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Abstract. On the basis of bispectral analysis applied to
the hourly data set of neutral wind measured by meteor
radar in the MLT region above Bulgaria it was
demonstrated that nonlinear processes are frequently
and regularly acting in the mesopause region. They
contribute signi®cantly to the short-term tidal variability and are apparently responsible for the observed
complicated behavior of the tidal characteristics. A
Morlet wavelet transform is proposed as a technique
for studying nonstationary signals. By simulated data it
was revealed that the Morlet wavelet transform is
especially convenient for analyzing signals with: (1) a
wide range of dominant frequencies which are localized
in dierent time intervals; (2) amplitude and frequency
modulated spectral components, and (3) singular, wavelike events, observed in the neutral wind of the MLT
region and connected mainly with large-scale disturbances propagated from below. By applying a Morlet
wavelet transform to the hourly values of the amplitudes of diurnal and semidiurnal tides the basic
oscillations with periods of planetary waves (1.5±20
days), as well as their development in time, are
obtained. A cross-wavelet analysis is used to clarify
the relation between the tidal and mean neutral wind
variability. The results of bispectral analysis indicate
which planetary waves participated in the nonlinear
coupling with the atmospheric tides, while the results of
cross-wavelet analysis outline their time intervals if
these interactions are local.
Key words: Meteorology and atmospheric dynamics
(middle atmosphere dynamics; waves and tides) ± Radio
science (nonlinear phenomena)
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1 Introduction
Long time series of tidal observations in the mesosphere/
lower thermosphere (MLT) region are characterized as
being variable at dierent time scales, from short-term
variations (a few days) to long-term changes (several
months or years, including the seasonal cycle). Long
term variations of the atmospheric tides can have mainly
two causes (Vial, 1992): changes in the tidal forcing and/
or changes in the structure of the middle atmosphere
through which the tides propagate. The solar cycle is
presumed to in¯uence the solar tides, particularly the
semidiurnal tide, which is generated in the stratosphere
by ozone absorption of UV solar radiation. Most of the
long-term continuous observations showed a negative
correlation for the amplitude of the semidiurnal tide
(Sprenger and Schminder, 1969; Dartt et al., 1983;
Greisiger et al., 1987; Namboothiri et al., 1993), but
the statistical signi®cance of these results was generally
low. Jacobi et al. (1997) found no solar cycle dependence of the semidiurnal amplitude and pointed out that
this may be due to the observed oscillation at very long
time scales that is obviously of non-solar origin. Bremer
et al. (1997) found a long-term decrease of the semidiurnal tide, which is in correspondence with ozone
depletion in the stratosphere.
One of the inherent features of the stratospheric
circulation, which should in¯uence the tidal characteristics, is the Quasi-Biennial Oscillation (QBO) in the
equatorial region. Even though the theoretical results
(Hagan et al., 1992) indicated that the semidiurnal tide
induced in the middle atmosphere and reaching the
thermosphere is indeed modulated by the stratosphere
QBO, there is no study demonstrating any possible QBO
eect on the solar tides measured in the MLT region.
However, there are investigations presenting evidence
that the interannual variability of planetary waves,
observed in the MLT region, shows a dependence on the
QBO. Espy et al. (1997) and Jacobi (1998) have shown
that QBO in¯uences the quasi 16-day wave activity in

D. Pancheva, P. Mukhtarov: Wavelet analysis on transient behaviour of tidal amplitude

the summer. They suggested that during the easterly
phase of the QBO the wave propagation is blocked by
the equatorial stratospheric easterly winds, so that the
planetary wave activity in the polar mesosphere is
strongly reduced.
The latitudinal and vertical behavior of the atmospheric tides as a function of season is quite well
established (Avery et al., 1989; Manson et al., 1989;
Vincent et al., 1989). Modeling studies (Vial, 1986;
Forbes and Hagan, 1988; Forbes and Vial, 1989; Hagan
et al., 1995) have made progress in predicting some
aspects of tidal seasonal variability.
Day-to-day tidal variability is more dicult to be
explained and is probably a result of several dierent
mechanisms. Recent studies have revealed that strong
wave-wave nonlinear interaction processes of gravity
waves, tides and planetary waves in the MLT region play
an important role in the dynamics of the middle
atmosphere and certainly contribute signi®cantly to the
short-term tidal variability (Fritts and Vincent, 1987;
Manson and Meek, 1990; Huuskonen et al., 1991;
Cevolani and Kingsley, 1992; RuÈster, 1992, 1994; Ma
and Schlegel, 1993; Pancheva and Mukhtarov, 1994;
Mitchell et al., 1996; Kamalabadi et al., 1997). The
theoretical studies of nonlinear wave-wave interaction
(Teitelbaum et al., 1989; Teitelbaum and Vial, 1991)
proposed that two primary waves can interact through
the nonlinear advection terms of the momentum equation and produce, among others, two secondary waves
whose frequencies, wave numbers and phases are the
sum and dierence of the frequencies, wave number and
phases of the primary waves. The secondary waves may
beat with the primary waves and modulate the amplitude
of the shorter period one with the period of the other.
The occurrence of a nonlinear coupling between planetary waves and tides results in a modulation of the tidal
amplitudes at planetary wave periods. The process of
nonlinear interaction can take place in the MLT region,
in which case it is termed a local interaction, and then the
planetary wave itself has to be observed there. However,
it has been proposed (Carter and Balsley, 1982; Mitchell
et al., 1996) that nonlinear interaction may have taken
place at other heights and, as the propagation conditions
could be dierent for the modulated wave and the
planetary wave, the latter might not propagate to the
MLT region. This process may transmit the in¯uence of
planetary waves to greater heights through the modulation of the ascending tides or gravity waves.
The nonlinear interaction between semidiurnal and
diurnal tides is responsible not only for the variability
of the terdiurnal tide, but for the diurnal tide also
(Teitelbaum et al., 1989). A secondary diurnal tide is
generated and the superposition of the primary and
secondary diurnal tides can be highly variable even if the
primary tides exhibit small changes.
The nonlinear interaction between dierent planetary
waves is also possible. Recently, Jacobi et al. (1998)
showed that nonlinear interaction between the quasi2-day wave and long-period planetary waves (mainly 10and 16-day waves) is a regular process in the upper
mesosphere over Central Europe. Analogous result was
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obtained by Pancheva et al. (1999) investigating neutral
wind observed in the MLT region above Sheeld (UK)
during 1992 and 1993. This process of planetary waveplanetary wave coupling could in¯uence the tidal variability also through the nonlinear interaction between
tides and planetary waves. Consequently, an essential
part of a short-term tidal variability is related to the
nonlinear interaction processes, which presumably are a
common feature of the dynamics of the MLT region.
The aim of the present work is to describe the
variability of the atmospheric tides, in the periodic
range 1.5±20 days, observed by meteor radar in the
MLT region above Bulgaria during the interval January, 1991±June, 1992, using wavelet transform as a
technique for studying nonstationary signals. Since this
technique regards a ¯uctuating data series as a superposition of localized similar waves, it should describe
appropriately the distribution of localized and transient
features, such as atmospheric waves in the middle
atmosphere.
2 Measurements and data analysis
A meteor radar has operated regularly in Bulgaria
(Yambol, 42.5°N, 26.6°E) since the end of 1989 and the
measurements have been processed and analyzed in
the Geophysical Institute, So®a since the end of 1990.
The meteor radar provides integrated measurements of
a weighted wind pro®le about 95 km (Lysenko et al.,
1988). The measurements were obtained by sounding
simultaneously in four geographical directions, however
disturbances in two of them (east and north) during
most of the day-time after April 1991, resulted in only
the measurements of the western and southern antennae
being used in processing and analyzing the data. This
fact is a reason why the level of noise for the
measurements after April, 1991, is higher than the
previous ones; the north and south measurements were
averaged together to produce a single data set corresponding to the meridional component of the neutral
wind and similarly, the east and west measurements
produce a single zonal component. The measurements
were averaged to produce one value per hour in the
zonal and meridional directions, so the minimum
identi®able period is 2 h (Nyquist period). The main
features of the monthly mean dynamical regime in the
MLT region above Bulgaria were described by Pancheva and Mukhtarov (1994). The characteristics of the
observed quasi-2-day variations and the in¯uence of the
winter stratospheric warming on the tidal variability
were also brie¯y considered there. An empirical seasonal
model of the tidal wind was created by Pancheva and
Mukhtarov (1996) using daily values of tidal characteristics. In addition to the well known annual and
semiannual waves, the in¯uence of shorter seasonal
components (2-month component, for example) on
some tidal characteristics was observed.
Studies by Williams and Avery (1992), Cevolani and
Kingsley (1992) and Vincent (1993) indicated oscillations
with periods ranging from 1.5 to 20 days in the MLT
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region to be consistent with those found in the lower
altitudes. The same period interval of tidal variability is
under investigation in this work also. To obtain a general
view of the main spectral components observed in the
amplitudes of diurnal and semidiurnal tides, we calculate
the amplitude spectra for zonal (Fig. 1) and meridional
(Fig. 2) wind components derived by the method of
correloperiodogram analysis (Kopecky and Kuklin,
1971; description of this method can be found also in
Apostolov et al., 1995) and applied to the daily values of
tidal wind. To compare the oscillations in the tidal
amplitudes with periods of planetary waves to those in
the neutral wind the amplitude spectra of the prevailing
zonal (Fig. 1c) and meridional (Fig. 2c) wind are calculated also. The horizontal dashed lines in all spectra
represent the 95% con®dence level. In general, the
spectral picture is complicated; several period bands can
be distinguished where the spectral peaks have higher
than 95% con®dence level. The periodic bands for the
tidal amplitudes in zonal wind are 4±5 (only for
semidiurnal tide), 7, 9±10 and around 16±17 days. There
is also a 19-day oscillation in the amplitudes of
semidiurnal tide (Fig. 1a) and an 11±12-day oscillation
in the amplitudes of diurnal tide (Fig. 1b). Similar
spectral components can be seen in the amplitude
spectrum of the prevailing zonal wind (Fig. 1c), however
the very well-expressed 12±13-day oscillation in the
prevailing zonal wind cannot be seen in the spectra of
tidal amplitudes. The well-outlined periodic bands for
the tidal amplitudes in the meridional wind are at 2.5,
4±5, a broad band around 8±10 and 16±17 days for
diurnal tide (Fig. 2b) and a very well-expressed peak
around 14 days for the semidiurnal tide (Fig. 2a). Again
similar spectral components can be distinguished in the
amplitude spectrum of the prevailing meridional wind
(Fig. 2c). Some of the periodic bands (for example 8±10,
or 16±18 days) are quite broad and this is connected with
the temporal changes of the prevailing period.
In order to study the complicated behavior of the
amplitude variations in tidal velocities the time series of
hourly values of tidal amplitudes are analyzed. Pancheva
and Mukhtarov (1994) found that the main tidal
components describing the dynamics of the MLT region
above Bulgaria are semidiurnal, diurnal, terdiurnal and
quarterdiurnal tides. Least-squares ®ts were applied to
24-hour segments of wind data to calculate the prevailing
wind and amplitudes and phases of the above mentioned
atmospheric tides. The derived characteristics are assigned to the center of the segment. No ®t was attempted
if less than 16 h of data were present in any 24-h segment.
In order to obtain the following hourly values of
prevailing wind and tidal characteristics the 24-h segment was incremented in one-hour steps. In this way the
hourly values of tidal characteristics and prevailing wind
were produced. The time interval under consideration,
January 1991±June 1992, was divided into two subintervals: 01 January±23 October 1991, and 21 November
1991±16 June 1992, as the data for the interval
24 October±20 November 1991 have many gaps.
Mukhtarov and Pancheva (1993) describe this procedure
in detail. An analogous approach was used by Mitchell

Fig. 1a±c. The amplitude spectra for: a the amplitudes of semidiurnal
tide in the zonal wind (ASDZT); b the amplitudes of diurnal tide in
the zonal wind (ADZT); c the prevailing zonal wind, obtained by the
method of correloperiodogram analysis, applied to the daily values of
tidal wind. The horizontal dashed lines in all spectra represent the 95%
con®dence level
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Fig. 2a±c. The same as Fig. 1, but for: a the amplitudes of the
semidiurnal tide in the meridional wind (ASDMT); b the amplitudes
of the diurnal tide in the meridional wind (ADMT); c the prevailing
meridional wind
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et al. (1996) investigating the variability of semidiurnal
tides, and also by Pancheva and Mukhtarov (1998)
studying the response of the MLT region dynamics to
major geomagnetic storms.
The complicated behavior of the tidal variability is
probably related to the nonlinear processes which are
frequently and regularly acting in the MLT region over
Bulgaria during the interval under consideration. To
clarify this topic we consider in detail some ¯uctuations
of the tidal amplitudes whose periods correspond to the
spectral peaks in Figs. 1 and 2 with con®dence level
higher than 95%. Figure 3a shows a 2.5-day wave in the
amplitudes of the diurnal meridional tide (the respective
2.5-day peak is marked on Fig. 2b), observed during
January±March 1991. These oscillations are separated
by a band-pass ®lter with a linear phase, described by
Luzov et al. (1965), centered at the required peak and
which suppressed low and high frequency variations
(®lter characteristics can be found in Pancheva et al.,
1994). The quasi-2-day wave in the diurnal amplitude is
a strong wave phenomenon with amplitudes close to 10±
12 m/s. The analogous wave can also be observed in the
meridional neutral wind (Fig. 2c) and this is an example
of the quasi-2-day wave in the winter MLT region. To
prove that the quasi-2-day wave in the amplitudes of the
diurnal tide is a result of a nonlinear interaction between
the diurnal tide and the quasi-2-day wave in the
meridional wind, the bispectral analysis technique is
applied to the time series of hourly wind measurements.
The bispectrum measures the statistical dependence
between all sets of three frequencies where two of them
sum to yield the third. Various bispectrum algorithms
and their properties are outlined in Kim and Powers
(1979) and Nikias and Raghuveer (1987). The conventional ``Fourier type'' methods for bispectrum estimation are usually used in investigating the nonlinear
interaction between waves in the MLT region (RuÈster,
1992, 1994; Clark and Bergin, 1997; Kamalabadi et al.,
1997; Beard et al., 1999; Pancheva, 1999). In the present
work the magnitude squared bispectrum is calculated
from the hourly values of the neutral wind. The
computational procedure is based on the segmentation
of data (overlapping segments). After removing the
mean value the complex Fourier components on each of
the windowed segment, treated as independent components of an ensemble average, were calculated. The
bispectrum was estimated by averaging the complex
products of all triplets of complex Fourier components
at frequencies where two of them sum to yield the third.
As the bispectrum requires an ensemble of independent
complex Fourier transforms for its computation, it has
considerably more stringent stationarity requirements
than a power spectrum of comparable frequency resolution. This could be a problem when we use long time
segments; this will improve frequency resolution, but
may introduce potential nonstationarities. So, the data
have to be stationary enough to allow a bispectral
computation, which is a useful tool for discriminating
phase-coupling components from those that are not.
The contour plot of the calculated magnitude
squared bispectrum for the meridional wind during
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01 January±23 October 1991 in the periodic interval
0.25±20 days is shown on Fig. 4a. The non-zero points
in this plane indicate the quadratic nonlinear interaction
between waves with periods corresponding to the
respective coordinate values of these points. As we use
®nite-length time series, even a process with truly
independent Fourier components will have a nonzero
bispectrum. Signi®cance levels of zero bispectrum must
be known to determine if data are statistically consistent
with a linear, random phase process. The variance of
bispectral estimates must be approximately computed in
order to use this method as a test for nonlinear eects in
stationary time series. A desirable parameter, proposed
by Haubrich (1965), is the 95% con®dence limits for the
bicoherence when the true value of the bispectrum
is zero. He has shown that if the studied process is
stationary and normally distributed the square of
bicoherence has to be less than about 6/m, where m is
the degree of freedom (see also Elgar and Guza, 1988).
The empirically derived value appears to be about 4/m
for the 95% con®dence limits (Haubrich, 1965). Using
the theoretical result we can roughly estimate the
bispectral level for the process which is to be distinguished from a Gaussian process with 95% con®dence.
In Lii et al. (1976) and Lii and Helland (1981) a method
for direct estimation of the bispectral variance is given
and it was demonstrated that estimated and theoretical
asymptotic variance of the bispectrum are comparable.
Following strictly this mentioned method for direct
estimation of the bispectral variance and having in mind
the expressions for bicoherence, given by Nikias and
Raghuveer (1987) and for asymptotic bispectral variance, ®rst derived by Brillinger and Rosenblatt (1967),
an approximate estimate of the bispectral level for a
non Gaussian process with 95% con®dence can be
obtained: jB xk ; xl j2  C m; m; L SD xk ; xl 2 , where
SD xk ; xl  is the standard deviation of the bispectral
variance for the frequencies xk and xl , calculated by the
method described in Lii et al. (1976) and Lii and
Helland (1981) and C is a parameter depending on the
degrees of freedom m, the number of segments m and the
sample size L. In our case the bispectra are calculated by
ensemble averaged, producing bispectral estimates with
2m degrees of freedom and then the approximate value
of C is 2 (for the empirical condition the value of C is
about 1.4). For all frequency pairs, participating in the
non-linear interactions under consideration the standard
deviations of the bispectral variance were calculated and
it is indicated that the condition is ful®lled.
Figure 4a clearly outlined the planetary waves nonlinearly coupling with diurnal and semidiurnal tides. The
2.5-day wave is among the planetary waves interacting
with the diurnal tide (the magnitude squared bispectrum
in this case is 8.62E+06 and the calculated (SD)2 for the
b

Fig. 3a±c. The ®ltered tidal amplitude data for: a 2.5-day wave in the
amplitudes of the diurnal meridional tide in January±March 1991;
b 10-day wave in the amplitudes of diurnal zonal tide between
21 November 1991±16 June 1992, and c 14-day wave in the amplitudes of semidiurnal meridional tide 21 November 1991±16 June 1992
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Fig. 4a, b. The contour plot of the magnitude squared bispectrum for
the meridional wind during 01 January±23 October 1991 in the
periodic interval: a 0.25±20 days, and b 1.5±20 days

diurnal tide and 2.5-day wave is 2.54E+06), so the welldeveloped 2.5-day wave in the amplitudes of the diurnal
tide, shown on Fig. 3a, is really a result of the nonlinear
coupling process. The non-linear tidal/quasi-2-day interaction is investigated also by Walterscheid and Vincent
(1996), who suggested that the phase-locked largeamplitude summertime 2-day wave in the Southern
Hemisphere is a nearly resonant wave forced parametrically by the zonally symmetric diurnal tides. They
proposed also that the 2-day wave can be generated by a
set of non-linear mutually reinforcing interactions. The
process involves the self-excitation of the 2-day wave by
an interaction with a diurnal zonal wave number 6 tide,
itself generated nonlinearly in a two-step process initiated by the interaction of the 2-day wave and the migrating
tides. Recent numerical simulations have been conducted
using the NCAR TIME-GCM and evidence for nonlinear interactions between the quasi-2-day wave and
migrating tides is presented (Palo et al., 1998, 1999).
Three wave packets with strongly modulated amplitudes
can be clearly distinguished on Fig. 3a. This amplitude
modulation of the 2.5-day wave in the diurnal meridional
tide can be also a consequence of a nonlinear interaction
process, but between dierent planetary waves present in
the meridional wind. The contour plot of the calculated
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magnitude squared bispectrum for the meridional wind
in the period interval 1.5±20 days is displayed in Fig. 4b.
The non-zero points in this plane indicate the nonlinear
interactions between dierent planetary waves in the
period range mentioned. The strongest interactions are
those between 2.5- and 4-day waves (in this case the
magnitude squared bispectrum is more than an order of
magnitude larger than the square of SD), as well as
between 2.5- and 8±10-day waves (the magnitude
squared bispectrum is 1.67E+06 and the square of SD
is 4.2E+05). There are also coupling of the 2.5-day wave
with 11±12-day waves (in this case only an empirical
95% con®dence limit is ful®lled). The obtained result
supports the idea that amplitude modulation of the
2.5-day wave in the amplitudes of diurnal tide is a
consequence of the quadratic nonlinear coupling between 2.5- and longer 8±10-, or 11±12-day waves.
Figure 3b shows a 10-day wave present in the
amplitudes of the zonal diurnal tide (the respective peak
is marked on Fig. 1b), while Fig. 3c shows a 14-day
wave in the amplitudes of a meridional semidiurnal tide
(the respective peak is visible on Fig. 2a). Both wave
phenomena are observed during the second subinterval
(21 November 1991±16 June 1992) and indicate welldeveloped planetary waves with amplitudes reaching
5±6 m/s. To prove that the observed periodic tidal
variability is a result of nonlinear interaction between
tides and planetary waves we use bispectral analysis
again. The contour plot of Fig. 5a describes the nonlinear coupling between tides and planetary waves in the
zonal wind, while Fig. 5b shows the same in the
meridional wind, both during the second subinterval.
The nonlinear interaction between the diurnal tide and
the 10-day planetary wave in the zonal wind is clearly
visible on Fig. 5a (the magnitude squared bispectrum is
2.97E+06 and the squared SD is 4.59E+05), while the
coupling between the semidiurnal tide and 14-day wave
in the meridional wind ± on Fig. 5b (the magnitude
squared bispectrum is 3.12E+07 and the squared SD is
6.28E+06). There are also strong nonlinear interactions
of the semidiurnal tide with 7- and 10-day planetary
waves in the zonal wind, shown on Fig. 5a (the
magnitude squared bispectrum are respectively
4.32E+06 and 4.47E+06 and the respective squared
SD are 7.46E+05 and 7.08E+05). So, the respective
spectral peaks at 7 and 10 day, indicated on Fig. 1a,
are also a result of nonlinear interaction processes.
The amplitude modulation is clearly present on
Fig. 3b, c, so the 10- and 14-day waves in the tidal
amplitudes probably participated in nonlinear coupling
with longer-period ¯uctuations, whose main periods
belong to the seasonal or intraseasonal components.
These results strongly support the nonlinear character of the tidal variability observed by meteor radar in
the MLT region above Bulgaria.
3 Wavelet transform
Fourier analysis has been widely used to interpret the
observational results for dierent atmospheric waves in
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Fig. 5a, b. The contour plot of the magnitude squared bispectrum in
the periodic interval 0.25±20 days for: a the zonal wind, and b the
meridional wind, during the interval 21 November 1991±16 June
1992

the middle atmosphere, assuming that there are monochromatic waves that are continued in®nitely in time
and space. However, continuous spectral analysis and
monochromatic analysis are both partly successful in
observational studies (Manson et al., 1982; Fritts, 1989;
Manson and Meek, 1990; Huuskonen et al., 1991; Vial,
1992; Beard et al., 1997). When a data series includes
dierent kinds of localized or intermittent events, or
some frequencies demonstrate complicated temporal
behavior, the Fourier spectrum is usually a complex
mixture, which is dicult to interpret. Fourier transform, for example, cannot distinguish between a signal
representing the sum of two components with dierent
frequencies, and a signal, consisting of the same
components included consecutively. One of the reasons
for this diculty is that the Fourier spectrum (the
squared modulus of the Fourier coecients), lacks the
information of the position of the events which is
carried in the phases of the Fourier coecients. An
obvious method for dealing with short-time or nonstationary signals is the Fourier transform with a sliding
time segment (short-time Fourier transform). The
location of the sliding segment adds a time dimension
and one gets a time-varying frequency analysis. Unfortunately, as the trigonometric functions are de®ned to
in®nity, the short-time Fourier transform also spreads
information about the localized features over all
frequencies making it impossible to con®dently localize
these features. If a window function is used and if it is

the Gaussian function, one has a Gabor wavelet, named
after Denis Gabor who used it in the analysis of radar
signals in the late 1940s (Gabor, 1946). A disadvantage
of the Gabor wavelet is that the window function is
®xed and therefore as the frequency is high there are
more cycles included inside the window. Hence, the
Gabor wavelet does not treat all frequency components
of the signal in the same way.
The wavelet transform is an alternative to the
windowed Fourier transform and can be used to
analyze time series that contain nonstationary power
at many dierent frequencies. By decomposing the time
series into time-frequency space, one is able to determine both the dominant modes of variability and how
those modes vary in time. The essence of the wavelet
transform is based on the idea of decomposing the
signal into building blocks of constant ``shape'' but
dierent size (Daubecheies, 1990). It uses analyzing
functions, called wavelets, which are localized in space.
The limited spatial support of the wavelets is important
because then the behavior of the signal at in®nity does
not play any role. The spectral resolution is achieved
by selection of the wavelet size (or by dilating or
contracting of the chosen wavelet) and the temporal
resolution follows from the location of the wavelet
relative to the signal. As contracted (or dilated) version
of the basic wavelet is adapted to the frequency range,
then the higher that range, the narrower the wavelet
function is. Note that for higher frequencies the time
resolution improves and this enables the wavelet
transform to perform better than the windowed Fourier
transform signals which typically have short-lived highfrequency components superposed on longer-lived
lower frequency parts.

3.1 The continuous wavelet transform
The only constraint on a function h(t), real- or complexvalued, in order to be a wavelet, is the admissibility
condition and that it should also be well-localized in
both physical and Fourier space (Farge, 1992; Meyer,
1992). The wavelet transform of a function y(t) is
de®ned as:
ÿ1=2

Z1

W a; b  a

ÿ1



tÿb
y th
dt
a


1

where the (*) indicates the complex conjugate and the
variable a is the scale dilation parameter and b the
translation parameter. The real- or complex-valued
function h(t) is called a mother (or analyzing) wavelet.
The admissibility condition can be expressed:
Z1
Ch 
ÿ1

jH xj2

dx
<1
jxj

where H(x) is the Fourier transform of h(t),

2
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Z1
H x 

h t exp ÿixtdt

3

ÿ1

If h(t) is integrable then
R 1 Eq. (2) implies that it has a
mean of zero: H 0  ÿ1 h tdt  0. The admissibility
condition ensures that the inverse transform and
Parseval formula are applicable. The factor a)1/2 in the
right hand part of Eq. (1) keeps the energy at each scale
independent of a. The wavelet transform coecient
W(a, b) can be interpreted as being the relative contribution of ¯uctuations at scale a to the signal at
position b.
An important property of the wavelet transform is
conservation of energy (Parseval formula):
Z1

2

jy tj dt 

Chÿ1

ÿ1

Z1
0

da
a2

Z1

jW a; bj2 db
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Just as in the case of a Fourier transform, both real and
imaginary parts must be known in order to calculate an
inverse transform and reconstruct the signal.
3.2 Wavelet applications on synthetic time series
To demonstrate the abilities of the chosen Morlet
wavelet function some synthetic signals are analyzed.
Figure 6a shows a time series of a length 2880 h, as the
signal is formed by the following waves:

4

ÿ1

The integrand on the right can be considered to be the
energy density at a given location in wavelet space.
When it is integrated over b the wavelet energy spectrum
is obtained:
P a 

Chÿ1 aÿ2

Z1

jW a; bj2 db

5

ÿ1

A Morlet wavelet is used in the present work. It is
obtained by taking a complex sine wave and localizing it
with a Gaussian (bell-shaped) envelope.
g g  pÿ1=4 exp ix0 g exp ÿg2 =2

6

where g is nondimensional ``time'' parameter and x0 is
the nondimensional frequency, which gives the number
of oscillations within the wavelet itself. Here it is taken
to be 6 to satisfy the admissibility condition (Farge,
1992). For large x0 the frequency resolution improves;
though at the expense of decreased time resolution. We
choose the Morlet wavelet as it is simple and looks like a
modulated wave ``packet'', which we observed frequently in the tidal amplitudes data. In our case of continuous
Morlet wavelet transform we denote: T = aT0, where
T0 = 2p/x0 = const, as in our case x0 = 6. Bearing in
mind that our measurements have time step of one hour
(due to aliasing the maximum frequency detected is
0.5 hour)1) and changing symbol: b ® tk we obtained:
 1=2 X


N ÿ1
T0
2p
ti ÿ tk 
y ti  exp ÿj
W T ; tk  
T
T
i0


T 2 ti ÿ tk 2
7
 exp ÿ 0
2
T
In the case of an one-dimensional signal, the continuous
wavelet transform generates two-dimensional (period/or
scale and time) wavelet space, and therefore it is a
redundant representation of the signal. The Morlet
wavelet transform will have a real and imaginary part,
or can be represented as magnitude and phase. The
magnitude of the transform is related to the local
energy, while the phase completes the representation.

Fig. 6. a The simulated signal obtained as a sum of the de®ned by Eq.
(8) wave packets. b The short-time Fourier transform performed on
the simulated data, shown in a, with the length of the segment 720 h
which is incremented in 12-h steps. c The Morlet wavelet transform of
the simulated signal, presented in a
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f t 
where:

3
X

gi t 

9
X

i1

hi t

8

i1



2p
t ÿ 3
t 2 0; 1152
g1 t  exp 0:002t cos
T1


2p
g2 t  10 cos
t
t 2 1152; 1872
T2


2p
t  5
g3 t  10 exp ÿ0:0025t cos
T3
t 2 1872; 2880

as T1 = 192, T2 = 144 and T3 = 264 h, and


2p
t
h1;4;7 t  exp 0:0055t cos
52
t 2 0; 320;
h2;5;8

960; 1280;


2p
t
t  5:8 cos
52

1920; 2240

t 2 320; 640;
h3;6;9

1280; 1600; 2240; 2560


2p
t
t  5:8 exp ÿ0:001t cos
52

t 2 640; 960;

1600; 1920;

2560ÿ2880 :

The short-time Fourier transform is performed with the
length of the segment 720 h and it is incremented in 12-h
steps. The results from the short-time Fourier transform
and Morlet wavelet transform are shown respectively on
Fig. 6b and c. The Morlet wavelet represents almost
exactly the given frequency components and the times of
their maxima. The short-time Fourier transform represents not bad the longer period waves (except some
additional peak at about 216 h and secondary peak at
264 h, which appears earlier than the given wave), but
the short-time wave packets are completely dislocated.
The short-time waves are centered at: t = 480, 1440 and
2400; this is clearly visible on Fig. 6c, but they totally
absent at these times from the short-time Fourier
transform (Fig. 6b). Consequently, the short-time Fourier transform can not represent adequately the signal
with dierent periods, which occur at dierent time
intervals.
The second example represents a signal containing
three wave packets with two dierent central frequencies:
f t  f1 t  f2 t  f3 t
2

f1 t  cos x1 t  0:005t 

9
t 2 0; 240

2

f2 t  cos x2 t  0:0002t  t 2 240; 480



2p
t
t 2 480; 720
f3 t  cos x1 t  sin
120
where x1 = 2p/24 and x2 = 2p/16. The result from the
short-time Fourier transform performed by using a
segment of length 96 which is incremented in steps of 6,
is shown on Fig. 7a. In general, the main behavior of the
signal is shown, however the linear frequency modula-

Fig. 7. a The short-time Fourier transform with the length of the
segment 96, which is incremented in steps of 6, applied to the
simulated signal, described by Eq. (9). b The Morlet wavelet
transform of the same simulated signal

tion within the ®rst two wave packets is represented by
discrete consecutive spectral components with decreasing periods. When the linear trend is small (the second
wave packet) two spectral components are evident with
periods of 16 and 14 respectively. The last part of the
signal, connected with a periodic frequency modulation
of the basic wave with period 24 modulated by a wave
with period equal to 120, is represented by three
maxima, corresponding to components with periods 29
and 20. The changes of the period from 29 to 20, and
conversely, however is visible. Figure 7b shows the
wavelet transform of the signal, which represents exactly
the given signal.
The last example is connected with the study of some
irregular, wave-like event observed in the neutral wind
of MLT region above Bulgaria. It is probably connected
with the early ®nal warming that started in the middle of
March and intensi®ed at the end of the month (Naujokat et al., 1991). Figure 8a shows such an anomaly,
composed of longer and shorter oscillations in the zonal
wind measured by meteor radar, which occurred in the
second half of March 1991. The average duration of the
longer oscillation is about 9±10 days, while the shorter ±
4±5 days. Figure 8b presents the result from wavelet
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transform. Clearly outlined anomalies with mean periods of 5 and 9 days are visible on the ®gure, and the
maximum values of wavelet coecients coincide with
the strongest anomaly in the zonal wind, around 23±25
of March. Figure 8c shows the result obtained by shorttime Fourier transform using 60 days as the length of the
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segment and a 1 h sliding interval (the wavelet transform, as well as the short-time Fourier transform of the
zonal wind are initially performed for the interval
01 January±23 October 1991, and the results only for
March±April, 1991 are displayed on Fig. 8b, c, so the
edge-eect errors are excluded). There are no indications
of ¯uctuations with periods 4±5 and 9±10 days in the
second half of March. The reason is that the Fourier
transform does not lose the information, but instead
``spreads'' the information about the localized wave
event over all scales in the Fourier space.
The above results indicated that the Morlet wavelet
transform is convenient for investigating signals with:
(1) several dierent spectral components which may
occur at dierent time intervals; (2) amplitude and
frequency modulated spectral components; and (3)
separating singular, wave-like events, observed in the
neutral wind of MLT region, related usually to large
scale disturbances forcing from below. Consequently,
this is the tool needed to study the transient behavior of
the tidal variability observed by meteor radar in the
MLT region above Bulgaria.
4 Wavelet analysis of tidal variability

Fig. 8. a The hourly values of zonal neutral wind measured by meteor
radar in the MLT region above Bulgaria in March±April, 1991. b The
Morlet wavelet transform of the zonal neutral wind, shown in a. c The
short-time Fourier transform with the length of the segment 60 days
which is incremented in steps of 1 h, applied to the same zonal neutral
wind

The semidiurnal and diurnal tides are the basic tidal
components in the dynamics of the MLT region above
Bulgaria. So, to study the transient behavior of the tidal
variability the wavelet transform is applied only to the
time series of these mentioned tidal amplitudes. Figure 9a shows the wavelet transform of the semidiurnal
tidal amplitudes in the zonal neutral wind. The oscillations with the following periods are outlined: 2±3, 4±5,
8±10 and 16±17 days. In this work, like Jacobi et al.
(1998), we refer to the quasi 16-day wave as oscillation
in the period range between about 12±13 and 20 days,
and therefore keep the term ``16-day wave'' even if the
measured period diers. The temporal variation of the
periods of some waves is clearly followed by the wavelet
analysis. For example, the 16-day wave has a prevailing
period of 16 days in January and February 1991, but at
the end of March and April it becomes 12±13 days and
later, in May and June it again approaches 16 days. In
autumn the period of the quasi-16-day wave increases to
or above 20 days, but in January and February 1992, it
is about 15 days. In June 1992 there is an indication that
the summer 16-day wave may appear, but unfortunately
the measurements ®nished on 16 June. The period of
8-day oscillation also changes during the time; in
summer it is 8 days, but in autumn and winter it splits
into two oscillations with main periods 7±8 and 10±11
days. Figure 9b shows the analogous result to Fig. 9a,
but for the amplitudes of the diurnal tide in the zonal
neutral wind. The quasi-16-day wave observed in the
amplitudes of the diurnal tide and the semidiurnal tide
are both stronger in the ®rst subinterval. Its prevailing
period is about 17±18 days in March±April 1991, then
decreases to 15 days in May and at the end of summer
and autumn (similarly to the analogous oscillation in the
semidiurnal tide), the period increases to or above 20
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1991 it changes from 8 to 10 days. Again the 4±5-day
wave can be seen, as well as the quasi-2-day wave, which
is known to be a regular summer event for the neutral
wind. In the amplitudes of the semidiurnal meridional
tide there is a quasi-2-day event in winter in addition to
the usual summer event (later we will see the same in the
amplitudes of the diurnal meridional tide). Pancheva
and Mukhtarov (1994) indicated that the largest amplitudes of the quasi-2-day wave in the neutral wind of the
MLT region above Bulgaria are observed during midsummer (July±August) and a smaller maximum during
winter. Figure 10b shows the planetary waves in the
amplitudes of diurnal meridional tide. The planetary
wave activity for 10- and quasi-16-day waves are
de®nitely stronger in the second subinterval. The quasi-2
and 3±4-day waves are seen in both subintervals. There
are two pulses of the quasi-16-day wave in spring and
summer of 1991 with a mean period of 14 days. In
December 1991±January 1992 its prevailing period is
16 days, but in February and March when this wave
ampli®es, the period decreases to 14 days. In June,
evidence for a new 12±13-day wave can be distinguished.
A 7±9-day wave can be outlined also.

Fig. 9. a The Morlet wavelet transform of the amplitudes of
semidiurnal zonal tide for the interval January 1991±June 1992.
b The same as Fig. 4a, but for the amplitudes of diurnal zonal tide

days. In January±February 1992, the prevailing period
is 16 days. A strong 10-day wave is observed in the
amplitude of the diurnal zonal tide. The prevailing
period is almost stable, excluding March±May 1991,
when it decreases to about 8 days. The well-developed
4±5-day oscillations are also visible during the whole
interval under consideration.
Figure 10a represents the development of the planetary waves in the amplitudes of the semidiurnal
meridional tide. The strongest and most regular wave
observed in the whole time series is again the quasi-16day wave. In January 1991, its prevailing period is 14
days, but from the end of February to the end of April it
increases to 16 days. At the end of the summer and the
beginning of autumn, the period again increases to 18
days, but in December 1991, it decreases to about 17
days. From January 1992, to the end of the measurements, this oscillation is strongly ampli®ed, with a
prevailing period of 14 days. The periodic frequency
modulation, similar to that expressed in the second
synthetic time series (the third wave packet of Fig. 7b)
can be seen. The modulation period is about 60 days.
There is also a well-expressed 8-day wave, observed in
March±April 1991 and February±March 1992, when the
period is almost stable, whilst in summer, June±August

Fig. 10. a The Morlet wavelet transform of the amplitudes of
semidiurnal meridional tide for the interval January 1991±June 1992.
b The same as a, but for the amplitudes of diurnal meridional tide
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Fig. 11. a The wavelet power spectra, normalized by the variance of
the time series, for the amplitudes of the semidiurnal zonal tide (solid
line, for the ®rst subinterval, dashed line, for the second subinterval).
The thick solid (dashed) line represents the 95% con®dence level for
the ®rst (second) subinterval of the measurements. b The same as a,
but for the amplitudes of diurnal zonal tide

One of the most widely used tools of Fourier analysis
is the Parseval theorem which indicates how the energy
in the signal is distributed among frequencies. In Sect.
3.1 it was shown that a similar conservation of energy
theorem is valid for the wavelet transform and the
wavelet energy spectrum can be obtained by this
theorem (see Eqs. 4 and 5). To make it easier to
compare dierent wavelet power spectra, it is desirable
to ®nd a common normalization for the wavelet
spectrum. Torrence and Compo (1998) indicated that
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for a white-noise process the wavelet power spectrum is
jW a; bj2  r2 at all a and b, where r2 is the variance
of the time series. In this way, the normalization by 1/r2
gives a measure of the power relative to white noise.
Figure 11a shows the wavelet power spectrum, normalized by the variance of the time series, for the amplitudes
of the semidiurnal zonal tide. The two subintervals are
represented by solid and dashed lines respectively. The
thick solid (dashed) line represents the 95% con®dence
level for the ®rst (second) subinterval wavelet power
spectrum. To determine signi®cance levels, ®rst we need
to choose an appropriate background spectrum. In the
present work a red-noise spectrum is used to establish
a null hypothesis for the signi®cance of a peak in the
wavelet power spectrum. A theoretical formula, described in Gilman et al. (1963) calculate it. Torrence and
Compo (1998) pointed out that the distribution of the
wavelet power spectrum is: jW a; bj2 =r2  ) 12 Pk v22 at
each time b and scale a (this is true for the continuous
wavelet transform, but in the case of the discrete wavelet
transform there must be some minimum distance
between each a and b to ensure independence, otherwise
the number of degrees of freedom for the chi-squared
distribution will not be 2). The value of Pk is the
accepted background spectrum at the Fourier frequency
k that corresponds to the wavelet scale a and v22 is the
chi-square distribution with two degrees of freedom.
The red-noise background spectra, used for assessment
of the 95% con®dence level in Fig. 11a, are calculated
for a = 0.875 (®rst subinterval)
and a = 0.84 (second
p
subinterval), as a  a1  a2 =2 where a1 and a2 are
lag-1 and lag-2 autocorrelation coecients of the
respective time series. Similar peaks higher than 95%
con®dence level can be seen in the wavelet power spectra
from Fig. 11a corresponding to 4±5, 8 and 16±17 days.
Figure 11b shows the power spectra for the amplitudes
of the diurnal zonal tide. The red-noise background
spectra for the ®rst and second subintervals are calculated for a = 0.885 and a = 0.888 respectively. The
strongest peaks in the ®rst and second subintervals are
respectively 17±18 days and 10 days. Some similarity
can be seen between the power spectra of diurnal and
semidiurnal zonal tides in the ®rst subinterval.
Figure 12a shows the wavelet power spectra for the
amplitudes of the semidiurnal meridional tide. The rednoise background spectra for the ®rst and second
subintervals are calculated for a = 0.855 and
a = 0.901 respectively. Peaks, higher than 95% con®dence level, are situated at 2, 4±5, 8 and 17 days for the
®rst subinterval and 14 days for the second subinterval.
Figure 12b represents the wavelet power spectra for the
amplitudes of the diurnal meridional tide. The red-noise
background spectra are calculated for a = 0.776 and
a = 0.88. The main power in the ®rst subinterval is
distributed in the short-period waves (2±6 days), while in
the second subinterval the power is distributed in longerperiod waves (16±17 days). Figure 12 also shows that the
variability in the amplitudes of the diurnal and semidiurnal meridional tides is stronger in the second subinterval and that this is related to the ampli®ed long-period
waves with periods of 16±17 and 14 days respectively.
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Fig. 12. a The same as Fig. 11a, but for the amplitudes of the
semidiurnal meridional tide. b The same as a, but for the amplitudes
of the diurnal meridional tide

These results obtained can be summarized as follows:
(1) the tidal variability with periods of planetary waves
reveals similar periodicities: 2, 4±5, 8±10 and 14±18 days;
and (2) the time development, however, of these planetary waves observed in the amplitudes of the diurnal
and semidiurnal tides demonstrate some dierences.
5 Discussion and conclusions
On the basis of hourly data set of neutral wind measured
by meteor radar in the MLT region above Bulgaria and
application of bispectral analysis it was demonstrated

that nonlinear processes are frequently and regularly
acting in the mesopause region. They contribute signi®cantly to the short-term tidal variability and are
apparently responsible for its complicated behavior. A
Morlet wavelet transform is proposed as a technique for
studying nonstationary signals. By simulated data it was
demonstrated that the wavelet transform could represent adequately the given signal and is de®nitely better
technique than short-time Fourier transform, widely
used in the atmospheric studies. The Morlet wavelet
transform is especially convenient for investigating
signals with: (1) several dierent spectral components
with complicated temporal behavior; (2) amplitude and
frequency modulated spectral components; and (3)
singular, wave-like events, observed in the neutral wind
of the MLT region, related usually to large-scale
disturbances forcing from below. In the time series of
neutral mesospheric wind or the amplitudes and phases
of the atmospheric tides all the peculiarities mentioned
of the signals can be found. Usually the tidal amplitudes
display a wide range of dominant frequencies, which are
localized in dierent time intervals. The main advantage
of using a wavelet transform is that it preserves the
information about the local features of the signal, while
a Fourier transform spreads information about the
localized features over all scales in the Fourier space.
On the basis of Morlet wavelet transform applied to
the hourly values of the amplitudes of diurnal and
semidiurnal tides the tidal variability with periods of
planetary waves (1.5±20 days) observed in the MLT
region above Bulgaria during the interval January 1991±
June 1992, were studied. It was found that all time series
under consideration reveal the similar periodicities: 2,
4±5, 8±10 and 14±18 days. Their temporal development,
however, demonstrated some dierences. In general, the
similarity between the variability of the diurnal and
semidiurnal tidal amplitudes is closer in the zonal
component than in the meridional one. The zonal wind
measured by meteor radar above Bulgaria is de®nitely
stronger that the meridional wind. This could be a
reason for stronger interaction between the mean zonal
wind and the tides, as well as between the planetary
waves present in the neutral wind and atmospheric tides.
To study the dominant periodicities simultaneously
observed in the neutral wind and tidal amplitudes we use
cross-wavelet spectrum. If two time series X and Y are
given, with wavelet transforms WX(a, b) and WY(a, b),
one can de®ne the cross-wavelet spectrum as:
WXY(a, b) = WX(a,b)WY*(a, b), where (*) again means
the complex conjugate. The cross-wavelet spectrum is
complex number and the cross-wavelet power can be
de®ned as: |WXY(a, b)|.
Figure 13a shows the cross-wavelet spectrum between the mean zonal wind and the amplitudes of the
semidiurnal zonal tide, while Fig. 13b represents the
same, but for the amplitudes of the diurnal zonal tide.
Both ®gures clearly outline the similar time intervals of
increased planetary wave activity simultaneously in the
zonal wind and the amplitudes of diurnal and semidiurnal zonal tides. The ®gures show the main oscillations
with periods of planetary waves (1.5±20 days) existing
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Fig. 13a, b. The cross-wavelet spectra obtained between: a the mean
zonal wind and the amplitudes of the semidiurnal zonal tide,
and b the mean zonal wind and the amplitudes of the diurnal zonal
wind

Fig. 14a, b. The cross-wavelet spectra obtained between: a the mean
meridional wind and the amplitudes of the semidiurnal meridional
tide, and b the mean meridional wind and the amplitudes of the
diurnal meridional tide

simultaneously in the prevailing zonal wind and the
amplitudes of semidiurnal and diurnal tidal velocities, as
well as the time intervals of their localizing. In the ®rst
subinterval the well-expressed oscillations observed
simultaneously in the zonal wind and in the amplitudes
of semidiurnal tides are (Fig. 13a): 2, 5, 8±10 and
quasi-16 days. The bispectral result (not shown here)
indicates a quadratic nonlinear interaction between the
semidiurnal tide and the above mentioned planetary
waves. The bispectral estimate shown on Fig. 5a describes the nonlinear interaction between tides and
planetary waves during the second subinterval. The
semidiurnal tide in the zonal wind interacts mainly with
7 and 10±12-day planetary waves. The oscillations with
these periods can be clearly outlined in Fig. 13a during
the second subinterval. Therefore, if we assume that the
non-linear coupling is a local process, then Fig. 13a
clari®es the time intervals when the nonlinear interactions between the semidiurnal tide and the mentioned
planetary waves take place. Figure 13b shows the
oscillations with periods: 2, 4±6, 8±10 and 16 days,
observed simultaneously in the amplitudes of the diurnal
tide and the prevailing zonal wind during the ®rst
subinterval. The bispectral result (not shown here)
indicates weak nonlinear interactions of the diurnal

tides only with the 5- and 16-day planetary waves. The
origin of the strong 8±10-day oscillation in the amplitudes of the diurnal zonal tide (see Fig. 9b also) during
the ®rst subinterval remains unclear now. The welloutlined oscillations observed simultaneously in the
amplitudes of diurnal zonal tide and the neutral zonal
wind during the second subinterval are: 2, 7±8 and 10±
12-day ones. The bispectral result, shown on Fig. 5a
proves that these oscillations observed in the amplitudes
of the diurnal zonal tide are a result from the nonlinear
interaction with the respective planetary waves and
Fig. 13b outlined their time intervals if these nonlinear
processes are local.
Figure 14a represents the cross-wavelet spectrum
between the prevailing meridional wind and the amplitudes of semidiurnal meridional tide, while Fig. 14b
shows the same, but for the amplitudes of the diurnal
meridional tide. In the ®rst subinterval the oscillations
with periods: 2, 4, 8±10, 13±14 and 16±18 days are
observed simultaneously in the neutral meridional wind
and the semidiurnal tide (Fig. 14a). The bispectral
estimate, shown on Fig. 4a, reveals strong nonlinear
interactions between the semidiurnal meridional tide and
all the mentioned planetary waves, with an exception
related to the 13±14-day planetary wave. In the second
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subinterval the oscillations with periods: 2, 3±5, 7±8
and 14±16 are well outlined. The bispectral estimate,
shown on Fig. 5b, indicates nonlinear interactions between the semidiurnal meridional tide and the above
mentioned planetary waves, except 7±8-day wave. The
oscillations with periods: 2, 3±5, 7±8, 10±12 and 16
days are observed simultaneously in the meridional wind
and the amplitudes of the diurnal meridional tide. The
bispectrum estimate, shown on Fig. 4a, reveals that only
the 16-day wave does not participate in the nonlinear
coupling between the diurnal tide and the planetary
waves. In the second subinterval only the 2 and 4-day
oscillations observed in the amplitudes of diurnal tide
(and simultaneously in the meridional wind also) could
be a result from the nonlinear interaction processes
(Fig. 5a). The origins of all the rest clearly visible
oscillations: 6±7, 9±10, 14 and 18±19 days, are not clear.
Using a cross-wavelet analysis an attempt was
made to clarify the origin of the observed tidal
variations with periods of planetary waves (1.5±20
days). The results obtained give an additional support
to the idea that the processes of nonlinear interactions
between dierent waves in the MLT region are a
signi®cant source of the tidal variability. The results of
bispectral analysis indicate which planetary waves
participated in the process of nonlinear coupling with
the atmospheric tides, while the results of crosswavelet analysis outline their time intervals if these
interactions are local. Some of the oscillations observed mainly in the amplitudes of the diurnal tide
probably are not a result of local interaction and their
origin has to be cleared up.
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