
Ann. Geophys., 25, 2627–2631, 2007
www.ann-geophys.net/25/2627/2007/
© European Geosciences Union 2007

Annales
Geophysicae

Quantitative aspects of the GalperinL parameter

J. C. Kosik
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Abstract. A new geomagnetic parameter was suggested
twenty years ago by Y. Galperin, the GalperinL parame-
ter, and it was introduced into the CNES Maglib for French-
Russian projects in the exploration of the distant magneto-
sphere. The definition and the advantages of the GalperinL

parameter are recalled in this brief paper. Unforeseen pos-
sibilities in the use of this parameter for mathematical mod-
els of the magnetosphere are stressed using past results ob-
tained with the Mead model. The GalperinL parameter is
shown to add, in the synchronous region, a quantitative ca-
pability to the qualitative description (labelling) of the mag-
netosphere. More work will be necessary to adapt past math-
ematical models to present numerical models and extend the
domain of the quantitative applications of the GalperinL pa-
rameter.

Keywords. Magnetospheric physics (Magnetospheric con-
figuration and dynamics, General or miscellaneous)

1 Introduction

Corrected geomagnetic coordinates were introduced in the
1950s to better organize data in the high-latitude regions.
Hultquist (1958a) calculated the spherical harmonic coeffi-
cients of the internal magnetic field of the Earth in a cen-
tered dipole coordinate system. In a later work, Hultquist
(1958b) calculated the deviations of the real field line from
the dipole field line due to the perturbation of the higher
spherical harmonic coefficients. The integrated deviations
along the dipole field line gave the displacement vectors in
the Northern and Southern hemispheres. The corrected geo-
magnetic coordinates of a point were the dipole geomagnetic
coordinates corrected by the displacement vector. Hakura
(1965) improved the method by tracing the field line down
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to the geomagnetic equator using an IGRF magnetic field.
From this location a dipole field line was traced back to the
Earth, giving the corrected geomagnetic location of the point.
More recently, Stasiewicz (1991) extended Hakura’s solution
by combining internal and external fields. From a point in
space the tracing down to the Earth is performed using the
total magnetic field (IGRF + the Kosik 1998 or Tsyganenko
1989 models), then from this conjugate point on Earth, the
field line tracing down to the geomagnetic dipole equator
uses the internal magnetic field only. These efforts presum-
ably led Y. Galperin to introduce for the high altitude and
high inclination magnetospheric spacecraft a modern shell
parameter in replacement of the McIlwainL parameter. This
parameter was introduced in the CNES Maglib. The Maglib
software includes routines for the calculation of the internal
magnetic fields, external magnetic fields, transformation ma-
trices between different frames of reference and the calcula-
tion of geophysical parameters.

The Maglib was developed for the treatment of data from
the Interball and Cluster spacecraft (Hapgood et al., 2004).
At the same time, Prokhorenko (1995) introduced this pa-
rameter at IKI (Cosmic Research Institute, Moscow), for the
French-Russian planning of the Interball experiments. In this
short paper we recall the definition of the GalperinL param-
eter and its ability to label fluxes in the outer magnetosphere.
We show that this parameter has a major advantage over the
choice of an equatorial labelling, as we demonstrate its direct
link with past results obtained with a simplified mathemati-
cal model of the magnetosphere in the synchronous region.
The GalperinL parameter also has a quantitative capability
in this region.
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Fig.1 :  From the spacecraft location s the field line is traced down to the Earth using the total 
field (IGRF + external magnetic field). From the conjugate point a field line is traced using 
the IGRF magnetic field only and the McIlwain L parameter is calculated along this field line 
for this conjugate point. 
 
 

Fig. 1. From the spacecraft locations the field line is traced down
to the Earth using the total field (IGRF + external magnetic field).
From the conjugate point a field line is traced using the IGRF mag-
netic field only and the McIlwainL parameter is calculated along
this field line for this conjugate point.

2 The McIlwain L parameter

Northrop and Teller (1960) have shown that the motion of
charged particles could be described using adiabatic invari-
ants. In the absence of perturbations the motion of the par-
ticles can be described by the first two invariants,µ=E/Bm

andJ=2pI , whereE is the the energy of the particle,p the
momentum andBm the magnetic field intensity at the mirror
point. I is the path integral between the mirror pointsM, M ′:

I =

∮
MM ′

√
1 −

B

Bm

ds. (1)

The points in space that have the same value ofBm and I

form a ring in each hemisphere and a particle bouncing be-
ween the mirror points will drift along a shell described by
the field lines that connect these rings. In a dipole field par-
ticles that have different mirror points on the same field line
will drift in longitude to the same field line. In the Earth’s
heterogeneous magnetic field this will not be the case and
two particles that have two different mirror points along the
same field line of force will drift in longitude to different
lines of force. But this effect is relatively small, as was dis-
cussed in detail by Roederer (1970). Taking into account the
properties of the dipole magnetic field, McIlwain (1961) in-
troduced a smoothing parameterL, defined for a point in the
Earth’s magnetic field by the equation:

L3Bm/M = F
(
I3Bm/M

)
, (2)

whereM is the dipole moment of the Earth. McIlwain pre-
sented the functionF in a table of 125 values and as a set of

polynomials of the form

Ln
(
L3Bm/M − 1

)
=

6∑
0

cn

(
Ln I3Bm, /M

)n

(3)

whereI andBm are to be calculated with a representation of
the Earth’s field. TheBL coordinate system is perfectly ad-
equate for the inner magnetosphere (equatorial distance less
than 4 Re).

3 The Galperin L parameter

For the outer magnetosphere, shell splitting from external
magnetic sources is more and more important with the in-
crease in the distance to the Earth. The shell splitting due
to the multipoles of the magnetic field of the Earth can
be neglected with respect to this outer zone shell splitting.
The McIlwain parameter is no longer an adequate parameter.
Roederer (1970) suggested other labelling techniques, using,
for example, the third adiabatic invariant. Galperin suggested
the following recipe for a newL parameter.

From the points of the measurement

– trace the field line down to the Earth with the complete
internal plus external magnetic field

– for the conjugate point calculate the usual McIlwainL

parameter using the internal field only.

This technique is illustrated in Fig. 1. It can be applied even
in the case of open field lines as the first step is the tracing
down to the Earth.

In some sense, the GalperinL parameter can be considered
as a geomagnetically corrected McIlwainL parameter.

4 The Galperin L parameter and the labelling of direc-
tional fluxes in the outer zone

If we consider a bunch of particles of very small pitch-
angle measured in the equatorial plane along a distorted field
line, this bunch of particles will follow the field line until it
reaches the mirror point and then bounces back. The direc-
tional fluxes associated with these particles can be measured
along the field line. If one uses the usual McIlwainL pa-
rameter which can be approximated in the outer zone to the
dipoleL, the labelling of these directional fluxes can be ob-
tained by tracing dipole field lines through the measurement
locations. To each location a different dipole field line is as-
sociated, thus to the measurements of this bunch of particles
are associated a series of dipoleL values, and more precisely,
a continuum ofL values betweenLmin andLmax. Lmin cor-
responds to the measurement at the equator andLmax corre-
sponds to the measurement at the mirror point.
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If we now use the GalperinL method, we trace the real
field line down to the Earth, i.e. we follow the bunch of par-
ticles along its bounce, then we trace a dipole field line (ap-
proximation of the internal field in the outer zone) from the
Earth down to the equator and obtain the GalperinL parame-
ter nearly equal toLmax. In this case all the measurements of
this bunch of particles have the same label,L. In Fig. 2 , the
bunch of particles is represented as an arrow. The McIlwain
parameter for each measurement along the real field line is
obtained in this outer region of the magnetosphere by trac-
ing a dipole field line through the point of measurement. We
obtain a series of quasi-McIlwainL values between 5.2 and
7. The GalperinL parameter corresponds to the outermost
dipole field line and has a value of 7. This value will be the
same for all the measurements along the real field line.

5 The Galperin L parameter and its quantitative as-
pects

During the past 50 years, several mathematical models of
the magnetosphere have been built, from the Mead model to
the recent models Kosik (1998) or Tsyganenko (1989). For
the sake of simplicity and for the ease of demonstration we
will refer specifically to the results obtained using the Mead
model.

Ignoring the higher order harmonics, Mead (1964) showed
that the outer magnetosphere can be described with three po-
tential terms :

V =
1

r2
g0

1 cosθ + rḡ0
1 cosθ +

√
3

2
r2ḡ1

2 sin 2θ cosϕ. (4)

In this expressionr, θ , ϕ are the spherical coordinates,r is
expressed in Earth radii,θ is the colatitude measured from
the north magnetic axis, andϕ the longitude counted from
the noon meridian. The first term is the dipole magnetic
field (g0

1=−0.31 Gauss), the second term is an axisymmetric
compression term (ḡ0

1=−0.00025 gauss) and the third term is
the noon-midnight asymmetry term (ḡ1

2=−0.000012 Gauss).
The magnetic field components can be derived by taking the
gradient

−→
B = −

−→
∇V

Br =
2

r3
g0

1 cosθ − g0
1 cosθ −

√
3r g1

2 sin 2θ cosφ (5a)

Bθ =
1

r3
g0

1 sinθ + g0
1 sinθ −

√
3rg1

2 cos 2θ cosϕ (5b)

Bϕ =
√

3rg1
2 cosθ sinϕ. (5c)

Inspection of Eq. (5b) forθ=π
/

2 shows that the second term
g0

1 is an axisymmetric field added to the dipole field, while
the third termg1

2 compresses the dipole field at noon and
depresses the dipole field at midnight.

 
 
 
 
 
Fig.2 :  Arrows represent the directional fluxes of a bunch of particles mirroring near the 
Earth. For the outer zone the Mc Ilwain L can be approximated by the intersections of the 
dipole field lines with the equator. The directional fluxes have different McIlwain L 
parameters depending on the latitude. There is only one Galperin L parameter which 
corresponds to the distance of the intersection of the outermost dipole field line with the 
equator, distance expressed in Earth radii. 
 
 
 

Fig. 2. Arrows represent the directional fluxes of a bunch of parti-
cles mirroring near the Earth. For the outer zone the McIlwainL

can be approximated by the intersections of the dipole field lines
with the equator. The directional fluxes have different McIlwainL

parameters depending on the latitude. There is only one GalperinL

parameter which corresponds to the distance of the intersection of
the outermost dipole field line with the equator, a distance expressed
in Earth radii.

It is possible to derive the field lines equations using a lin-
earization technique, from which we obtain (Kosik, 1971a)

r = L sin2 θ

1 −
1

2

g0
1

g0
1

L3 sin6 θ +
3

4

(
g0

1

g0
1

)2

L6 sin12θ+

2
√

3
g1

2

g0
1

L4

(
sin4 θ

7
−

sin9 θ

3

)
cosφ0 } (6a)

φ = φ0 +

√
3

7

g1
2

g0
1

L4 sin7 θ sinφ0. (6b)

Equation (6a) gives the radial position of a field line point
of colatitudeθ , and the longitudeφ is counted from the
noon meridian. In this equation one recognizes a dipole
term which corresponds to the magnetic field of the Earth.
The other terms between the brackets represent the perturba-
tion components of the dipole field line, i.e. a uniform com-
pression component, and an asymmetric compression com-
ponent. Equation (6b) gives the deviation of the field line
from a meridian plane. Figure 3 shows a real field line and
its associated dipole field line. A bunch of particles would
follow the real field line, and the directional fluxes would
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Fig.3 :  The model field line is approximated by a dipole field line of label L, here the 
Galperin L parameter. This dipole field line corresponds to the first term in equation 6a.  The 
additional correcting terms in equation 6a correspond to the distortion of the dipole magnetic 
field to give the model field line of label L.   
 

Fig. 3. The model field line is approximated by a dipole field line
of label L, here the GalperinL parameter. This dipole field line
corresponds to the first term in Eq. (6a). The additional correcting
terms in Eq. (6a) correspond to the distortion of the dipole magnetic
field to give the model field line of labelL.

be labelled with the parameterL: the L parameter of our
real magnetic field line is clearly the GalperinL parameter.
There is a one-to-one correspondance between the Galperin
L parameter and the field line label.

The adiabatic invariantsI andBm can be expressed as a
function ofL, the mirror point colatitudeθm and the longi-
tudeφ. Taking into account the conservation of these invari-
ants along a drift shell it is possible to express one variable
as a function of the other two. This leads to the drift shell
equation (Kosik, 1971a)

L = L0

[
1 +

g1
2

g0
1

L4
0p (θm) (cosφ − cosφ0)

]
, (7)

whereL is the GalperinL parameter at longitudeφ andL0
is the GalperinL parameter at longitudeφ0. In this equation
p (θm) is a function of the mirror point colatitudeθm of the
particle.

If a convection electric field with potentialV =AL sinϕ

is taken into account, whereA is assumed to be a constant
equal to 2.5 kV/L inL units, the drift shell equation is a little
more complicated (Kosik, 1971b):

L=L0

[
1+

g1
2

g0
1

L4
0M (θm) [cos(ϕ − U) − cos(ϕ0−U)]

]
, (8)

where

M =

√√√√
p2 (θm) +

A2q2

E2

∣∣∣∣∣g0
1

ḡ1
2

∣∣∣∣∣
2

g2 (θm)

L6

and tanU =
Aq

EL3

g0
1

ḡ1
2

g (θm)

p (θm)
. (9)

In these expressionsE is the kinetic energy of the particle
andp (θm) andg (θm) are two functions which depend on
the mirror point colatitude. Thus,U depends on the relative
strengths of the convection electric field and the asymmetric
magnetic field component. Using again the conservation of
the adiabatic invariants, the influence of a sudden compres-
sion of the magnetosphere on outer zone electron fluxes can
also be studied (Kosik, 1973). All these results were obtained
thirty years ago using the model of Mead and a linearization
technique. It is therefore legitimate to question the domain of
validity of these formulae. Near the Earth, for distances less
than 4 Re, the contribution from the external magnetic field to
the total field is negligible but this is not the case for the mul-
tipoles of the magnetic field of the Earth. Thus, the Galperin
L parameter will not differ from the McIlwainL parameter.
The formulae above will not apply as the internal magnetic
field contributions from the mutipoles have been neglected.
For distances greater than 7 Re, the Mead model, as well as
the perturbation technique, do not give an adequate represen-
tation of the distant regions of the magnetosphere. Thus, the
above formulae only apply to the synchronous region, typi-
cally for L values between 5 and 7.

6 Discussion and conclusions

McIlwain and Kerr (2002) have shown that the adoption of
the GalperinL parameter greatly facilitates the intercompar-
ison of Cluster data with auroral displays. They have shown
that the labelling of the field line is still possible when the
observations are on open field lines. Darrouzet et al. (2004)
have chosen the radial distance of the crossing point of the
real field line with the geomagnetic equator as a label, in or-
der to facilitate the analysis of the observations by the four
Cluster spacecraft. In case of open field lines this type of
labelling is not possible.

But, as we have seen, the GalperinL parameter also has
far reaching applications. Using the old and oversimplified
Mead model we have shown that, in the synchronous region,
the GalperinL parameter is approximately the same as the
L parameter involved in the mathematical description of a
model magnetosphere, i.e. in the field line equations and in
the drift shells equations. Thus, besides its help in correlating
distant observations, it offers the possibility of quantitatively
describing the fluxes and the effects of the geomagnetic per-
turbations in the outer regions, taking into account convec-
tion electric fields, asymmetric magnetic fields and sudden
compressions of the magnetosphere. Further mathematical
work will be necessary to extend the mathematical descrip-
tion of the magnetosphere to more recent numerical mod-
els. More complex and more precise formulae than those
presented here will be obtained. The domain of application
of the new quantitative algorithms will extend from the range
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5–7 Re to the range 5–8 Re, and enable a reasonnable quan-
titative guess of the processes further out in the magneto-
sphere. Thus, the usefulness of the GalperinL parameter
will be enhanced.
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