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Abstract. A new mechanism for the ionospheric Aifwres-  1964; Bespalov and Trakhtengertz, 1986) which define the
onator (IAR) excitation at middle latitudes is considered. Itis characteristic lifetime of the trapped radiation (Kennel and
shown that the ionosphere wind system in this region is capaPetschek, 1966).

ble of sustaining the generation of geomagnetic perturbations A special credit has been paid in the past to the study of
that can be detected by ground magnetometers. The genergie ionospheric Alfén resonator (IAR) that arises due to a
IAR dispersion relation describing the linear coupling of the strong increase in the Albn wave refractive index in the
shear Alfien and fast magnetosonic/compressional modes isonosphere (Polyakov, 1976; Polyakov and Rapoport, 1981).
obtained. The dependence of the IAR eigenfrequencies antthe resonator lower boundary coincides with the E-layer
damping rates on the perpendicular wave number and on th&here nearly all plasma parameters undergo a strong jump.
ground conductivity during the day- and nighttime condi- The upper boundary is located at a few thousands of kilo-
tions is analyzed both analytically and numerically. In or- meters from the Earth’s surface due to the reflection of the
der to demonstrate the IAR excitation by neutral winds thelAR eigenmodes caused by a nearly exponential decrease in
power spectra of the geomagnetic perturbation on the grounglasma density above the maximum of the F-layer. The latter
surface are calculated. Furthermore, it is found that Kol-results in the violation of the WKB approximation and partial
mogorov spectra of the ionospheric turbulent neutral windswave reflections that form a resonance cavity in the topside
and the IAR eigenfrequencies lie in the same frequency rangénosphere. The same cavity serves as the waveguide for the
that make it possible to enhance the IAR excitation. The relefast/compressional mode.

vance of the developed theoretical model to the ground-based The existence of the IAR was well documented by ground-
observations is stressed. based observations both in middle (Polyakov and Rapoport,

Key words. lonosphere (lonosphere-atmosphere interac-1981; Belyaev et al., 1987, 1990; Hickey et al., 1996;
tions; mid-latitude ionosphere; plasma waves and instabili-Bosinger et al., 2002) and in high latitudes (Belyaev et al.,
ties) 1999; Demekhov et al., 2000). The resonator was also iden-
tified in the Freja and FAST data (e.g. Grzesiak, 2000;
Chaston et al., 1999, 2002, 2003). The basic mechanism
of the IAR excitation at high latitudes usually refers to the
development of the fast feedback instability induced by the
i : : . large-scale ionospheric shear flows (Lysak, 1991; Trakht-
The low-frequency electromagnetic (EM) pert_urb_anons n engertz and Feldstein, 1991; Pokhotelov et al., 2000, 2001).
the frequency range of 18—10Hz are of special interest . S - :
. : : The energetics of this instability was reviewed by Lysak
in geophysical studies (e.g. Kangas et al., 1998). Nearly :
. : . . ’and Song (2002). The nonlinear theory of the IAR was re-
all magnetospheric and ionospheric resonances fall in this
cently developed by Pokhotelov et al. (2003, 2004) and On-
class. Among them are the MHD resonances of the mag-
) : ishchenko et al. (2004).
netosphere as a whole, the field-line resonances and Shu- . o
It should be noted that the feedback instability can serve as

mann resonances of the Earth-ionosphere cayity§ Hz). ) . o . :
This frequency range is associated with the operation of théhe basic mecham;m of the.IAR excitation at h|gh'lat|tudes
where the convection electric fields can reach quite strong

so-called Alf\en masers generating the ion-cyclotron waves ) X
9 g y values. On the contrary, at middle latitudes other sources

in the Earth’s magnetosphere (Andronov and Trakhtengertz, .
of the free energy can come into play. For example, gen-

Correspondence tavl. Parrot eration of the IAR can be associated with the thunderstorm
(mparrot@cnrs-orleans.fr) activity (e.g. Polyakov and Rapoport, 1981; Belyaev et al.,

1 Introduction
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and z=I. Due to the high mobility of the electrons along

(o Az : the magnetic field lines the parallel conductivity is high and
TBO : thuso—oo. The latter condition shortcuts the wave paral-
: lel electric field, i.e.E,=0 at least when the waves’ length is
,= p| Magnetosphere A , larger than the inertial electron skin depth. Furthermore, the
A £ . plasma is assumed to be uniform within each layer in the di-
L F layer rection perpendicular to the external magnetic field. For the
y z=1| H VA) Sp_SH sake of simplicity we adopt the model of the vertical external
| 0 E layer VA Vam magnetic field in order to avoid the complexities connected
y =0 Vs - with magnetic field inclination.
A y ~ We start from Ohm’s law for the conductive ionospheric
d Atmosphere E-layer given by (e.g. Kelley, 1989)
e — = i1 =0rEL +on2xEL, @
Earth S) whereoy andop are the Hall and Pedersen conductivities,

E'=E + vxB, E is the wave electric field is the external
magnetic field which is directed along the z-axiss the neu-

tral wind velocity,Z=B/B and the subscript. denotes the
component perpendicular 8. For clarity we consider that
the stationary convective electric field is absent, and the EM
perturbations are solely due to the neutral wind. Within the
altitudes of the E-layer the ratio of plasma to neutral number

g - 7 9 _ . . ._
1987, 1990). In some cases the IAR manifests itself as thgensmes 'SV1.0_| _TSO_ f;r thehQay Iand mghttlrr:f goﬂd' h
anomalous ULF transients and can be observed in the uppé‘pﬂns’ resp?crt]Ne y. base fohn t IIS value ong canfin r;[ at .t j
ionosphere on board the low-orbiting satellites above stron nfiuence o t gmotlons ofthe electrons an lons on the win
atmospheric weather systems (Fraser-Smith, 1993). In du otion is negligible. Therefore, we can consider the neutral
time Sukhorukov and Stubbe (1997) considered the nonlinVind velocity v in tPe i—la%/('\a/lr as a ggve_n function, that can
ear conversion of the lightning discharges’ energy into theS€rVe as a source orthe perturbations. . -
IAR eigenmodes. _ The_ dynamlcs_ of the plasma number density variattons

We note that at middle latitudes there is a natural source" the ionospheric E-layer governs by

of free energy stored in the ionospheric neutral wind motions (5n 33”> Ji sn @
PR — —_ — Vv— s

Fig. 1. A schematic drawing of a stratified medium model. The
plots of the Alfven velocity and the ionosphere/ground conductivi-
ties are shown in the right panel.

which can excite the IAR similar to the operation of a po- % | 7, B

lice whistle. The consideration of this new mechanism is the

subject of the present study. where, contrary to the high altitudes, the effects due to
The paper is organized in the following fashion: Our the energetic electron precipitations are neglected. Further-

model and the basic equations describing the IAR in themore,d,=a/dz, n~10'*m~3 is the ambient plasma number

presence of the neutral winds are presented in Sect. 2. Thdensity, e is the magnitude of the electron chardes) is

boundary conditions for the IAR are formulated in Sect. 3. In the compressional variation of the magnetic fight30 —

Sect. 4 the dispersion relation for two coupled modes is ex-—40km is the reduced scale of the E-laygr,is the field-

amined, and the IAR eigenfrequencies are found. Section Bligned electric current anok6x10~3s™* is the recombi-

is devoted to the study of excitation of the resonance cavitynation rate.

by the high-altitude neutral winds. We complete the paper With the help of Amgre’s law and the conditios-6B

with our discussion and conclusions in Sect. 6. The Appen-One can verify that the field-aligned current scales as

dices A—C contain the details of our analytical calculations. Jio/tg (8By/1). For the wave frequencies of the order of
1 Hz the terms on the right-hand side of Eq. (2) are of two

orders smaller than those on the left and thus the variation of
2 The model and basic equations the plasma density scales &s/nodB)/B. Using this rela-

tion and the explicit expression for the perpendicular electric
It is common knowledge that the ionospheric resonance caveurrent Eq. (1) one can estimate the relative importance of
ity is localized at altitudes below—12 Rz. At such small  the plasma density variations in the Agrp’s law which is
altitudes the magnetic field line curvature is of little impor- controlled by the following dimensionless parameter
tance and thus neglected. On the contrary, the plasma num-
ber density, the collision frequencies, the plasma conductive€ =
ity and other parameters exhibit strong variations inside the
IAR. A schematic drawing of our model is shown in Fig. 1. wherevpa~100 m/s is the typical wind velocityop is vari-
The gyrotropic E-layer of the ionosphere is boundedH9 ation of the ionospheric conductivity4;~500 km/s is the

enl n

oplEL] n|ELl wvarl
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®)



V. V. Surkov et al.: Excitation of the ionospheric resonance cavity 2879

Alfvén velocity in the E-layer and is the perpendicular wherev,0~500 km/s is the Alfen velocity at the bottom of
wave number. Wheki/>1 the magnetic perturbations are the resonance cavity~0.01 is a small, dimensionless pa-
completely “screened” by the ionosphere and are not seen orameter andL~10°km is the typical vertical scale of the
the ground. Since in what follows we will be interested solely resonator.

in ground measurements, we restrict our consideration to the The velocity profile Eqg. (8) is quite close to the model
casekl<1. In this particular case>>1, and the variations is ionospheric numerical profiles and can be considered as
of the ionospheric plasma density that enter the Arajs representative. The use of such an analytical approximation
law can be neglected. They simply follow the compressionalmakes it possible to express the IAR eigenfunctions in terms
variations of the magnetic field, i.6n/n~§B;/B. Thus, in  of Bessel functions and to obtain simple analytical expres-
our approximation in the wave equations that will be derivedsions for the eigenfrequencies and the IAR damping/growth
below, the Hall and Pedersen conductivities can be treatedates.

as constant quantities. The opposite dasel has been re- In order to make our consideration as transparent as possi-
cently analyzed numerically by Streltsov and Mishin (2003), ble, we choose a simplified approximation (e.g. Pokhotelov
in connection with interpretation of EM wave structures ob- et al., 2001). which describes the Aéfir velocity in terms of
served by the Defence Meteorological Satellite Programmea piece-wise function, so thafy=v4; within the F-layer of
(DMSP) during a magnetic storm within subauroral polar- the ionospher@ <z<h=I+L) andvs=v4y in the magneto-

ization streams (Mishin et al., 2003). sphere(z>h), whereva; andvay (vay>>>var) are constant
To describe the EM perturbations we make use of the stanquantities (see Fig. 1), i.@4;~v40 andvay~voe 1.
dard two-potential®, W) representation, that is, For the altitudesz>! the conductivity tensor entering
Ko Ampere’s law should be replaced by the tensor of dielectric
El =-iw (— —ik x 2\11) , (4) permittivity. Combining Ampere’s law and Egs. (4)—(5) we
@ arrive at the wave equations for the shear Atvand fast
k x 2 modes in the region>1
5B = o, <L<b+ikxp> e 5) g
1) ) w2
o . 00+ 50 =0, 9
All perturbed quantities are considered to vary as * + v% ©)
exp(—iwt+ik-r), wherew andk are the wave frequency and
the perpendicular wave vect@B is the perturbation of the _, 2 > 2, 2\2
magnetic field and.=9/9z. 9w —Aw =0, b= (k @ /UA) ' (10)

Since in our modeE,=0, the z-component of the vector
potential is connected through the z-derivativedoby the
relationA=—iw =19, ® and thus eliminated from Eq. (5).

Using Egs. (1)—(5), from Amgre’s law we obtain a system
of two differential equations fo® andW that describes the
coupling of the ionospheric MHD modes with neutral wind

Hereva=v4; whenl<z<h andvy=v4y Whenz>h. The
solutions of these equations have to be continuous=at
Whenz>h the solution of Eq. (9) in the form of an outgo-
ing Alfvén wave should be retained. Moreovdfr, has to

be limited at infinity(z—o0). The solution of Egs. (9) and
(10) that satisfy such boundary conditions are given in Ap-

motions pendix A. The boundary condition at the lower epgh], of
92® + ipowap ® + powoy W the IAR is considered in the next section.
_ Buow The neutral atmosphete-d <z<0) is considered as a vac-
=2 [opk xV): +ouk-V)]. (6)  uum region, and the solid Earth<—d) as a uniform con-

ductor with a constant conductivity,. Since the resistance
between the ionosphere and the ground is much greater than
that of the ionosphere, one can neglect the field-aligned cur-
ZB[ZLO [oH(k « V). —opk - v)] ' ) rent flowing from the ionosphere_ to the atmosphere, and at
k z=0 (the boundary between the ionosphere and atmosphere)
In our model the region>I above the E-layer is supposed We setj;(0)=0, which, according to Eg. (5), assumes that
to be the area consisting solely of cold collisionless plasmad: ®=0. Thus,® is a constant quantity in the atmospheric
The plasma dielectric tensor in this region is assumed to béayer which, for simplicity, we set to zero, addsatisfies the
diagonal with the components ande ;. The Alfvén veloc-  Laplace equation, that is,

22w — (k2 — i,bL()a)Up) Wt ooy ® =

_1
ity can be expressed through, i.e.vy=ce | *, wherec is the aZZ\IJ —k°W =0, —d <z <0. (11)
speed of light. In the ionospheric resonance cavity the&dfv

velocity increases with the altitudedue to a strong decrease Similarly for the solid Earth{<—d) we have

in the ionosphere plasma density. Such a dependence can kge\y BV =0, (12)
approximated by a simple analytical exospheric profile (e.g.
Greifinger and Greifinger, 1968), that is, where 8=k?—ijowo,.

5 5 (2 1 The above obtained equations should be supplemented by
vy = Vo {5 +exp[-2(z—1) /L]} ; z>1, (8) relevant boundary conditions that follow from Age’s law
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. where xo=wL/v4; is the dimensionless IAR frequency,
g9=1mxo ap=XYp/¥, and ag=%py/%, stand for the dimension-

Rel y<0 less height-integrated Pedersen and Hall conductivities, re-

spectively,X,,=1/uov4; is the Alfven parallel conductance,
e=vas/vam, M=(k2L?—x3)Y? andiy =(k2L? —x32)/2,

4 The general IAR dispersion relation

The IAR eigenfrequencies are defined by the zeros of the
denominator in Eq. (14)

(is + xoop) (B1+ ap) + xoafy = 0. (20)

To analyze this dispersion relation it is necessary to specify
the signs ofay, A; and a&. The function,, in Eq. (18)

Fig. 2. A sketch of a complexg plane. 1 — a cut in the complex ha:(:t.wir?;fu.rcstcl)??hpofm;ict).zonix”é 'mV;hkeerZ)z:Mt:'rftLh/g.coTrg le
plane that connects the bifurcation pointsigf. 2 — an integration specify SI9 IS function w uti piex

path for the inverse Fourier transform. 3 — a cut for ee. One of the_pl""r'e_x0 shown in Fig. 2 with line 1. A4 is purely real, the
poles of the integrand is shown with. imaginary part of. ), equals zero along the cut that connects

two bifurcation points, as well as on the vertical line where
Rexp=0. In order to satisfy the so-called radiation condition

and require that the scalar potentialsand W, and their first ~ atinfinity we choose the physical sheet of Riemann’s surface.
derivatives,d,® and 9.V, be continuous at all boundaries, In this case Imy >0 on the right semi-space and i <0
that is, atz=—d, z=0, z=I andz=h. In greater detail they 0n the left one. The real part afy is positive on the lower
are examined in Appendices A and B. semi-space (what does hemiplande mean?) and it has the
opposite sign in the upper space. The integration path for the
inverse Fourier transform is shown in Fig. 2 with line 2.

The functions on the left-hand side of Eqg. (20) is an
) . . even function of;. Thus, the bifurcations of the function
Since below the conductive slad vanishes the pertur- ;, can be left out. The function a has the only bifurcation
bation of the magnetic and electric fields on the g_roundpointxo=xg,Wherexg=—ik2LEw/ag. The cuts in the com-
can be expressed solely through at z=-d, that is,  plex planexo are chosen to coincide with the lines on which
§B=ikd; W+k*W2 andE | =wW2xk. Furthermore, accord- Rege-0 (Fig. 2, line 3). In addition, we require that the con-

3 Magnetic field perturbation on the Earth’s surface

ing to Eq. (12) on the groun8L ¥ (—d) =aa¥ (—d). Hence
the magnetic and electric fields on the solid Earth are
5B = (ikae+ kzi) W(—d), E, =a?xkW¥(—d).(13)

Substitution of the explicit expression fo¥ (—d) into
Eq. (13) gives

0 (Z+ikag/k?)
B3 [(is + xoeep) (B1 + ap) + x00% ]

$B/B = (14)

Here we made use of the following abbreviations
O=Lv,7 [(k~v) (ai, +a2 + ,31011)) —(k XV)zﬂlaP] (15)

&+ ktanh(kd)

s =k 7 + eetanhkd) APz (16)
_1+e—(1—¢)exp(2ixo)
pL= 14+ (1—e)exp(2ixg)’ A7)
A4+ Am — (A — Ay) €Xp(2ry)
- , 18
P o A ¥ G — i) exp(@ip) (18)
B3 = coshtkd) + %e sinh(kd) , (19)

dition Reaz-0 holds everywhere.

In what follows, we will show that the roots of Eq. (20) lie
in the lower part of the complex plane af, where Ré j, >0,
i.e. they are on the non-physical part of the complex plane.
We do not discuss this problem in more detail since it is of
importance solely in the region>#, i.e. in the magneto-
sphere, while our interest refers solely to the magnetic field
on the ground.

4.1 Shear Alfen mode. The zero Hall conductance

We start our analysis with the simplified case of the zero
Hall conductanceXy=0. The general dispersion relation
Eq. (20) in this case decouples into two modes. The first one
corresponds to the roots of the following equation

pr+ap =0. (21)

The eigenmodes of dispersion relation (21) do not depend on
k and correspond to the shear Afvmode. Indeed, Eq. (21)
can be rewritten as

1+ 1+

and thus coincides with Eq. (27) of Pokhotelov et al. (2001).
Decomposing the dimensionless frequency in Eq. (22) into

(22)
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its real and imaginary partsp=n+iy, one finds the solution  Taking into account that the roots of Eq. (26), shown in Fig. 2
of Eq. (22) in the form by x,, are in that quarter of a complex plane where the real
A1 and imaginary., parts ofiA are positive, we find that;
1 A+4ap) o
n=nm—1 409, U¥,=—-arg———, (23) andy; are positive as well.
2 (1 —ap) All other functions in Egs. (26) and (27) in this approxi-
mation should be taken ay=kL. Hence\ y~kL and

ko 1/2
®’= =(k2—-i=2 .
& ( 2)

— | (24)

wheren is an integerp=1, 2, ..., ¥,=0 when Gap <1 (in-

sulator) andy,=7/2 whenap>1 (conductor). The right-hand side of Eq. (26) can be expressed in terms of

42 Fastmode. The zero Hall conductance a power series in a small parametgy kL. Thus, Eg. (26)

reduces to
Another family of roots in Eq. (20) corresponds to the fast _ 2\ i
mode that is described by exp2i) =1+ %L 1- ap +ao (31)
is + xpap = 0. (25) where
Similarly to the previous subsection we rewrite Eq. (25) as g = iw ) (32)
k + s tanh(kd)
exp(2r;) = (g + 1) (op + 0t l')”l/xo) , (26)  The functionag can be decomposed into its real and imagi-
(v — A1) (@p + g +ir1/x0) nary partsgo=a1 +iay. Equating the moduli and arguments
where of the functions on both sides of Eq. (31) and then expand-
. ing them in a power series of small parameters (kL) and
. — (kLY &+ ktanh(kd) (27) 2/ (kL), we obtain
8 xo ) k + eetanhkd) ; hab
The functionsi;, Ay, a, and therefore the roots of Eq. (26) M (1 N k_L) kL (33)

depend ork, i.e. xo=xg (k). The range of very small or
kL1, is not of great importance for practical applications.
Nevertheless, we notice that the solution of Eq. (26) in this;, (1 _ i) I U , (34)
region differs from that (see Eq. (22)) for the shear Aliv kL kL
mode even ifk=0. These solutions coincide only when the wheren is an integer and
ground conductivity is ignored, i.e,=0.
Now we examine the opposite case of lakger more pre- a=1- —, =—.
ciselykL>1. In the first approximation we have=k /v4; (@p +a1)” +a; (ap +a1)” +a;

or xo=k L which corresponds to the ordinary dispersion rela- Here the case=0 is excluded sincg, is a positive quantity.
tion for the fast mode in an uniform plasma. It follows from  The set of Eqgs. (33) and (34) defines the functions of
this that in the first approximatioh;=0. Notice that for-  goyughtr; andi,. Substitutingh andxz into Eq. (30), one

mally the valuex ;=0 satisfies Eq. (26) because in this casecgn finds; andy;. Finally, with help of Eg. (28), one obtains
both parts of Eq. (26) are equal to unity, but it does not satisfy

the original Eq. (25). Thus, in the second approximation, one » ) = KL+ 7252 - 2bi (36)
can find the solution of Eq. (26) in the form 0 2L[1-a/ (kD)2 | kL[1-a/kL)]]"

xo=kL 481 —iy1, (28) wherea and b are given by Eq. (35). This equation de-

_ scribes the spectrunay” (k) =x; (k) vas /L, of the damped
wheres; andy; are the real parameters to be defined. More-|AR eigenmodes which corresponds to the fast modes when
over,d; andy; are much smaller thahl. These parameters 7.1,

represent small corrections due to the presence of the E-layer
with finite thickness and due to the ground conductivity. 4.3 Mode coupling. The role of the ionospheric Hall con-
Substitution of Eq. (28) into the expression fqr, gives ductivity

o ap + a1 (35)

a A [2KL (=81 +iyD]Y2, In| < kL. (29)  Inthe above consideration the shear and fast modes remained
uncoupled. It is a conventionally idealized model which can
be relevant for the nighttime conditions. However, during
daytime conditions, the situation may become more com-
plex since the effects due to finite Hall conductivity start to
play an important role. This can result in a strong mode cou-
pling. Nevertheless, as before the general dispersion relation

As it follows from the analysis given below, the réal and
imaginaryi, parts ofi; yield the conditiom; < A2. Hence,
Eq. (29) reduces to

Ay =+ idg = (2kLSp) M2 (2%1 + i) . (30)
1
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Fig. 3. The plots of the redla, ¢)and imaginaryb, d) parts of the dimensionless frequengyas a function of perpendicular wave number
k for the fundamental mode. S and F denote the shea€Aland fast modes, respectively. The dashed lines correspond to the approximate
analytical formulae.

Eqg. (20) consists of two modes. Each mode consists of a The imaginary part ofg or dimensionless attenuation co-
discrete set of normal modes. To demonstrate the basic feafficienty for the fundamental mode is depicted in Figs. 3b
tures of the fundamental mode=1), the numerical analy- and d. One sees that both modes strongly deperid bter-

sis of the dispersion relation vk.Eq. (20) has been carried estingly enough the attenuation of the shear mode (Figs. 3b
out. Figures 3a and b show the real and imaginary parts ofind d, solid lines S) is much stronger than that for the fast
xo as a function ok (in inverse kilometers) for the daytime mode (solid lines, F). Certain oscillations, seen in these fig-
conditions. A similar plot for the nighttime conditions is de- ures, also distinguish the fast mode from the shear&kfv
picted in Figs. 3c and d. The numerical values for the vari-mode.

ous magnetospheric, ionospheric and other parameters are: To clarify the mode properties, an explicit solution of the
var=500km/s, vy =5x10*km/s, L=500km, d=100km dispersion relation Eq. (20) is required. The necessary ap-
ando,=2x10"3S/m. For the daytime ionosphere (Figs. 3a proximate dependencies fog () are given in Appendix C.

and b) the height-integrated conductivities Bie=5 OhnT?  For the shear Alfén mode during the daytime we have
and ©y=7.50hnT!, respectively, so thatp=3.14 and

ay=4.71. For the nighttime conditions p=0.2 OhnT ! and
Y x#=0.30hnT! (Figs. 3c and d), so thatp=0.126 and
0[1-120.188.

The real part ofxg defines the fundamental mode eigen-
frequency. The dimensionless eigenfrequenof the shear
Alfvén mode, shown in Figs. 3a and ¢ with solid lines S,*0 = 7n +iy, (38)
practically does not depend @n At the same time, the fast
mode shown in Figs. 3a and ¢ with solid lines F exhibits a lin-wheren=1,2, ...
ear response th. Below we will show that this mode tends In the first approximation the real part @ thus does not
asymptotically to the dependeneg=k L or w=kv;, which depend ork (Figs. 3a and c, the dashed lines, mode S). This
is typical for the fast mode in uniform plasma. agrees with the numerical calculations of Eq. (20) shown in

xo=nmm—05 +iy, (37)

and for the nighttime conditions



V. V. Surkov et al.: Excitation of the ionospheric resonance cavity

Figs. 3a and ¢ with solid line. The imaginary partwgf i.e.
y, given by Eq. (C3), can be rewritten as

1 4(1+ReG)}

——e—"In|1+ ——— . 39
y - [ - (39)
whereG

Ol2
G =ap—1 - (40)

R rar—
is(m)/n+oap
andn=n (n—1/2) or n=nn. Foray=0 Eq. (39) coincides

2883

horizontally with constant spedd parallel to the wave vec-
tor kg. The value ofU can be close to the velocity of inter-
nal gravity wave. In what follows we are interested solely
in velocity variationssv. The temporal Fourier transform of
Eq. (43)is

V,, exXp(ikor)
i(w—Kkg-U)’

A spatial Fourier transform of Eq. (44) has the pole which
corresponds t&k=kg. Substitutingsv into Egs. (14)—(15)

8V (w,r) = (44)

with Eq. (24). The approximate dependencies Egs. (39) an@nd performing an integration ovkrone obtains the inverse

(40) (fundamental mode,=1) shown in Figs. 3b and d with

Fourier transform of Eq. (14). As a result one can fildas

the dashed lines (mode S) are close to numerical simulatio function ofw, i.e. the spectrum of the geomagnetic varia-

of Eq. (20).
Now let us consider the fast mode in the limit of large
The approximate solution is given in Appendix C. The de-

tions. In order to find the contribution of the pdie=kg to
the spectrum, one can formally repldcby ko in Egs. (14)—
(19).

pendence (C13) is obtained in the same manner as it was For a large-scale flow pattern the neutral gas should be

used in Sect. 4.2. As the parametar/ (kL) is neglected,
Eq. (C13) reduces to

7°n?

xg =kL + L

{1 >} A

wherea anday stand for the real and imaginary partso@f
respectively, and the function is

B 2[ap (14Y) +a1] i
kL ([ap (1+Y) +a1]? + [ap+Y tankL]?

2
_ *H

=—H 42
a2 +tarf kL “2)

We note that wher =0, EqQ. (41) coincides with Eq. (36).
The real and imaginary parts g for the fundamental mode
are shown in Fig. 3 with the dashed lines (F mode) (cf. nu-
merical calculations of Eq. (20) shown with solid lines for
F mode). The small peaks in, seen in Figs. 3b and c, are

due to the interference of the shear and compression mode

They disappear whemy =0 and the modes are decoupled.
It should be noted that the shear Aéfv mode attenuation
is much greater than that of the fast mode (Figs. 4 and 6). |

means that the excitation of the fast mode in the IAR is quite

possible and can play an important role in the formation of
the IAR spectrum.

5 Excitation of resonance cavity by high-altitude wind

In order to obtain the spectrum of the EM perturbations, atude of the spikes.

specific form for the velocity distribution is required. There

considered practically incompressible, ifesv=0 (Kelley,
1989). Hencekp-8v=0 so thatkg is orthogonal tasv. Fi-
nally, we arrive at

_ iL(kg x Vin)zBrap
var (@ — Ko - U)

Substituting Eq. (45) into Eq. (14) one obtains the spec-
trum of geomagnetic variation caused by the wind motion
Eqg. (43) in the lower ionosphere at 90120 km. In order

to illustrate the basic features of this spectrum, the numer-
ical calculations have been carried out. We note that the
power spectrum of the time-derivative of magnetic pertur-
bations, i.ew |8B|, is usually recorded in the in-situ mea-
surements. It is customary to normalize this spectrum by the
value Ar'/2, whereAt is the sample time (in s). The power
spectrum of horizontal component, i@|sB | /(A1)Y?2, in
T-HzY2, as the function of frequencj=w/2x is depicted

in Fig. 4. Herew stands for the real part of the wave fre-
guency, the external magnetic field B=5x10"°T, and
other parameters are the same as in Fig. 3. Furthermore,
v, =50m/s, U=500m/s andAr=400s. For the daytime

(45)

{onosphere (Fig. 4a) the height-integrated conductivities are

> p=50hnT! and £ =7.5Ohnt !, whereas for the night-
time conditions (Fig. 4b) these values & =0.2 Ohnt!
and £y =0.30hnT!. In these figures the solid and dot-
ted lines correspond to the wave numbégs=0.01 and
0.02 knm1, respectively.

According to Figs. 4a and b the decreasekiresults
in the enhancement of the power spectra and the magni-
This follows from the fact that the
denominator in Eq. (14) contaings (19), which includes

are a number of causes that affect the velocity spectrum agxp(kod), so that ifkod>>1, the signals become practically

high altitudes, including the wind variations, internal gravity

undetectable owing to their smallness on the ground. For

wave propagation, diurnal and seasonal variations, etc. Fothe daytime conditions and the wave numbers withdil&
the sake of simplicity we assume that the neutral gas velocityy.02 km~! the magnitude of the first spike is of the order

has the form

V=Vo+48v, &v=v,exp[iko-(r —Un], (43)

wherevyg is the stationary neutral gas flow aéwdis its vari-
ation, v,, <vg. We consider that these variations propagate

of 60—180pT/HZ/2. However, it is only a rough estima-
tion of the magnitude because the latter strongly depends
on ko, the source spectrum and on other parameters. The
spectrum oscillations seen in this figure are mainly due to
oscillations ing; in the numerator of Eq. (45). The poles
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Fig. 4. A normalized power spectrum of the horizontal magnetic field at the ground I€e@l- daytime conditions(b) — nighttime
conditions. The solid line (1) and the dotted line (2) corresporig1e0.01 and 002 km 1, respectively.

and zeros of this function are located close to the real axisvhere
of w. If wis purely real, the maxima i1 lie approxi- 12p2
mately atvo~m (n—0.5), wheren=1, 2..., or at the frequen- K2L2
cies f~0.5(va;/L) (n—0.5) =0.5 (n—0.5) Hz. It should be 0
noted that these values are very close to the IAR eigenfreror 1 —103km andky=0.01kn! we obtain f120.84 Hz,
quencies (shear mode) for the daytime conditions Eq. (37). £,~0.95Hz andf3~1.15Hz. This is close to the first three
Such a coincidence of the characteristic frequencies is typspikes in Fig. 5 (line 1). The appearance of the sharp spikes
ical only for the daytime conditions. The nighttime IAR s que to the change in; = (kng _ xg)l/Zl The first sharp
eigenfrequencies (shear modg)=0.51Hz (see Eq. (38)) gpike arises as the frequeneyis greater than the threshold
Correspon_d tq the minima rather than to the maxima of thevaluekovA[, so that\; becomes purely imaginary. For exam-
spectrum in Fig. 4b. ple, whenko=0.01 and 002 kmi"%, the critical frequencies
Comparison of the day- and nighttime power spectrums f=kqv4;/ (27) ~0.8 and 16 Hz, respectively. This agrees
shows that, except for the first spike, the other spikes of theyith the numerical simulation given in Figs. 4b and 5 with
daytime spectrum are smaller than those of the nighttimgines 1 and 2.
spectrum. The nighttime conditions are thus more preferable Bgsinger et al. (2002) have found that the average
for the IAR spectrum observation. This conclusion agreesfrequency differenceAf between two adjacent quasi-
with the results by Bsinger et al. (2002), who have recently harmonics in SRS is very small.@Hz). Just the same aver-
reported the data of the first half year of operation of a senqge frequency difference can be seen in Fig. 5.
sitive search coil magnetometer at a remote site in the island |nterestingly enough the low frequency part of the night-
of Crete, Greece (35.1%, 25.20 E). It was shown that the  time spectrum does not contain the peaks, in spite of the fact
spectral resonance structures (SRS) observed at these lathat excitation of the shear mode £t0.5 Hz (L=500 km,
tudes is a purely nighttime phenomenon. Fig. 4b) or f=0.25, 05 and 075 Hz (L=10° km, Fig. 5) may
In what follows we are mainly interested in the nighttime be expected. This peculiarity of the spectra is due to a spe-
power spectrum. The nighttime spectrum shown in Fig. 5cific form of Q (Eq. (45)). We recall that this form of
was obtained with the use of the same parameters as beforesults from the fact that the wave veckgyis perpendicular
andL=10%km. Here the faster oscillations are seen in com-to the wind velocitysv. In order to illustrate this we consider
parison with Fig. 4b, where the valde=500 km was used in  the opposite case whda is parallel tosv. ThenQ is given
a numerical simulation. The spikes in the nighttime spectrumby
are due to the fast mode. In order to estimate the frequencies . ) )
of these spikes, we make use of an analytic approximatiory, _ _iL(ko-Vm) (¢ +f + Prorp)
for the fast mode eigenfrequencies (see Eq. (41)) var (w — kg - U)

<1. (46)

(47)

- Figure 6 shows the nighttime spectrum obtained with the help
fo A varko (1 nn ) of Eq. (47). For clarity the valu¢=10%km and the above

2 Zk(z)L2 parameters were used in a numerical simulation. The spikes



V. V. Surkov et al.: Excitation of the ionospheric resonance cavity 2885

140 60

120
50

i
5]
=]

T

I

S

T

@
S
T

L

]38 |, pT- HZ 12
D
o
T

®|8B, |, ;:vT-Hz‘”2
w
o
T

N
=)
T

40

Fig. 5. Same as in Fig. 4 but fat=10%km. Fig. 7. Dependence of the nighttime power spectrum at the ground

level on the ground conductivity. The solid line 1 corresponds to
50 0,=0 and the dashed line 2 corresponds te=10~2 S/m.

Polyakov and Rapoport, 1981; Lysak, 1991; Trakhtengertz
and Feldstein, 1991; Pokhotelov et al., 2000, 2001).

Our numerical simulations show that the nighttime spec-
trum varies drastically due to the excitation of the fast mode
when the frequency exceeds a valfie~kova;/ (27). The
strong spikes whose frequencies dependkaarise in the
frequency domairy > fo. The attenuation of the fast mode
is much smaller than that for the shear Afvwave. The
horizontal propagation of the fast mode in the ionospheric
waveguide in the F-layer has been studied by Greifinger and
Greifinger (1968), who noted that the wave propagation in
the ionospheric waveguide is more favorable during night-
time conditions. Our results agree with this conclusion in
spite of the fact that we consider the vertical propagation of
the two coupled modes across the waveguide rather than hor-
Fig. 6. The nighttime power spectrum at th_e ground_level in the casejzgntal spreading of the fast mode. Thus, we conclude that
when the wave vectdq is parallel to the wind velocityv. excitation of the fast mode can play an important role in the
formation of the nighttime I1AR spectrum.
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at £=0.25, 05 and 075 Hz seen in the figure are due to the
shear Alien mode, contrary to Fig. 5, where these spikesg Discussion and conclusions
are absent. Comparison of Figs. 5 and 6 shows that the low
frequency part of the spectrum substantially depends on thé is of common knowledge that traditional mechanisms of
neutral wind properties. the IAR excitation, such as feedback instability, become less
Finally, Fig. 7 illustrates the dependence of the spectrumimportant in the mid- and low-latitudes. In these regions of
on the ground conductivity for the nighttime condition (here the ionosphere the electric fields are basically generated by
ko=0.02 km1). The solid line corresponds tg=0and the neutral winds (Kelley, 1989). As a result, we have restricted
dotted line corresponds @zlo_z S/m. As one sees from our consideration to high-altitude winds. In part, this mech-
Fig. 7, the presence of the finite ground conductivity resultsanism is similar to acoustic autovibration in such a system
in the enhancement of the several spectrum peaks. as “a police whistle”. Indeed, let us imagine a cylindrical
Figures 4-7 show that the peaks of the shear&ifinode  case/shell bounded from one end and opened from another. It
arising in the low frequency part of the nighttime power spec-is known that an aerial flux externally tangent to the open end
trum in the form of single or multiple spikes at the frequen- of the shell results in excitation of the aerial column eigen-
cies practically do not depend on the wave number. Thesenodes. In such a case the energy flux coming from the ex-
spikes can be associated with the ordinary IAR spectrum (cfternal source is governed solely by the aerial column. The
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fluctuations of the tangent aerial flux whose frequencies areertial subrange” irk space, where the energy will cascade to
close to the aerial column eigenfrequencies in the shell catarger and larger values &f i.e. from large to small scales.
give rise to enhancement of the eigenmode magnitudes.  The cascade is bounded from below by the valaé and

Our analysis shows that a similar scenario may operatdrom above by the so-called Kolmogorov dissipative scale
in the ionospheric resonance cavity. In this case the neutrat,,=»~1Re¥4, where the influence of the molecular viscos-
wind in the lower ionosphere can serve as an energy sourciy becomes significant and the energy dissipation occurs. So
for the cavity excitation. First, the part of the gas kinetic within the intervalr ~1«k<1~1Re¥* the energy is trans-
energy is transferred into the energy of the electric currenferred from eddy to eddy with no net energy gain or loss. In
in the conductive ionospheric slab, which is then convertedan isotropic homogeneous medium the omnidirectional spec-
into the energy of the shear and fast modes. Some of thisral density of the mechanical energy of the turbulent flow
energy is lost/dissipated due to the ionospheric Joule heatinas a power law spectrumk—>/3. The typical frequencies
and wave energy leakage into the magnetosphere. of turbulent pulsations are evaluated:&skv, wherev is the

The fluctuations of the neutral wind can result in the en-smoothed mean velocity that slowly varies along the flow.
hancement of the energy flux flowing from the wind into the Hence, we find that Kolmogorov spectrum is localized in the
resonance cavity if the fluctuation frequency range is closgrequency range given by
to the IAR eigenfrequencies. Such fluctuations, which arise
from the gas turbulence, are usually observed in the vicin-V o< ERe?’/“
ity of the turbopause and they can occur in the E-layer. InA A '

order to find the frequency range that is typical for the tur- . .
d y rang yp where the lower margin corresponds to large-scale pulsations

bulent pulsations, one needs a rough estimation of the neu- h th tands for the dissinative turbul
tral wind parameters. The gas flow pattern is characterized < cas N€ UPPET one stands for the dissipative turbulence

by the Reynolds number ReAvip/£, wherep is the neu- scale, i.e. for the smallest pulsations in the turbulent flux.
tral gas mass densityv denotes the variation of the mean For instance, taking the parameters100 m/s,Av=50m/s

gas velocity and\. is the characteristic scale of the varia- andA=10 km ong obtains.0l<w«4 HZ_'
tions. The gas viscosity due to molecular collisions can _ 1h€se estimations show that the typical frequency band of

roughly be estimated as~ (kg Tm)Y/2 jo., wherekg is a the gas flow turbulence can be close to the eigenfrequencies
Cr . . . .
Boltzmann constant; is the gas temperature, denotes the of the ionospheric resonance cavity that results in the most
average ion mass ang is the collisional cross section of eﬁ‘ectivg transition of the gas kinetjc energy in.to the hydro-
the neutral particles. At the altitudes of the E-layer (100_magnet|c wave energy. The numerical calculations show that
130km) the average ion massisv27-28 units of proton the magnitude of the power spectrum can be detectable at
mass that approximately corresponds to nitrogen moleculapround level in spite of the energy dissipation due to Joule
with 0,~0.8x10-8m2. "Using these parameters one can heating and wave leakage into the magnetosphere.
find the rough estimatiog~1.6x10"Pas. We note that Our analysis shows that the IAR dispersion relation com-
due to the interaction between eddies in the flow located bePrises of two modes. The first one corresponds to the or-
low turbopause, the effective viscosity can be much Iargerd'n?ry. shear Alfén wave propagating along the geomag-
than the molecular viscosity calculated above (Kelley, 1989).netic field. Its spectrum practically does not depend on the
Our estimation is rather relevant to the E-layer where the turPerpendicular wave numbér However, the corresponding
bulent mixing gradually decreases. damping rate increases with the increasé.inThe second
The neutral particle number densily decreases drasti- Mode corresponds to the fast mode and its eigenfrequency

cally with the altitude so thaN~ (1x1019—~7x10'7) m~3 and damping rate strongly depend bn The latter is one
within the height interval under consideration. Choos- OF tWo orders of magnitude smaller than that for the shear

ing N=2x10""m3 as an average value one obtains Alfv én wave. For the actual plasma conditions both modes
p=Nm~9x10-8kg/m®. The wind speed is subject to di- are linearly coupled through the E-layer Hall conductivity.
urnal and seasonal variations. For example, the diurnal windn particular, the periodic enhancement of the damping rate
variations increase with altitude from 280 m/s at 95kmup  Of the fast mode, seen in Figs. 3b and d witenrn/L (n
to 100-150 m/s at 200 km. So the valuev~ (10—100) m/s is an integer), can be explained by this coupling. Except for
seems to be a relevant estimation for the wind velocity fluctu-the first spike, the magnitude of the daytime power spectrum
ations at the altitudes of 1630 km. Takingi~ (1—10) km is found to be lower than that of the nighttime spectrum. A
as a characteristic spatial scale of such fluctuations, one fitew small spikes in the low-frequency part of the nighttime
nally obtains Re-60—6x 103. spectrum can be associated with the shear mode, whereas
With this estimation in mind, one can assume that such dhe series of strong spikes whose frequency exceeds a certain
great value of the Reynolds number exceeds the critical valughreshold value can be due to the fast mode. We can suppose
that is necessary for transition from the laminar to a turbu-that, namely, the fast mode can play an important role in the
lent regime. The latter can give rise to the turbulence of theformation of the nighttime IAR spectrum.
gas flow. The Kolmogorov theory (cf. Landau and Lifshits, ~Summarizing, we note that:
1986) assumes that if a neutral flow is stirred at some wave- 1. The IAR excitation at the mid-latitudes can be asso-
lengthA, certain structures will be formed in a so-called “in- ciated with the turbulent motions of the neutral winds. The
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estimations show that this mechanism is capable of producy — G2 exp<m> { <1 - ’\_M) EXD[M]
ing observable geomagnetic perturbations on the ground. 2 L Al L
2. The IAR dispersion relation comprises of two coupled <1 N M) ox [_A, (h — z)] }
modes, the shear Alén wave and the fast mode. The eigen- Al P L ’
frequencies of the first mode practically do not depend on . . )
the perpendicular wave numbierwhereas for the fast mode WNe€ree=va/van. Similar conditions should be applied at
they approximately follow the linear dependencekonThe Z=l+,0' EliminatingCy andC'zlfrom Egs. (A5) and (A6), one
fast mode damping rate decreases with the increasefile obtains the boundary condition&t/.o
the shear mode exhibits the opposite dependence. ixof1
3. The IAR power spectra contain the peaks both due @ (D) =
the shear and fast modes. The day- and nighttime power
spectra have essentially different shapes and magnitude@zw(l) =rp2¥ (D)/L, (A8)
and thus strongly depend on the wind parameters an .
ground/ionosphere conductivities.  The nighttime IAR Rj/vhereﬂl andp are given by the Egs. (17) and (18).
excitation should be expected to be more intensive becaus&ppendix B
the peaks of the nighttime spectra are found to be greater
than those for the daytime conditions.

(A6)

(1), (A7)

The solution of Eq. (11) decays at infinity— —o0) and

is (z<—d)
Appendix A W = Coexp(e), (Reae> 0). (B1)
Following Pokhotelov et al. (2000) we introduce a dimen- 1€ solution of Eq. (12) can be written &sd <z<0)
spnless frequengyo:wL/vAI. Whenz>h=I[+L only out- W = Crexp(—kz) + Cgexp(kz) . (B2)
going wave solutions of the Egs. (9) and (10) should be re-
tained The constantC; and Cg in Eq. (B2) can be expressed
® = Cyexplixoz/L) (A1) throughCp making an allowance for the continuity &f and

9,V at the boundary=—d. This yields(—d <z<0)

1/2
W= Crexpimz/L), = (k2L2 _ xggZ) , (A2)

C
. W = 2 exp(—aal) { (1 + a_e) explk (z + d)]
whereC1 andC» are arbitrary constants. 2 k

The sign ofiys in Eqg. (A2) for the fast mode should be
chosen in a way to satisfy the so-called radiation condition
at the magnetospheric end. Hence,fgs kL the imaginary
part of Ay, has to be positive. The bifurcation points of this
function and the corresponding cut in the comptexplane
are shown in Fig. 2. &+ ktanh(kd)

The next range of altitudeg <z<#) is characterized by ¥ (00 = k¥ (0 5= rra o

the Alfvén velocityva=v4;, wherevs;<vay. In this case , ) ) )

the solutions of the Egs. (9) and (10) are given by Smcg the a_tmosphere is an insulator the parallel electric cur-
. . rent j, flowing from the ionosphere to the atmosphere van-

® = Czexp(ixoz/L) + Ca€xp(—ixoz/L) (A3)  ishes at=0. Then from Ampere’s law we obtain

+(1- %e) exp[—k (z + d)] } . (B3)

At the interfacez=0 between the atmosphere and the iono-
sphere we have

(B4)

W = Csexp(r;z/L) + Ceexp(—isz/L) , 3.® (0) = 0. (B5)

12 Similar to Lysak (1991) and Pokhotelov et al. (2000) we
A = (k2L2 - xS) , (A4)  use a thin E-layer approximation, i&.<«1. Integration of

. " Eq. (6) over E-layer gives
whereC3 — Cg are arbitrary constant quantities.

Faraday’s law and the continuity 8B andE at the bound- _Xoup xgaHvAI
_ : . ;) +i () =————V()
aryz=h require that the scalar potentialsand¥, as well as L 12
their derivativesp, ® andd, ¥, must be continuous at=h. xoB
Using these conditions and Egs. (A1)—(A4) one can express +m [ap(k x V) +ank-V)], (B6)

the constant€3—Cg throughC1—C2. Then the solution of

the Eqgs. (A3) and (A4) can be rewritten in the fothr z<h) whereap=Xp/Z, anday=Xy/%, are the ratios of the

height-integrated Pedersen and Hall conductivities to the

P = ﬂ exp(ix0h> { (1+e¢) exp[—ixo (h - Z):| wave conductivityzwzl_/ _(;LovAI) and all the fu_nctions are
2 L L taken atz=I_p. In addition, we have taken into account
. h—2) Eqg. (B5). For the sake of simplicity, the wind velocityis
+(1—e)exp [’xo ] } (AS)  assumed to be independent of the z-coordinate.
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Then integration of Eq. (7) across the E-layer gives

W (1) — 3.W (0) +iLapw () = — Mo
L VAT

iB

—m [OtH(k X V)Z —Olp(k V)] .

(B7)

In the thin E-layer approximation we haw (/) =W (0).
Substituting Egs. (A7), (A8) and (B4) into Egs. (B6)—(B7)
and rearranging, one obtains

Xi
(1) (By+ ap) =icrrvar ¥ ()

iB

- [ap(k x V); +ank-V)], (B8)
(ixoup — )W (0) = =L 0 1)
VAT
i BL
— ek —apk )], (B9)

where s is given by Eg. (16).
Egs. (B8) and (B9), one obtains

Eliminatingd (/) from

¥ (0) =

BL[(k-V) (2 + a2 + prap) — (k x V), prap|

: . (B10)
k2vap [(is + xoap) (B1 + ap) + x002 |
From Eg. (B3) we find that
U (—d) = 2w ©) . (B11)
[(k + &8 exp(kd) + (k — & exp(—kd) |
Appendix C
For the shear Alfén wave Eq. (20) reduces to
1+¢ 2
2i = — 1 1
exp(2ixg) <1_8>[ +G(x0)} . (C1)
where
o2
G(xo) =ap—1+ il (C2)

is (x0) /xo+op

Whenay=0 Eq. (C1) coincides with Eq. (22). For the day-
time conditionsxp anda gy are usually of the order of several
units. Then from Eq. (C2) it follows tha& | 1. Sincesk1

we conclude that the right-hand side of Eq. (C1) is close tops = [ap (1 + Y) 4 a1]® + [a2 + Y tankL]? ,
—1. As before we seek the solution of Eq. (C1) in the form
xo=n-+iy. Equating the arguments of the complex values ony _
both sides of Eq. (C1), in the first approximation we find that

n=n (n—1/2), wheren=1, 2...
For the nighttime conditiongp anda g are small and thus

G~—1. Equating, as before, the arguments of both sides o

Eqg. (C1), in the first approximation we obtain thatmn.
Equating the moduli of both sides of Eq. (C1) gives

2

1+
G (x0)

. (C3)

1In
= —& — -
v 2
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It follows from the analysis and numerical calculation shown
in Fig. 4 thaty<n. So we can substitute for xg in the
function G in order to findy in the next approximation.

Now let us study the fast mode. In this case Eq. (20) re-
duces to

exp(2i) =

Ot +2p) [ap +a%/ (BL+ap) +ag — ik /x0]
Om = 1) [ap + a?/(Br+ap) +a,+ irg/xo]

wherea, is defined in Eq. (27).

Whena =0 Eq. (C4) coincides with Eq. (26) of Sect. 4.2.
Again, whenkL>>>1 we apply the successive approximation
method to find the solution of Eq. (C4). The functiontakes
the form Eq. (29) and other functions including in Eq. (C4)
should be taken in the first approximatiorwgt=k L. Hence,
Au=kL ando, is the same as that given by Eq. (32), i.e.
ag=cg. Taking into account thaty is real, the functiorg,
can be written as

e —itankL
Pr= ik
Substituting these functions and Eqg. (C5) into Eqg. (C4), one
obtains that the right-hand side of Eq. (C4) can be expressed
in terms of the power series of a small parameter(k L)

. (C4)

~ —itankL . (C5)

exp(2h) =

22X ]
R — : . (C6)
ap +oap+ay/(ap —itankl)

For oy =0 Eq. (C6) coincides with Eq. (31). Decomposing
A1 andag into their real and imaginary parts, ig.=A1+ii2
andag=a1+iap, equating the moduli and arguments of both
sides of Eq. (C7), we arrive at the equationsXg@anda,

p1 A2p2
1- =) =-"22= 7
“( kL) kL’ €7
and
PLy A1p2
*2 (1_ k_L) BTN (C8)

wheren is an integer and we made use of the following ab-
breviation

p1=1—(ap+YtankL) /p3, (C9)
p2=[ap (1+7Y)+a1]/p3, (C10)
(C11)

2

Y
—_ C12
a? +tarf kL (¢12)

Substituting solution of Egs. (C7) and (C8) into Eq. (30), one

]pbtains the equations féf andyz. Finally, one finds

2i
xy =kL P2

712n2
1- .(C13
+2kL[1—p1/(kL)]2{ kL[l—pl/(kL)]} (C13)

where p1 and p, are given by Egs. (C9)-(C12). When
¥ =0 this solution coincides with that given by Eq. (36).
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