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Abstract. Collisional Rayleigh-Taylor (RT) instability is
considered in the bottom side of the equtorial F-region. By
a novel nonmodal calculation it is shown that for an applied
shear flow in equilibrium, the growth of the instability is considerably reduced. Finite but small amounts of diffusion enhances the stabilization process. The results may be relevant
to the observations of long-lived irregularities at the bottomside of the F-layer.
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1 Introduction
The Rayleigh-Taylor (RT) instability has been extensively
studied in a wide range of physical context both experimentally and theoretically (Amatucci et al., 1996; Aron et al.,
1976). The density fluctuations in the nighttime equatorial
F-region of the ionosphere, commonly referred to as Equatorial Spread-F (ESF), have been a topic of active research
in the last few decades. Apart from the academic point of
view, there is a practical interest due to the fact that satellite communication and navigation systems are seriously disrupted by the rapid fluctuations of the signal amplitude that is
induced by the electron density fluctuations associated with
ESF (Basu, 1997). It is well known that when the altitude of
the F-layer is high enough and the density gradient is steep,
the large-scale density fluctuations grow on the bottom side
via density gradient driven instability when the gravity is directed against the density gradient. This instability is commonly known as electrostatic interchange or RT instability
and invoked to explain large-scale density fluctuations (Flaherty et al., 1999).
The primary source by which this instability is triggered is
gravitational force acting on an inverted density gradient (e.g.
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a heavy fluid supported by a light fluid). The basic mechanism of this instability, an interchange of flux tube to tap the
gravitational free energy, is the same mechanism that drives
Rayleigh-Benard instability in the thermal convection of a
gravitationally unstable fluid. In this case the mean temperature gradient of the fluid plays a similar role as the density
gradient and the buoyancy force acts similar to the gravity.
Analytical studies of the RT mode with shear-flow has
been studied previously. Normally such analysis is done
by a standard “modal approach”. In this traditional method
perturbed quantities are expanded in Fourier integrals. The
modes are assumed to have an exponential time behavior
and if the imaginary part of the frequency is positive, the
modes will grow in time, resulting in an instability. This
method is well known and effective to solve problems involving the Hermitian operator, which gives an orthogonal
eigenfunction. But the operator with shear-flow is generally
non-Hermitian and the eigenfunctions are not orthogonal to
each other. A detailed discussion is recently given by Tatsuno et al. (2001). Therefore, using the common Fourier or
Laplace method in a system with shear flow, we may overlook the secular and transient behavior of the mode which
can lead to an incorrect result even in the linear regime. In
this paper, we use the “non-modal” approach to solve collisional RT mode in the presence of transverse shear flow. The
method, originally proposed by Lord Kelvin, became popular recently and is extensively used in a variety of problems
(Hassam, 1992). In this method, one considers the temporal
evolution of spatial Fourier harmonics of the perturbations
without any spectral expansion in time. The wave number
of each spatial Fourier harmonics along the flow shear varies
in time. This method is useful to analyze various physical
phenomena involving shear flow which describe the energy
exchange between shear flow and the perturbations.
The influence of transverse velocity shear on RayleighTaylor instability has been well investigated in the linear theory by various authors (Guzdar et al., 1982; Satyanarayana
et al., 1984, 1987; Chaturvedi and Ossakow, 1977). It is
found that a sheared velocity flow can substantially reduce
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the growth rate of a Rayleigh-Taylor instability in the short
wavelength regime. They have also discussed the application
of this result in ionospheric plasma (e.g. equatorial Spread-F
and ionospheric plasma clouds). It is also known that the RT
mode may self-consistently generate a velocity shear which
can then stabilize the mode (Finn et al., 1992; Chakrabarti
and Lakhina, 2001).
Rayleigh-Taylor instabilities, as they are applied to the
ionosphere, can be divided into two categories: collisional
and inertial. In the collisional limit the ion-neutral frequency
is dominant, and νin  ω, where νin is the ion-neutral collision frequency and ω is the mode frequency; in the inertial
limit ω  νin and the neutral collision may be neglected.
However, we restrict our discussion in this study to the collisional domain only. In this paper we study the effect of externally applied velocity shear on the Rayleigh-Taylor mode,
to gain a better understanding on the theories of RT mode
dynamics. We discuss the linear collisional RT instability
by nonmodal calculation (or Kelvin’s methods of shearing
modes), to demonstrate the effect of shear-flow on this mode.
Our calculation demonstrates that equilibrium shear-flow can
considerably reduce the growth of the instability. But if one
adds a small diffusion term, the mode can be stabilized completely. This is a new aspect in the nonmodal solution that
has not been studied before.
The rest of the paper is organized as follows. In Sect. 2 a
simple physical model for collisional RT instability is presented and the basic equations are derived. We have discussed the self-consistent equilibrium profile of density and
velocity and then re-derived the dispersion relation for the
RT mode in the collisional regime. In Sect. 3 the effect of
shear-flow is presented analytically. We conclude in Sect. 4
with a discussion of our results.

2

Model, basic equations and equilibrium

For the system described above, the flute type (∂/∂z = 0,
no variation along the magnetic field), RT instability is expected to be the fastest growing instability. The fluid equations can be simplified by the following assumptions. We
assume that electrons are warm and ions are cold. The assumption of cold ions, i.e. the neglect of the ion temperature,
is a shortcoming, because this eliminates the ion diamagnetic
drift which introduces the finite Larmor radius effect (FLR)
that could play a stabilizing role in RT instability, particularly in the short wavelength regime kρi  1, (where ρi is
the mean ion Larmor radius and k is a typical wave number).
One advantage of setting Ti  Te is that the kinetic effect,
such as Landau damping will play no role and the system is
well described by the fluid model. The wave electric field
is virtually electrostatic, since the plasma pressure is much
smaller than the ambient magnetic energy density. The electron and ion densities are equal (quasi-neutrality condition),
since we are interested in wavelengths much larger than the
Debye length. We assume a background neutral density to
exist with νin , the ion-neutral collision frequency, and the
electron-neutral collision frequency is neglected. Since in the
F-region νen /e  νin /i (j is the cyclotron frequency
of the species j ), we assume νin  i . The electron and
ion inertial effect is neglected since we are only interested in
collisional regime (ω  νin ). With these restrictions, the RT
instability in the F-region of the ionosphere can be described
by the following set of equations (Huba et al., 1985):
∂N
+ ∇ · (N V j ) = 0,
(1)
∂t


1
Te ∇N
e
0=−
E + Ve ×B −
−νei (V e − V i ) ,(2)
me
c
me N


e
1
0=
E + V i × B + g − νin V i − νie (V i − V e ) ,(3)
mi
c
∇ · J ≡ ∇ · [Ne(V i − V e )] = 0,

Development of a total self-consistent and comprehensive
theory which describes the nonlinear properties of the RT
mode applied to the ionosphere is very difficult in many aspects. In this report we have taken the vastly used and best illustrated model existing in the literature (Hassam et al., 1986;
Keskinen et al., 1979).
The nonlinear fluid equations used to describe the electrostatic RT instability are the continuity and momentum equations for the electrons and ions. We model these equations
in a three-dimensional slab geometry with the ambient magnetic field directed in the z direction (B = êz B0 ). For the
purpose of relating this geometry to the ionospheric situations we employ the standard convention where x is vertically upward (in the direction of the ambient density gradient, N0 = N0 (x), N0−1 dN0 /dx = L−1
n > 0, where Ln is the
density gradient scale length) and y is eastward, which will
be referred to as the horizontal or zonal direction. The gravitational acceleration is in the −x direction (g = −g êx ). For
this situation the plasma is unstable to RT instability, since
g · ∇N0 < 0.

(4)

where the various symbols have their usual meaning (Huba et
al., 1985; Chakrabarti and Lakhina, 2001). Solving electron
momentum Eq. (2) for their directed velocities, we find to the
lowest order (Sudan and Keskinen, 1984)
 
c
cTe
νei cs2
ñ
Ve =
êz × ∇ϕ −
êz × ∇ln N −
∇
,(5)
B0
eB0
e i
N0
which consists of E × B and the diamagnetic drift velocity.
The last term arises due to the frictional force between electrons and ions, Te is the electron temperature, ϕ (E = −∇ϕ)
is the electrostatic potential, ñ is the density fluctuations over
equilibrium N0 . Note here that we have taken νei as a small
parameter during the perturbative solution of the momentum
equation. νei is only effective during perturbation, and its
role in the equilibrium is unimportant. Similarly, the ion velocity is determined from Eq. (3) and is given by
 
g
c
cνin
νei cs2
ñ
Vi =
êy + êz ×∇ϕ−
∇⊥ ϕ−
∇
,(6)
i
B0
B 0 i
e i
N0
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where the terms on the right-hand side are gravitational drift,
E × B drift, Pedersen drift and drift due to electrons and
ions friction, respectively. In solving V i , we have neglected
the ion viscous terms (∼ νii ), since they are smaller than the
Pedersen drift contribution (∼ νin ). Here, cs2 = Te /mi is the
ion sound speed and ñ is the fluctuating part of the density
over the equilibrium N0 . By substitution of these velocities
into Eqs. (4) and (1) we arrive at the coupled set of equations
for the potential (ϕ) and density (N ):
i
c h 2
g ∂
∇⊥ ϕ + ∇⊥ ϕ · ∇⊥ ln N =
ln N,
B0
νin ∂y



 
c
ñ
∂
2
+
êz × ∇ϕ · ∇⊥ ln N = D⊥ ∇⊥
.
∂t
B0
N0

(7)

(8)

Note that in the density Eq. (8), D⊥ = νei ρe2 arises because electron ion collision introduces an effective damping rate and we assume it is negligible in equilibrium.
In
√
the above equations ρe = vte / e ,vte =
Te /me and
e,i = (eB0 /me,i c).
Now we shall discuss ambient density and velocity profiles. In the absence of equilibrium flow, variation in density
as a function of x may be taken arbitrarily and that satisfies
the basic equations. Since in equilibrium both N0 (x) and
ϕ0 (x) are functions of x only, we have the equilibrium equation as follows from Eqs. (7) and (8) as


d
c dϕ0
N0 (x)
= 0,
(9)
dx
B0 dx
∂ϕ0 ∂N0
∂ϕ0 ∂N0
−
= 0.
∂x ∂y
∂y ∂x

(10)
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With these normalized variables Eqs. (7) and (8) may be
rewritten as
2
∇⊥
φ=



∂n
,
∂y

(11)


∂
∂
∂φ
− v00 (x − x0 )
+ êz × ∇φ · ∇⊥ n −
∂t
∂y
∂y
2
= D∇⊥
n.

(12)

In deriving Eqs. (11) and (12) we have used ln N ≈
ln N0 (x) + ñ/N0 and (ln N0 )0 = 1/Ln > 0 and also used
the ordering ρs  L⊥  Ln , where ρ√s is the ion Larmor
radius at electron temperature [ρs = ( Te /mi )/ i ]. Due
to the above mentioned ordering, Eq. (11) becomes simple
since we neglect the terms proportional to L⊥ /Ln . Note also
that in the equilibrium, shear convective flow has a null at
x = x0 (= v0 /v00 ).
2.1

Linear instability

Here we shall recapitulate the local (kx L⊥  1) linear dispersion of the collisional RT mode. The linear dispersion
equation of the system is obtained from the linear version of
Eqs. (11) and (12) and assuming that the perturbed quantities
vary as exp(ikx x + iky y − iωt), where kx and ky are positive
integers. The well-known (Hassam et al., 1986) dispersion
equation is given by
!
ky2
2
− Dk⊥ ,
(13)
ω=i
2
k⊥

where V0 (x) = (c/B0 )(dϕ0 /dx) is the equilibrium velocity
and n0 , v0 are constants. Let us assume that

2 = k 2 + k 2 . The boundary between linearly stable
where k⊥
x
y
4 . The
and unstable regions of k space is given by D = ky2 /k⊥
maximum growth rate is obtained for kx = 0.
In the absence of any dissipation we find the usual maximum growth rate as γ = g/(νin Ln ) (Guzdar et al., 1982;
Hassam et al., 1986). In the next section we would like to
study the nonmodal analysis of shear-flow effect on this instability.



x −1
N0 (x) = n0 1 −
Ln

3

Note that Eq. (10) automatically satisfies for N0 , with ϕ0 being any function of x. From Eq. (9) we have
N0 (x)V0 (x) = n0 v0 ,

with x/Ln  1 and Ln equilibrium density scale length.
With this N0 (x) we find the normalized V (x) = v0 − v00 x,
where v0 = (cϕ00 /B0 )(νin Ln /gL⊥ ), v00 = v0 /Ln are constants and L⊥ is the characteristic scale length in the perpendicular direction.
Next we write the basic equations for the perturbations in
dimensionless form. For this purpose the normalizations are
used as follows:




g
x, y
ñ Ln
t
→ t;
→ x, y;
→ n;
νin Ln
L⊥
N0 L⊥





cνin
D⊥ Ln νin
ϕ
Ln
→ φ; 2
→ D.
B0 L⊥
g
L⊥
g
L⊥

Shear-flow effect on Collisional RT instability

In this section we demonstrate by a simple analytic calculation of how the collisional RT instability is suppressed by
velocity shear. The basic nonlinear equations for this analysis with the equilibrium flow as mentioned before may be
written as
2
∇⊥
φ=



∂n
,
∂y

(14)


∂
∂φ
∂
0
− v0 (x − x0 )
+ êz × ∇φ · ∇⊥ n −
∂t
∂y
∂y
2
= D∇⊥
n.

(15)
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analytically to shear-flow effect on collisional RT mode. The
equation for φ is given by

9

8

d 2
4
(k φ) = k 2 φ − Dk⊥
φ,
dτ ⊥

7

2 (t) = k 2 (1 + v 02 τ 2 ). Here the notation k imwhere k⊥
⊥
0
plies the perpendicular wave vector and it is time dependent. Note that this time dependence enters through finite
velocity shear. The dissipative terms in the above equations can be eliminated
with further transformations φ =
R
2 ) exp(−D k 2 (τ )dτ ). The simple differential equa(ψ/k⊥
⊥
tion for ψ may then be written as:

6
v0′=0.3,D=0.0

φ

5

4

3
v ′=0.3,D=0.01
0
2

dψ
1
ψ = 0.
−
dτ
1 + v002 τ 2

1
v0′=0.5,D=0.0
0

0

2

4

6

8

10
τ

12
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20

Fig. 1. Solution of Eq. (21) for normalized potential with and without dissipation is plotted for different velocity shear parameters for
k = 2.0. The different curves indicate the reduction of the growth
of the RT mode by velocity shear with and without the presence of
dissipation.

To solve the set of Eqs. (14) and (15) we use a spatiallyinhomogeneous Galilean transformation. Specifically, we introduce a spatio-temporal coordinate transformation to the
fixed reference frame x-y to obtain the local moving frame
(Lagrangian) going with mean shear flow (Hassam, 1992),
ξ =y

− v00 (x

− x0 )t and τ = t.

(16)

Equation (16) induces the following transformations of the
partial derivatives:
∂x =

−v00 τ

∂ξ ,

∂y = ∂ ξ ,

∂t =

∂τ − v00 (x

− x0 ) ∂ξ .

With the help of these transformations and assuming solutions of the form φ = φ(ξ, τ ), n = n(ξ, τ ), we obtain
(1 + v002 τ 2 )

∂n
∂ 2φ
=− ,
∂ξ
∂ξ 2

∂n
∂φ
∂ 2n
=−
+ D(1 + v002 τ 2 ) 2 .
∂τ
∂ξ
∂ξ

(19)

(17)

(18)

Note that with the transformation used above the explicit x
dependences from the equations are eliminated, and as a result, the convective nonlinear terms vanish. This is expected
since by this choice of coordinates we are reducing the dimensionality of the perturbations. Transformation of the partial derivatives shows that the shear flow term, together with
∂t reduces into a simple “temporal” derivative ∂τ . The set
of Eqs. (17), (18) is homogeneous with respect to ξ . Therefore, a Fourier transform of n, φ with respect to ξ yields a
good quantum number k, and the equations may be solved
by assuming the solution of the form exp(ikξ ). With this assumption the system may be simplified to a first order ordinary differential equation in τ . This equation may be solved

(20)

For v00 = 0, if we assume the temporal mode behavior as
ψ ∼ exp(−iωt), then from Eq. (20) we recover the local
dispersion relation for the collisional RT wave. In the absence of velocity shear (v00 = 0), the above equation can
be solved easily for ψ and recalling the transformations we
find φ = φ̄0 exp[gτ/(νin Ln )] exp(iky − νei ρe2 k 2 τ ) which
clearly shows that potential fluctuations grow in time unless
the damping rate overpowers the growth rate of the mode.
Now our purpose is to show that this exponential growth is
arrested by the finite velocity shear (v00 ).
Now writing the solution of Eq. (19) in the presence of v00 ,
we have
φ=


φ̄0
1
−1 0
2
02 2
exp 0 tan v0 τ − Dk τ (1 + v0 τ /3) . (21)
v0
1 + v002 τ 2
This implies that the velocity shear can reduce the exponential growth of the instability.
Therefore, it is clear that even for D = 0, but in the presence of a finite shear flow, the solution exhibits stabilization
of the collisional RT instability. This is shown below by taking the asymptotic limit (v00 τ  1) of the Eq. (21)
 

φ̄0
1 π
1
− 0
.
(22)
φ ≈ 02 exp 0
v0 2
v0 τ
v0 τ 2
It is easy to see from the above equation that for large time
τ → ∞, φ → 0, which implies a stabilization of the Collisional RT mode by equilibrium shear-flow. A small but finite amount of dissipation enhances the stabilization process,
as is demonstrated in Fig. 1, which depicts the solution of
Eq. (21) in the presence of velocity shear and dissipation.
4

Discussions

In this work we have shown that over a long time scale,
the Rayleigh Taylor instability is considerably suppressed by
shear flow in the equilibrium state. We have shown that for
a small amount of diffusion the most unstable long wavelength modes are completely stabilized for an imposed velocity shear v00 .
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These results may be applicable to the long-lived irregularities which appear to be confined to the bottomside of the
F-layer (Flaherty et al., 1999). Radar observations indicate
a significant shear in the horizontal flow on the bottomside
of the equatorial F-region (Kudeki et al., 1981; Kelley et al.,
1986). It is plausible to put forward a scenario where the bottomside irregularities grow due to RT instability soon after
sunset. In the absence of shear flow, these irregularities can
attain large amplitudes as time passes, such that nonlinear
terms dominate the dynamics, the bubble-type features develop, and the irregularities rise to higher heights. However,
in the presence of shear flow, the initial exponential growth
of the RT instability is arrested at a later time by the shear
flow (see Fig. 1), so that the instability could not develop
into bubbles. Therefore, these irregularities remain confined
at the bottomside of the F-layer.
It should be emphasized that the calculation presented in
this paper does not consider the flow-fluctuation theory, i.e.
due to the nonlinear effect of how a flow profile changes and
reacts back on the fluctuations self-consistently is not incorporated. As it is mentioned in the Introduction, our main
objective in this paper to show, that for a given equilibrium
velocity profile, how it affects the linear RT mode. It is important to mention that if one includes velocity curvature (v000 )
in the equilibrium flow then the Kelvin Helmholtz mode is
likely to be unstable. For a more realistic case one should
also consider the influence of plasma dynamics along the geomagnetic field, which is considerably more significant than
velocity curvature. Since a motion parallel to the magnetic
field has a further stabilizing effect on the RT instability, one
should include this for completeness. However, this calculation shows, for the most unstable RT instability, how velocity
shear influences the growth rate of the mode. To carry out
the self-consistent shear flow effect in a collisional rayleighTaylor mode in the presence of parallel plasma dynamics, a
more deeper investigation is needed which we hope to report
in the future.
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