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Abstract. Factors controlling the distribution of relative humidity in the absence of clouds are examined, with special
emphasis on relative humidity over ice (RHI) under upper
tropospheric and lower stratospheric conditions. Variations
of temperature are the key determinant for the distribution of
RHI, followed by variations of the water vapor mixing ratio.
Multiple humidity modes, generated by mixing of different
air masses, may contribute to the overall distribution of RHI,
in particular below ice saturation. The fraction of air that is
supersaturated with respect to ice is mainly determined by
the distribution of temperature. The nucleation of ice in cirrus clouds determines the highest relative humdity that can
be measured outside of cirrus clouds. While vertical air motion and ice microphysics determine the slope of the distributions of RHI, as shown in a separate study (Haag et al.,
2003), clouds are not required to explain the main features of
the distributions of RHI below the ice nucleation threshold.
Key words. Atmospheric composition and structure (pressure, density and temperature; troposphere – composition
and chemistry; general or miscellaneous)

1 Introduction
Water is the only substance present in all three phases in the
Earth’s atmosphere: as vapor molecules in the gas phase, as
cloud droplets in the liquid phase, and as ice crystals in the
solid phase. The relative humidity over liquid water or ice
indicates which phase is thermodynamically most stable at
a given air temperature and pressure. The relative humidity,
defined as the ratio of the water vapor pressure over the vapor
pressure of water at liquid or ice saturation, plays a crucial
role in cloud physics and atmospheric chemistry.
Clouds composed of water or ice particles form at certain
relative humidities above liquid or ice saturation. Relative
humidity controls the water activity (ratio between the water
Correspondence to: B. Kärcher
(bernd.kaercher@dlr.de)

vapor pressures of a liquid solution and of pure water under
the same conditions) of aerosol particles; the activity, in turn,
determines the conditions under which cloud condensation
nuclei form cloud droplets and supercooled liquid solutions
form ice crystals (Koop et al., 2000). The rates of heterogeneous chemical reactions occurring in liquid aerosol particles are also strongly dependent on their water activity (Peter,
1997, and references therein).

This work studies the controlling factors of probability distributions of relative humidity in the atmosphere using simple analytical and statistical tools. The probability to find
a given value for the relative humidity is controlled by air
temperature and by the vapor pressure of water, which, in
turn, are mainly affected by radiative processes, transport
processes (advection, convection, turbulence, among other
factors), and microphysical processes involving the formation and life cycle of clouds (condensation, latent heat release, precipitation, among others).

We do not intend to model radiative, microphysical, and
transport processes that determine temperature and water vapor pressure. We rather prescribe distributions of temperature and water vapor mixing ratios and study the resulting
distributions of relative humidity, ignoring the possibility of
cloud formation. Although our findings are quite general in
nature, we keep the focus on relative humidity over ice and
the upper troposphere and lower stratosphere. It has been
demonstrated that air in this region can be substantially supersaturated with respect to ice (Murphy et al., 1990; Heymsfield et al., 1998; Gierens et al., 1999; Ovarlez et al., 2000;
Vay et al., 2000; Jensen et al., 2001; Spichtinger et al., 2002;
Ovarlez et al., 2002), with important implications for the
formation of cirrus clouds. The link between distributions
of relative humidity over ice and the nucleation and initial
growth of ice crystals in cirrus is explored in a separate study
(Haag et al., 2003).
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Basic ideas

examples for normalized distributions of T that will be employed in Sect. 3 are the uniform distribution

The saturation ratio over ice, S, is defined as
S = pw /pws (T ) .

(1)

(
8u (T ) =

Here, pw is the vapor pressure of water (H2 O), T is the air
temperature and pws is the H2 O saturation vapor pressure
over ice, expressed as
pws (T ) = pv exp(−θ/T ) .

0

:

Tmin ≤ T ≤ Tmax
otherwise,

(4)

and the Gaussian (normal) distribution

(2)

The constants pv '3.445×1010 hPa and θ '6145 K are taken
from laboratory measurements (Marti and Mauersberger,
1993). The saturation ratio over ice is fully equivalent to
the relative humidity over ice, RHI, because, by definition,
RHI=S·100%. Equation (2) is applicable in the temperature
range 170−250 K and represents a highly accurate fit of measured ice vapor pressures under cirrus and polar stratospheric
cloud conditions.
We ask the fundamental question: Given probability distributions for T and pw , what are the resulting probability
distributions for S ? We briefly address the potential effects
of clouds and precipitation on the distributions for S at the
end of Sect. 4.
Let us generalize pw or T by φ and define the corresponding probability distribution 8(φ). Assuming for the moment
that only one of these variables, pw or T , is changing, the
answer to our question is obtained by
9(S) = |φ 0 (S)| 8[φ(S)] ,

(Tmax − Tmin )−1 :

(3)

with the inverse function φ(S), its first derivative φ 0 =dφ/dS,
and the desired probability distribution for S, 9(S). Equation (3) essentially states that the probability of finding a certain value φ within φ and φ+1φ is equal to the probability of
finding S(φ) within the corresponding interval S and S+1S.
We could generalize Eq. (3) to include the dependence of φ
on two simultaneously changing variables pw or T , but we
will not study such cases analytically.
The function 9(S) can also be deduced numerically using
a statistical approach. As we will discuss discrete distributions in Sect. 3, we briefly sketch how we proceed in this
case. We make use of the random number generator ran1
(Press et al., 1992, p.269f). This tool produces real numbers uniformly distributed between 0 and 1, and is used to
derive uniform probability functions for T and pw by simple scaling. Using ran1 as the source of random numbers,
we apply the transformation method described in Press et al.
(1992, p.279f) to generate normally distributed values of φ.
The discrete distributions obtained in this way are inserted
into Eq.(1), and the resulting values of S are grouped into
intervals, leading to discrete distribution functions of S. As
demonstrated in Sect. 4, this approach is very useful in simulating distributions of relative humidity using real T and pw
data.
In principle, Eq. (3) allows us to compute the distribution
of S from any prescribed distribution function 8(T ). Two

8n (T ) =

h (T − T )2 i
1 1
o
.
√ exp −
σ 2π
2σ 2

(5)

with the mean temperature To and the standard deviation σ .
The box distribution has no evident atmospheric relevance
and is discussed below only for illustration purposes. According to the central limit theorem (Jeffreys, 1948), normal
distributions approximate the peak region (the region containing most of the chance to find events) of any stochastic
distribution very well for a sufficiently large ensemble of independent events.
In their trajectory study of water vapor transport in the
tropical tropopause layer, Gettelman et al. (2002) have added
normally distributed variations of T with σ =2 K to synopticscale temperature fields, to account for variations caused by
spatially and temporally unresolved gravity waves. A similar
approach was taken by Tabazadeh et al. (1996) to study the
formation of polar stratospheric clouds.
Even if temperature distributions approach a Gaussian
shape in the peak region, they may exhibit a certain degree
of skewness and show a different functional behavior for the
very rare events in the wings of the distribution. For instance, it is known that mesoscale temperature fluctuation
amplitudes are characterized by normal distributions close to
the peak, but fall off much less rapidly in the high-amplitude
tails (Bacmeister et al., 1999). Lorentzian distributions of T
can be used to fit instantaneous fluctuations of atmospheric
temperatures at certain times over large (∼105 km2 ) spatial
scales (Gierens et al., 1997). This type of short-term variations between RHI data taken from different spatial regions
is also discussed in the SPARC Water Vapor Assessment
(2000).
In Sect. 4.1 we study the applicability of Gaussian distributions of T to a large, random sample of atmospheric
temperatures gathered on a regional scale in four weeks of
airborne in situ measurements. This approach differs from
studying temperature fluctuations in moving (Lagrangian) air
parcels on the mesoscale (see Sect. 4.3 for more details). In
summary, we are fully aware about the limitations assuming Gaussian temperature distributions. We do not claim this
assumption to hold in all conceivable cases, but show that assumed normal distributions of T can reproduce all essential
features of the resulting distributions of S below the cirrus
cloud formation threshold.
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Fig. 1. Probability distributions of RHI obtained with a uniform
distribution of T in the interval 215–235 K (red curve) and a normal distribution with To =225 K and σ =2.5 K (blue curve). The
stair steps depict the corresponding discrete distributions obtained
with random samples of T , using 50,000 individual random numbers binned into 1% intervals.
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Applications
Varying the temperature T

We study the probability distributions for S in the case of
pure temperature variations. In this case, we have φ=T , and
φ 0 (S) reads
T 0 (S) = −θ/[S ln2 (S/α)] ,

α = pw /pv ,

(6)

where we have used T (S)=θ/ ln(S/α) obtained by inverting
Eq. (2) and inserting the result into Eq. (1).
In the case of a uniform distribution, we simply have
(
(Tmax − Tmin )−1 : Smax ≥ S ≥ Smin
8u [T (S)] =
; (7)
0
: otherwise
inserting this expression into Eq. (3) yields
(
(θ/1T )/[S ln2 (S/α)] : Smin ≤ S ≤ Smax
,(8)
9u (S) =
0
: otherwise
with 1T =Tmax −Tmin .
In the case of a normal distribution, we obtain
n
h 1
i2 o
1 1
1
−
,(9)
8n [T (S)] = √ exp −β
σ 2π
ln(S/α) ln(So /α)
with So =pw /pws (To ) and β=1/(26 2 ), where we have defined the scaled standard deviation 6=σ/θ . Inserting this
expression into Eq. (3) yields
√
n h 1
i2 o
1/(6 2π )
1
9n (S) =
exp
−β
−
.(10)
ln(S/α) ln(So /α)
S ln2 (S/α)
The probability distributions 9u (S) and 9n (S) from
Eqs. (8) and (10), respectively, are shown in Fig. 1 as solid
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Fig. 2. Probability distributions of RHI obtained with normal distributions of T . The black curve is equal to the baseline case shown
as the blue curve in Fig. 1. Red, green, and blue curves are obtained
by varying RHIo , σ , and To , respectively. See text for details.

curves. Also shown as stair steps are the same distribution
functions obtained with random samples of T . We have chosen pw such that So =0.5, or RHIo =50%. Note that the statistical uncertainty increases significantly towards very low and
very high relative humidities (rare events with probabilities
10−3 ) in the case of the discrete distributions.
We study the distributions of RHI resulting from Gaussian
distributions of T in more detail with the help of Fig. 2. The
black curve represents the baseline case already discussed
above, see blue curve in Fig. 1, with the values To =225 K,
σ =2.5 K, and RHIo =50%.
The blue curves are obtained by prescribing a mean temperature To of 235 K (solid) and 215 K (dashed), keeping
RHIo unchanged. This has only little influence on the distribution of RHI.
Varying the width σ of the temperature distribution
changes the distribution of RHI more significantly. When
increasing σ to 5 K (solid green curve), the probability to
find ice supersaturation increases dramatically, but also lower
values are present compared to the baseline case. The maximum shifts to the left. When decreasing it to σ =1 K (dashed
green curve), the distribution becomes much narrower, and is
sharply peaked around RHIo =50%. This behavior is caused
by the fact that the total probability given by the area under
the curves is a conserved quantity.
Decreasing or increasing the mean value of RHIo to 80%
(dashed red curve) and 20% (solid red curve) has similar
effects; the maximum shifts to the right (left) and takes on
lower (higher) values. The distribution flattens and high values of RHI are obtained when RHIo rises. Note that the maximum of 9 is not always located at RHIo , except in the limit
σ →0.
The choices of σ =1−5 K are typical for regional-scale
variations of temperatures, as demonstrated in Sect. 4.1.
In summary, it is easy to create high probabilities to find
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In this case we have φ=χ , and φ 0 (S) reads
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Fig. 3. Probability distributions of RHI obtained with normal distributions of the H2 O mixing ratio χ at constant temperature. The
black and colored curves show analytical solutions. The baseline
case (black curve) assumes T =225 K, p=250 hPa, χo = 160 ppm,
leading to RHIo =80%, and σw =80 ppm. Red (blue) curves are
obtained by changing σw (RHIo ). See text for details.

supersaturation by such variations of air temperature, even
if the mean RHIo is well below 100%.
3.2

Effect of adiabatic changes of pw

In the above discussion, we have ignored the changes of pw
associated with changes of T in an adiabatically rising or
sinking air parcel. This leads to a T -dependence of pw of the
form
pw = pw (To ) (T /To )κ ,

(11)

with κ'3.5 for dry air. This expression must be inserted into
Eq. (1), whereby the inverse function T (S) needed to write
the distribution function of S is not available in a closed form
in this case.
An inspection of the distributions of RHI, including adiabatic changes of pw (not shown), reveals that the distributions that include these changes are slightly narrower than
those evaluated with constant pw , and that the peak probabilities are therefore slighty higher. To be more quantitative,
the changes of the solid distributions given in Fig. 2 above a
probability value of ∼8×10−3 caused by adiabatic motions
are almost invisible. The reason for this very moderate influence lies in the fact that changes of T via pw according
to Eq.(11) have less effect on S than changes of T via pws ,
because pws depends exponentially on T .
3.3

(13)

Because χ 0 (S) is a constant, 9(S) will be strictly proportional to 8(χ). Normally distributed H2 O mixing ratios are
of the form
h (χ − χ )2 i
1 1
o
8n (χ) =
,
(14)
√ exp −
2
σw 2π
2σw

−2

10

10

δ = p/pws (T ) .

Varying the H2 O mixing ratio χ

It is instructive to study the probability distributions for S in
the case of pure variations of the water vapor mixing ratio
χ=pw /p (p denotes the air pressure). We rewrite Eq. (1) in
the form
S = χp/pws (T ) .

(12)

where χo =pwo /p. The resulting distribution of S reads
h
i
1 1
9n (S) =
(15)
√ exp − βw (S − So )2 ,
6w 2π
with the scaled standard deviation 6w =δ σw and
2 ). The distribution width 6
βw =1/(26w
w does not depend on T when σw ∝χo ; in such practically relevant cases,
the dependences of χo and δ on pws (χo ∝pws , δ∝1/pws )
cancel each other in 6w .
Figure 3 depicts the Gaussian solutions for the distribution of RHI from Eq. (15) when Eq. (14) is prescribed for
T =225 K and p=250 hPa and with different sets of parameters. The baseline case (black curve) assumes σw =0.5χo ; the
choice χo =160 ppm yields RHIo =80%.
Upon increasing or decreasing the standard deviation of χ
to σw =0.75χo (dashed red curve) or σw =0.25χo (red curve),
the distributions of RHI become broader or narrower, respectively. Shifting RHIo to 30% (blue curve) or 110% (dashed
blue curve) using σw =0.5χo leads to narrower and broader
distributions, respectively. In contrast to Fig. 2, the maxima
are always located exactly at RHIo .
The choices σw =(0.25−0.75)χo are likely upper limits,
as individual humidity modes contributing to real distributions of χ are likely characterized by smaller variances, see
Sect. 4.1. In summary, if the variation of χ is the only reason for changes of S, the distributions of χ must be centered
above ice saturation and must exhibit quite a large variance
σw , in order to create a notable probability to find data points
above ice saturation.
3.4

Effect of combined changes of pw and T

Let us assume for the moment that temperature and water vapor mixing ratios are independent variables. We vary them
simultaneously to examine their combined effect on the distribution of RHI. As a closed-form solution is not available in this case, we study results obtained with the statistical approach using normal distributions of T and χ, with
the baseline values To =225 K, σ =2.5 K, RHIo =50%, and
σw =0.5χo .
From the above presentation of results we may expect that
combined variations of T and χ lead to broader distributions
of RHI than pure variations of either T or χ . In fact, this is
seen in Fig. 4. The solid distributions take into account a normal distribution of T and adiabatic changes, as discussed in
Sect. 3.2. The corresponding dashed distributions additionally include a normal distribution of χ.
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Fig. 4. Probability distributions of RHI obtained with normal distributions of T and χ, assuming that both quantities are uncorrelated. The solid black/red/blue distributions here include variations
of T and adiabatic pressure changes. We use the baseline values To =225 K, σ =2.5 K, and RHIo =50%. The dashed distributions additionally include variations of χ, with the baseline value
σw =0.5χo . Red and blue distributions assume RHIo =20% and
RHIo =80%, respectively.
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Fig. 5. Probability distributions of T measured during the INCA
experiment (Prestwick, black curves; Punta Arenas, blue curves).
The stair steps represent the discretized in situ data. The number of
data points is 59,444 (Punta) and 50,412 (Prestwick). The dashed
curves are normal distributions evaluated with mean temperatures
and standard variations obtained from the respective data sets.

tributions of T measured in both campaigns shown in Fig. 5
were relatively similar, with mean values
We find that the assumed variations of χ overcompensate
the effect of adiabatic pressure changes and lead to an overall
broadening of the distribution of RHI. The dominant features
of the distributions of RHI, however, are still caused by the
temperature variability, as illustrated in Fig. 2.

4 Discussion and Summary of Results
4.1

Applying the results to in situ observations

As an application, we discuss temperature and water vapor
data taken during the INCA (Interhemispheric Differences
in Cirrus Properties From Anthropogenic Emissions) field
experiments. Measurements were carried out in the Northern Hemisphere (NH) over the eastern North Atlantic region,
starting from Prestwick, Scotland, and in the Southern Hemisphere (SH) west of south Chile, starting from Punta Arenas.
Data have been taken in a period of four weeks in the regions 52−55◦ N and S. Details of the aircraft measurements
of relative humidity are discussed elsewhere (Ovarlez et al.,
2002).
Here, we employed data taken below 235 K. Cirrus formation could have resulted in a feedback on temperatures taken
inside clouds due to latent heat effects, but this introduces
only a small, if any, effect, as we find no systematic difference between in-cloud and out-of-cloud temperature distributions.
To derive probability distributions of S where the effect of
clouds are eliminated, we have first calculated the means and
variances directly from the measured temperatures. The dis-

T̄ =

N
1 X
Tj ,
N j =1

(16)

of 224.7 K (SH) and 226.2 K (NH) and standard deviations
v
u
N
u 1 X
σT = t
(Tj − T̄ )2 .
(17)
N − 1 j =1
of 6.2 K (SH) and 3.9 K (NH). Besides the original measurements plotted as discrete distribution functions, Fig. 5
depicts normal distributions evaluated with the above mean
values and standard deviations, demonstrating that the key
features of the temperature observations are captured using
this simple approach. We discuss the differences between the
resulting distributions of RHI obtained directly with the data
and with the Gaussian fits below after the brief description of
the INCA H2 O data.
The distributions of χ observed during the NH (black
curve) and SH (blue curves) campaigns are shown in the top
panel of Fig. 6. There seem to be several modes contributing to the overall distribution in both cases, most notably
very dry ones centered around 15 ppm (NH) and 25 ppm
(SH), likely to be of stratospheric origin. Other modes appear around 50 ppm, 130 ppm, and 250 ppm (NH), and
85 ppm, 175 ppm, and 225 ppm (SH). Note that while the
overall distributions of χ have rather large variances (NH:
σw =85.1 ppm =0.74χo ; SH: σw =76.8 ppm =0.66χo ), the
variances of the individual dry and humid modes that can be
observed in Fig. 6 (top panel) are considerably smaller.
The bottom panel is a scatter plot of the T and χ data,
suggesting the existence of correlations between the two data

probability distribution
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Fig. 6. Top panel: Probability distributions of χ measured during the INCA experiment (Prestwick, black curves; Punta Arenas,
blue curves). The stair steps represent the discretized in situ data.
Bottom panel: Scatter plot of water vapor mixing ratios and temperatures observed during INCA using the same color coding. The
red curve marks the frost point H2 O mixing ratios, evaluated for a
constant pressure of 250 hPa.

sets generated in part by the aircraft flight patterns. The red
curve marks the frost point values of χ, evaluated at a constant air pressure of 250 hPa, close to the typical measurement altitude. An increasing number of data points lie above
the red line when the temperature decreases, indicating a substantial barrier to the nucleation of cirrus clouds (Ström et al.,
2003; Haag et al., 2003). The steady increase of the barrier
with decreasing T is consistent with the laboratory measurements reported by Koop et al. (2000).
We have calculated the probability distributions of RHI using the measured temperatures displayed in Fig. 5 under the
assumption of constant water vapor mixing ratios (fixed at
the mean observed relative humidities), because of the possibilty that T and χ data are correlated. The mean values of
RHIo used are ∼75% (NH) and ∼85% (SH) (Ovarlez et al.,
2002). The results are shown as black distributions in Fig. 7.
Adiabatic pressure changes were included in the calculations.
The distributions extend well into the ice-supersaturated re-

gions, with the SH data exhibiting somewhat higher probabilities to find supersaturation than the NH data.
To produce the red distributions in Fig. 7, we have used
normal distributions of T with the parameters To =T̄ and
σ =σT inferred from the measurements (see above), again including adiabatic pressure changes. This already leads to a
good fit for the NH data, but is too broad in the case of the
SH data. The reason is that the measured distributions of T
are not perfect Gaussians, with greater discrepancies in the
SH case (Fig. 5), and that we have ignored possible variations of χ. The fits could be improved by further allowing
χ to vary, which tends to increase the slope of the RHI distributions above ice saturation (recall Fig. 4); however, due
to the lack of knowledge to which degree T and χ data are
correlated, we do not attempt to combine the two data sets.
The blue distributions correspond to the observed RHI
statistics, evaluated with the in situ measurements of RHI
outside of cirrus clouds, as described in Haag et al. (2003).
In both the NH and SH distributions, two modes appear centered at low RHI and near ice saturation, respectively. The
dry modes with RHIo '5−10% are likely to be of stratospheric origin and have little influence on the spectra above
saturation, as they fall off very rapidly already well below
saturation. We recall that these dry modes are seen in the
χ-distributions displayed in Fig. 6 (top panel). They are not
included in the calculated (red and black) distributions shown
in Fig. 7.
In the NH case, the humid mode is very well captured by
the simple model result (black solid curve). This is a remarkable feature, as the observed temperatures do not very
closely follow the Gaussian fit. Nevertheless, assuming that
the measured temperatures follow a normal distribution with
mean values and standard deviation derived from the measurements and fixing the water mixing ratios with the observed mean relative humidities suffices to predict quite realistic distributions of RHI, compare the black and red humid
modes in Fig. 7.
The key difference occurs above ∼130%, where no NH
data are found outside of clouds. This difference is attributed
to cirrus formation (see Haag et al., 2003 for a comprehensive discussion and Ström et al., 2003 for an alternative explanation); here it is sufficient to state that the black distributions generated without taking into account ice nucleation
are broad enough to produce the large supersaturations required for cirrus formation. In the SH case, the observed humid mode is centered at higher values of RHI, closer to the
observed mean value of RHIo '85%. The conclusion about
the absence of SH data above ∼155% in the blue distribution
relative to the black distribution is analogous to the NH case.
4.2

Relating the results to previous work

The first distributions of water vapor mixing ratios and ice
saturation mixing ratios from airborne measurements in the
tropopause region over Stavanger, Norway and Punta Arenas, Chile, have been discussed by Murphy et al. (1990).
The authors focused on the interplay between temperature
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Fig. 7. Probability distributions of RHI (black curves) obtained with air temperatures measured during INCA (Prestwick, left panel; Punta
Arenas, right panel). Red distributions are results from the statistical approach using Gaussian fits to the observed distributions of T with
mean and standard deviation derived from the measurements (see Fig. 5), and observed mean relative humidities over ice (NH: 75%; SH:
85%) taken from Ovarlez et al. (2002). Blue distributions are generated directly from the INCA RHI data taken outside of cirrus clouds
(Haag et al., 2003).

and abundance of water vapor to explain the shape of the observed distributions.
A larger data set from the MOZAIC (Measurement of
Ozone on Airbus in-service Aircraft) measurements has been
analyzed by Gierens et al. (1999). The set comprises three
years of data in the pressure range 175–275 hPa, mainly
taken above the North Atlantic along major commercial
flight routes. The authors relate the apparently exponential (geometric) distribution of RHI above ice saturation (in
stratospheric air also below saturation) to stochastic processes controlling water vapor, including the interaction of
water molecules with cloud particles.
Statistical distribution laws of relative humidity around the
215 hPa pressure level have also been deduced from satelliteborne Microwave Limb Sounder measurements (Spichtinger
et al., 2002). Some features of the distributions of S are
similar to the MOZAIC results, but the measurements at the
highest relative humidities (slightly above the homogeneous
freezing nucleation limit of ∼165% at the lowest temperatures ∼185 K appearing in the Antarctic winter stratosphere)
must be taken with care (Haag et al., 2003).

tion amplitudes derived from lower stratospheric measurements using the ER-2 research aircraft have been described
by Bacmeister et al. (1999). The density functions can be
fitted well with normal distributions within ±1σ of the peak,
but exhibit non-Gaussian behavior in the wings, caused, in
part, by intermittent large-amplitude wave events. The highamplitude tails become more pronounced as the length scale
decreases; vice versa, Gaussians provide better fits to the
overall distribution when the length scale increases.
In Fig. 2 of Bacmeister et al. (1999) such distributions are
given for horizontal scales in the range 1−12.8 km, which
we can be aproximated according to
(
k 8n (T )
: |T − To | ≤ σ
8(T ) =
;
(18)
k1 exp(−k2 |T − To |) : otherwise

4.3

k1 = k

Studying small-scale temperature fluctuations

Our analysis in Sect. 3 and the previous work noted above
used random samples of temperatures gathered on regional
scales (horizontal scales of many 100 km) to study the resulting distributions of RHI. On the mesoscale, down to scales
of the order of 1 km, buoyancy waves are known to produce
rapid temperature oscillations in air parcels moving with the
local wind. The mean amplitudes of the temperature fluctuations typically decrease with decreasing length scale.
We use our analytic tools to examine the distribution
of RHI that result from mesoscale temperature fluctuations. Probability density functions of temperature fluctua-

for the length scale of 12.8 km, we use σ =0.18 K and
k2 =6 K−1 . The Gaussian 8n (T ) is defined in Eq.(5). The
constant k1 follows from the requirement that both distributions in Eq.(18) should be equal at |T −To |=σ , yielding the
value
exp(k2 σ )
,
√
σ 2π e

(19)

with e= exp(1).R The remaining normalization constant k is
+∞
determined by −∞ 8dT =1, leading to
r
 1 
1
1
2
= erf √ +
,
(20)
k2 σ πe
k
2
√ Rx
with the error function erf(x)=(2/ π) 0 dt exp(−t 2 ). The
distributions of RHI can then readily be computed (recall
Sect. 3.1).
The distributions of T and RHI are shown in Fig. 8 as solid
curves, evaluated for To =225 K and RHIo =100%. Also

712
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Fig. 8. Comparison between a temperature distribution arising from mesoscale temperature fluctuations with characteristic horiziontal scale
of 12.8 km (Bacmeister et al., 1999) and the resulting distribution of RHI (solid curves, left and right panel, respectively) with corresponding
solutions for an equivalent Gaussian temperature distribution (dashed curves).

shown are the results for a pure normal distribution of T
with k=1 and the same value of σ and To (dashed curves).
The high-amplitude wings of the temperature distribution including lower stratospheric mesoscale variability in cooling
rates leads to much higher relative humidities within the icesupersaturated region than the equivalent Gaussian distribution. Variations of water mixing ratios are less important in
this case, as χ will stay constant in an air parcel undergoing
this type of vertical motions, apart from changes induced by
slow diffusive mixing or cloud formation. The distribution
of RHI with mesoscale temperature fluctuations is narrower
than those shown in Fig. 2, where much larger standard deviations of T , corresponding to greater length scales, have
been prescribed.
4.4

Summarizing and discussing the main findings

This work explicity states that changes in temperature are
much more important in creating supersaturations with respect to the ice phase than changes in water vapor mixing
ratios. Extending the previous work, we have quantified the
link between variations of T and the resulting distributions
of RHI. Temperatures and water vapor mixing ratios from
a regional airborne campaign and parameterized mesoscale
temperature fluctuations are analyzed in support of this attempt.
We summarize the following issues from Sects. 3 and
4.1–4.3.
1. Variations of temperature over a wide range of atmospheric horizontal length scales is the key factor controlling the distributions of RHI, followed by variation
of water vapor mixing ratios.
2. Exponential distribution laws used as limiting distributions for high values of RHI may serve as excellent approximations of atmospheric measurements of RHI.

3. Distributions of RHI in subsaturated regions may exhibit a multimodal structure, caused by a superposition
of humidity modes originating from mixing of different
air masses.
4. The interaction of water molecules with cloud particles
is not required to explain details of the distribution of
RHI below the cloud nucleation threshold.
We interpret these results in the light of previous work.
Point 1 emphasizes the fact that vertical air motions play a
more important role in controlling the distributions of RHI
than horizontal exchange processes that redistribute H2 O
mixing ratios. The Gaussian distributions of RHI evaluated at a fixed temperature, as shown in Fig. 3, are essentially equivalent to the distributions discussed by Gierens and
Brinkop (2002) obtained with a two-dimensional, stochastic
exchange model that simulates isothermal horizontal diffusion of water vapor. Typically, the slope towards high RHI
of the Gaussian distribution falls off much more rapidly than
the slope of the distribution generated by changes of T , compare Figs. 2 and 3 and recall Sect. 3.4. Further, the time
scales over which horizontal exchange of air occurs driven
by turbulent diffusion are rather long. A rough estimate is
given by L2 /(2K)'9 hours, with the spatial scale L'1 km
and the horizontal eddy diffusion coefficient K'20 m2 s−1
(Schumann et al., 1995). In contrast, vertical air motions,
especially those induced by mesoscale waves, are known to
occur over a very wide range of temporal and spatial scales
(Tabazadeh et al., 1996; Bacmeister et al., 1999; Gary, 2002;
Kärcher and Ström, 2003). This explains why horizontal
mixing of water vapor is much less efficient in producing
high ice supersaturations and initiating the formation of cirrus clouds than vertical motions.
The distribution of RHI arising from mesoscale temperature fluctuations at horizontal scales of ∼10 km or less observed in the background lower stratosphere do not reach
very far into the ice-supersaturated region, even if the mean
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relative humidity is close to ice saturation. In a real air parcel,
a superposition of many gravity waves acting over a range
of horizontal scales will determine the overall spread of the
distributions of RHI. Thus, the width of the distribution of
RHI shown in Fig. 8 may actually be underestimated if fluctuations arising from scales >10 km are added. Together
this indicates that ice nucleation in such temperature fluctuations may be restricted to regions where synoptic waves
already lead to large-scale ice supersaturation and that the
background fluctuations are then sufficient to push air parcel temperatures below the freezing threshold. In this regard it would be very helpful to learn more about temperature
fluctuations in cirrus conditions in the upper troposphere and
tropopause region.
Point 2 helps to elucidate the nature of the distribution
laws of RHI. The discussion of the analytical results in
Sects. 3.1 and 4.3 showed that the distributions may not exactly follow an exponential law at high RHI. However, we
argue in the spirit of Gierens et al. (1999) that an exponential
law is apparently a very good approximation in most cases
(see Appendix for more details). The reason is expressed
by the fact that the rates of dynamical and microphysical
processes that control the appearance and disappearance of
water molecules in the gas phase in a given volume of air
are independent Poisson processes without memory (Gierens
et al., 1999). In the Appendix, we derive the distributions of
T that lead to exact exponential distributions of RHI in the
limit RHI RHIo .
Point 3 states that if several χ-distribution modes are superimposed at subsaturated values of RHI, the subsaturated
region may exhibit a more complicated structure, possibly
with multiple and overlapping maxima. The distribution
functions of RHI below saturation from INCA, shown as blue
curves in Fig. 7 or the cases discussed by Gierens et al. (1999,
their Fig. 4), can be thought of as being composed of several
humidity modes, each with different means and variances.
The relative weight of each mode is determined by the respective volumes of air that mix. The slope of the distribution above saturation remains quasi-exponential as long as
the mean values are sufficiently below ice saturation and the
variances of χ are not very large. Similar arguments have
been presented in Sect. 4.1 using the INCA data.
The possibility of several modes contributing to the distribution of RHI by mixing is of special relevance for the
tropopause region, where the air masses exhibit both upper tropospheric and lower stratospheric character (e.g. high
ozone amounts in rather humid air) (Kärcher and Solomon,
1999; Hoor et al., 2002; Fischer et al., 2003; Thornton et al.,
2003).
Point 4 states that the properties of the distributions of RHI
are controlled by the statistical properties of the controlling
distributions of T . Cloud-related processes that possibly affect water vapor concentrations, as hypothesized by Gierens
et al. (1999), are not required to explain the basic features
of the distributions of RHI. We do not rule out potential indirect impacts of cloud processes on the distribution; for instance, condensation and subsequent transport of cloud water
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to lower altitudes by sedimentation or precipitation alters the
distribution of χ and thus that of RHI. The impact of cirrus cloud formation on the distribution of RHI is discussed
in a separate study (Haag et al., 2003), where it is explicitly shown that vertical air motion and the growth rates of ice
crystals in cirrus determine the slope of the distributions of
RHI.
5

Conclusions

The main results of this work have been discussed and summarized in Sect. 4.4. The simple tools provided here offer a
straightforward explanation of how the basic features of distributions of relative humidity over ice in subsaturated and
supersaturated regions come about and what their controlling factors are. The comparison with in situ measurements
demonstrated the usefulness of our approach to interpret atmospheric observations of relative humidity on various horizontal length scales.
We hope that the ideas conveyed in the present study stimulate future work in this research area. Two important applications may concern improvements in predicting upper
tropospheric relative humidity and cirrus clouds with largescale atmospheric models, a prerequisite for the proper treatment of cirrus clouds, and aid in the interpretation of measurements of temperature and relative humidity.
Appendix : Exponential distribution laws of RHI
In Sect. 4.4 (point 2) we have argued that an exponential law
for S approximates the distribution of S very well towards
high supersaturations. In some cases, an exponential distribution is found to fit measurements with an almost perfect
correlation within a wide range of RHI values (Spichtinger
et al., 2002), in other cases, the exponential distribution is a
good fit only some 5−10% above ice saturation, see Fig. 7 or
Gierens et al. (1999).
Here we answer the question: Which distribution of T
causes an exact exponential decrease of the distribution of
S towards high values of S ? In the following, we ignore
variations of χ and adiabatic pressure changes, as they do
not significantly alter the results (recall point 1 in Sect. 4.4).
Combining Eqs. (3) and (6), we obtain
9(S) =

θ
2

S ln (S/α)

8(S) .

(A1)

As the distribution of S should decay exponentially above its
maximum (approximately located at So ), we write
SSo

9(S) −→ C exp(−S/S̄) ,

(A2)

where the parameters S̄ and C are constants. Using Eq. (2),
the above expressions yield the asymptotic behavior of the
distribution of T for low temperatures,
hθ
θ
ω  θ 2
θ i
T T̄
8(T ) −→ C
exp
− exp
−
,
(A3)
θ T
T
T
T̄
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Fig. A1. Comparison between Gaussian temperature distribution and resulting quasi-exponential distribution of RHI (solid curves, left and
right panel, respectively) with corresponding analytical solutions valid at low temperatures and high relative humidities (dashed curves)
describing an exact asymptotic exponential decrease of the distribution of RHI.

with the parameter T̄ at which 8(T ) reaches its maximum
and ω=S̄ exp(−θ/T̄ ).
Figure A1 (left panel) depicts the normally distributed
temperatures 8n (T ) from Eq. (5) with To =225 K and
σ =2.5 K (solid curve) along with the distribution Eq. (A3)
with C=1.85 and T̄ =237 K (dashed curve). The right panel
depicts the resulting distributions of S from Eq. (10) with
So =0.8 (solid curve; the same distribution is plotted as a
dashed red curve in Fig. 2) and from Eq. (A2) with S̄=0.2
(a value consistent with the MOZAIC data).
The agreement between the exact Gaussian distribution
for T and the exact exponential distribution for S with our
analytic solutions Eqs. (A3) and (A2) is very remarkable.
We may argue that much larger deviations from an exact
exponential fall-off than those shown in Fig. A1 cannot be
discerned from atmospheric measurements of RHI, because
typical experimental uncertainties of RHI are some ±5%
or higher. Such deviations may be caused by additional
variability due to adiabatic corrections and variations of χ
(which have been ignored in the analytic solution) or by low
temperature tails of the distributions of T that do not exactly
follow a Gaussian distribution or Eq. (A3), including those
arising from small-scale temperature fluctuations as examined in Sect. 4.3.
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