions considered in this
plane of symmetry for the compressed dipole along whichyq are generalizations of the well-known guided toroidal

the azimuthal derivatives of the background field disappearynq poloidal modes which exist in dipole field and are gener-
Therefore, along these two meridians, g€ coefficient in ally interpreted as representing time-asymptotic states of the
Egs. 6-6) is zero, and they can be simplified. In fact, along ¢, enic oscillations in the magnetosphere.

the noon-midnight meridian the assumption®ahkin et al. In considering the global field-aligned structure of modes

(2000 apply, and the eigenmode equations can be written ag¢ ogijlations of magnetic field lines, we need to compute

(Rankin et al.2000: contours of constant period for both mode polarizations.
d 2 These contours define the shells of field lines which would
— In(B(s)R?(s)) + —8E1=0 (7) be excited by coherent fast mode global oscillations at a spe-
ds VA cific fixed frequency. For a particular choice of parameters,
Bp=31000nT,b1=10nT, =8, Fig. 3 shows the distribu-
tion of periods in the equatorial plane. One can see that
the contours of constant period do not follow contours of

4 ULF wave properties in the compressed dipole geo-
magnetic field

d?SEq N dSEq
ds? ds

d?SE; dSEx d ) w?
——= — ——=. —In(B(s)R —38E2=0 8
12 Iy 25 MBERY) + 20 (8)
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Fig. 4. Periods of the two Alfen wave modes along noon-midnight
line. PositiveX is towards the Sun.

constant magnetic field, since other parameters (such as the
field line length and plasma density) affect the frequenciesrFig. 5. Two contours of constant period (red — mode with azimuthal
of the field lines. This modifies one of the assumptions usecequatorial electric field at midnight, blue — mode with radial electric
by Elkington et al.(2003. Furthermore, the constant period field at midnight) which intersect at a point on the noon meridian.
contours are different for the two mode polarizations (see
also Fig.5, discussed later, for a clear demonstration of this
difference) so the magnetic shells supporting Alfic wave  x~5 where the periods of the two Alén waves modes with
modes of given frequency but with different polarizations different polarizations are the same. Closer to the Earth than
would not be the same. Since the contours of conStaate this point, the mode with the azimuthal equatorial electric
the trajectories of equatorial particles conserving their magdield has a higher frequency than the one with the radial
netic moment, the fact that they are not contours of constanelectric field (which is consistent with the usual results for
Alfv énic wave period implies that, in case of free Ahic a background dipole field). In contrast, on the night-side
oscillations of the magnetic field lines, the drifting particle where the field lines are extended into the tail, the differ-
will interact with waves characterized by a finite band of fre- ence between the periods of the two modes increases when
guencies along its trajectory, rather than with a wave withcompared to the pure dipole case. Right at the point on
a single frequency. In the case when the magnetic field osthe day-side where the two frequencies coincide, the system
cillations are strongly driven by a fast mode source with aof Egs. 3-6) becomes degenerate in the sense that the po-
single frequency, the drifting particle will, of course, experi- larization of the standing Alfén wave can be arbitrary. It
ence only the frequency of the driver. However, in this case also leads to numerical difficulties in finding such a solution,
the amplitude of the forced oscillations will peak where the but fortunately this degeneracy occurs on the symmetry axis,
driving frequency coincides with the natural standing &lfiv ~ where the simpler model dRankin et al.(2006 based on
wave frequency of the field line. Therefore, the electric field Egs. ) and @) applies. Furthermore, it turns out that the
experienced by the particle as it drifts around the Earth willonly point in the whole domain where the two frequencies
be strongly modulated, which obviously has ramifications forintersect lies on the noon meridian. This is further illus-
radial transport. The areas of enhanced radial transport asstrated by Fig.5 which shows the two contours of the same
ciated with stronger electric fields will be localized in space, period for the two Alfienic modes with different polariza-
and in general, particle energization will be more similar to tions which touch at noon and diverge from each other for
acceleration by a broad-band ULF wave package than by LT not equal to 12. Therefore, a contour of constant period
single frequency ULF mode. Characteristics of such trans-of one mode never intersects a contour of the same period of
port may be expected to appear diffusive after even a smalthe other mode, except at a single point on the noon meridian
amount of phase-space averaging (&ghulz and Lanze- where the modes become degenerate.
rotti, 1974. From the above discussion it follows that, if we consider,
Figure4 shows the Alfien wave periods for the two modes for example, a mode with azimuthal equatorial electric field
with different polarizations along the noon-midnight line for at some point on the nightside, and trace it along a contour of
the same parameters as befo®;=31000nT,b1=10nT, constant period to the point on the day-side further from the
bp=8 (with positiveX being towards the Sun). On the day- Earth than the point where the two frequencies intersect, this
side where the dipole is compressed there is a point, arounthode will be characterized by a radial electric field at noon.

www.ann-geophys.net/25/815/2007/ Ann. Geophys., 25, 82%-2007
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Fig. 6. Electric field polarizations in the equatorial plane for the two AHic eigenmodes. Left panel: mode with radial electric field
polarization at midnight; right panel — with azimuthal electric field at midnight. Thick solid lines show the contours of cénstgiated
atr=3, 5, and 7 at noon. Dashed lines are circles of constant radius-wif) 5, and 7. Note the sudden change of the polarization along
the noon meridian (see text for details).

1 T T T T T T T ization of the wave change along this line, this change can
Wl | only be discontinuous since no intermediate angles of polar-
ization are available (as long as the two fundamental frequen-
cies are not exactly the same).

sl < For different values ob,, the behavior of the periods and
polarizations of the two modes are qualitatively similar to
the case»,=8 presented in Figsdl—6. Not surprisingly, the

6 1 distance from the Earth to the point of intersection of the
frequencies along the noon meridian increasds agcomes
smaller. Variation of this distance as a functiorbgfholding

4 s s s s s s s Bo=31000nTp1=10nT fixed) is shown in Figr.

b2 The analysis above shows that the polarizations of ULF
waves in a non-axisymmetric background magnetic field can
change considerably with MLT. Since the polarization of
the ULF waves is a primary factor determining their effec-
tiveness in producing drift-resonance electron acceleration,
This is indeed supported by the calculations of the polarizathese results have an important bearing on the drift reso-
tions of the waves, shown in Fi§. This figure shows the Nance mechanism. Although this is outside the scope of the
equatorial polarizations of the standing A4fv waves elec- Present paper, our results indicate that the region of effective
tric field for the two fundamental modes for the same pa-interaction between radiation belt electron and ULF waves
rameters as used in the previous figures. Along the noor$@n be limited in space; they also open possibilities for elec-
meridian there is a point where the polarization of the modelrons to be accelerated by the mostly “toroidal” mode, which
changes suddenly from azimuthal to radial (or vice-versa)is not usually considered to be effective. However, the de-
As explained above, this sudden polarization change occurtgiled calculations of wave-particle interactions remain to be
exactly at the point where the periods of the two modes co-carried out. The next step required for such calculations is
incide. However, along any contour of constant period orconstructing a two-dimensional model (elzegeling et al.

a contour of constant background magnetic field the polar-2007) which includes a fast magneto-acoustic wave as an ex-
ization varies smoothly. Since the noon-midnight plane is acitation mechanism for the shear Aéfin waves examined in
plane of symmetry for the background magnetic field, only this work.

purely radial and purely azimuthal polarizations are possible By comparing our results to the two solutions which exist
along the noon-midnight meridian. Thus, should the polar-for decoupled guided Alféen wave modes in a dipole field,

Fig. 7. Distance, as a function @k, to the point where periods of
the two shear Alfén modes coincide.

Ann. Geophys., 25, 81822 2007 www.ann-geophys.net/25/815/2007/
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namely the toroidal (corresponding to zero azimuthal wavemeasurements at a certain MLT cannot be assumed to be the
number) and poloidal (large azimuthal wave number) guidedsame as at other MLTs. Our analysis of standing atfic

Alfv én wave modes (e.qRadoskj 1967), we speculate that waves in a compressed dipole geometry shows that several
one of the Alf\en wave mode branches may be more easy toof the assumptions regarding the ULF wave properties used
excite and may stay more closely coupled to global scale fasin the work of Elkington et al.(2003 are, in fact, quantita-
mode disturbances than the other. This suggests that the ptively not accurate. Further study is, however, required to see
larization of guided Alfen waves which are excited by the if more realistic ULF wave properties will have any profound
solar wind might be a much stronger function of MLT than effect on the drift-resonant acceleration of the radiation belt
previously thought. If this is true, this has very significant electrons.

implications for our understanding of the structure of ULF

waves in a compressed magnetosphere. More importantlyjcknowledgementsThis work is supported by the Canadian Space

if the polarization structure shown in Fif.is maintained in ~ Agency and by Natural Sciences and Engineering Research Council
the coupled wave solutions this will have a significant im- of Canada. We also acknowledge the use of WestGRID computa-
pact on the process of drift-resonance acceleration of Me\tional resources. _ _
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